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1 ÛÊê

ü®�þ¤ �b ��õ¥Ç��

¤¢ .´¨� ô¥� ���®�þ¤ ¥� üÜî �fµ±Æ÷ ���õ¥ Ç�� ×þ ,��µî ßþ� öÀ÷��¡ ý�Â� ô¥� üþ�÷��� ßµª�¢ ´ú���
¤�Ï�� �ú÷� ßþÂ�Ýúõ .À�þ�Þ÷üõ ÇÖ÷ ý�Ôþ� ���®�þ¤ �ø�Ôµõ ý�û�±�� ¥� ý¤��Æ� ,ÓÜµ¿õ ý�ûÛÊê
Ý�û�Ôõ ¥� ü¡Â� ø ���Þµ�� �þÂÑ÷ ,¢�Àä� �þÂÑ÷ ¥� ü±ó�Îõ ö� Â� ùø�ä Àþ�� ùÀ�÷��¡ �õ� .´¨� Â±� ß�Öþ
ßþ� ¥� ÛÞ¹õ ü¨¤Â� ×þ ,Ûþ£ ý�ûÇ¿� ¤¢ .À÷�À� �¤ 2 �û�¨À�û ø 1�û�ÂÏ À�÷�õ ���±�îÂ� �þÂÑ÷
ý�û��µî �� ,�û��±�� ßþ� öÀþ¢ ý�Â� .¢¢Âðüõ éÁ� �û��±�� ñ�Þãõ ¤�Ï�� .¢�Þ÷ Ý�û��¡ �þ�¤� �¤ °ó�Îõ
¯��Âõ ß�÷��ì ¥� ý¢�þ¥ ¢�Àã� �� ,��µî ßþ� ý�ûÛÊê ¥� ü¡Â� ¤¢ .¢�¢ Ý�û��¡ á��¤� ý¢¤�À÷�µ¨� ü¨¤¢
¥�� ÷ 4 ,í���Âî ý�ûý��ÜÞ�À�� ô�÷�� , 3Àõ�ãµõ ý�ûý��ÜÞ�À�� ¥� éøÂãõ ö�À���÷ ü¨�î ��
¢¤�À÷�µ¨� �f µ±Æ÷ ,�µê¤ ¤�î�� ü¤�Áð´õ�ä .¢Â�ðüõ ¤�Âì ¶½� ¢¤�õ 1.2 Ç¿� ¤¢ «��¡ ßþ� .Ýþ¤�¢
C Âð� .À�ª��üÞ÷ ùÀª �µ¡��ª ñ�Þãõ ¤�Ï�� ,ÝþÂ�üõ ¤�î �� �î üþ�û´õ�ä ¥� üÞî ¢�Àã� .Àª��üõ
A ô�úÔõ ý��ãõ�� B �¤�±ä Âð� .Ý�û¢üõ Çþ�Þ÷ jcj �� �¤ ö� Â¬��ä ¢�Àã� ,Àª�� üû��µõ �ä�Þ¹õ ×þ
.Àª��üõ ×þ �fõ�Þ� ÅþÂ��õ ×þ J ø ù¢�¢ Çþ�Þ÷ I �� �¤ ü÷�Þû ÅþÂ��õ ×þ .A := B Ý�Æþ�÷üõ ,Àª��
Ý�Æþ�÷üõ [x] ý���� .Ý�û¢üõ Çþ�Þ÷ 1 �þ 0 �� °��Â��� �¤ ×þ �þ ÂÔ¬ Â¬��ä �� ¤�¢Â� ,���Èõ ¤�Ï��

.ÝþÂ�üõ ¤�î�� ��� �� ö¢Âî ¢Âðc ý�Â� �¤ dxe ¢�Þ÷ ø bxc = maxfn 2 Z jn � xg

1 designs
2 geometries
3 orthogonal polynomials
4 Krawtchouk
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Â±� 1.1

�� �ú�� ö���üõ �¤ N �Ìä Âû �î Ý�÷�¢üõ Û±ì ¥� .Ýþ¤�¢ ¥��÷ ¢�Àä� �þÂÑ÷ ¥� üÞî ¤��Æ� ��õÀÖõ �� �ú�� �õ
a Â� b Âð� .(Ý��î ÂÑ÷éÂ¬ Ûõ��ä °��Â� ¥� Âð�) ´ª�÷ ñø� ¢�Àä� �Â®Û¬�� �¤�¬�� ,©ø¤ ×þ
Âð� .pr j j a Ý�Æþ�÷üõ pr+1 - a �õ� ,pr j a ø Àª�� ñø� ¢Àä ×þ p Âð� .a j b Ý�Æþ�÷üõ ,Àª�� ÂþÁ�Ç¿�

:�¤�¬�� k �þ�� ¤¢ n ¥� Çþ�Þ÷ ×þ ,0 � i � l ý�Â� ù�ðö� ,k > 1 ,k 2 N

n =
lX

i=0

nik
i;

��Üäô�ÆÖõ ßþÂ�ï¤Ã� ,n j b ø n j a �î ý¤�Ï�� n ¼�½¬ ¢Àä ßþÂ�ï¤Ã� .Àª��üõ 0 � ni < k

Â ð� .¢�ªüõ ù¢�¢ Çþ� Þ ÷ (a; b) ¤�Ê µ¡� � � � þ ô.ô.� (a; b) ¢� Þ ÷ � � ø ¢�ªüõ ùÀ � õ� ÷ b ø a íÂµÈõ
.a � b mod m Ý�Æþ�÷üõ ù�ðö� ,m j (a� b)

:Âð� .1.1.1 ��Ìì

'(n) := j fm 2 N j1 � m � n; (m;n) = 1g j ;

:ù�ðö�

;'(n) = n
Q
p jn(1� 1=p) (1

.P
d jn

'(d) = n (2

.¢�ªüõ ùÀ�õ�÷ 5ÂÜþø� É¡�ª ' â���

.a'(m) � 1 mod m ù�ðö� (a;m) = 1 Âð� .2.1.1 ��Ìì

.¢�ªüõ ùÀ�õ�÷ �õÂê-ÂÜþø� ��Ìì ,2.1.1 ��Ìì

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ,� 6§����õ â��� .3.1.1 ÓþÂã�

�(n) :=

8>><
>>:
1; n = 1 Âð�;
(�1)k; Àª�� �Ã¹õ ñø� Ûõ�ä k �Â®Û¬�� n Âð�;
0; �¤�¬ßþ� Â�è ¤¢ :

5 Euler indicator
6 M�obius
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:�î ý¤�Ï�� ,À�ª�� N ýø¤ ùÀª ÓþÂã� üã���� g ø f Âð� .4.1.1 ��Ìì

g(n) =
X
d jn

f(d);

:ù�ðö�

f(n) =
X
d jn

�(d)g(
n

d
):

.´¨� éøÂãõ 7§����õ §�Øãõ ñ�õÂê �� 4.1.1 ��Ìì

ýÂ±� ý�û¤�µ¡�¨

Âþ¥ ¤¢ �¤ °ó�Îõ ßþ� ��Âð� ,´¨��ª� üÎ¡Â±� üÜ¬� ý�þ�Ìì ø Ý�û�Ôõ � � ùÀ� ÷��¡ Ý��îüõ­Âê
�� ,Àª�� ��ª� �ú÷� �� Àþ�� ùÀ�÷��¡ �î �¤ ýÂ±� ý�û¤�µ¡�¨ ÓþÂã� ýÂ¨ ×þ �õ �Àµ�� ¤¢ .Ý��îüõ ý¤ø�¢�þ

.Ýþ¤ø�üõ ýÂ±� ý¤�ÁðÀî �þÂÑ÷ í¤¢ ¤�Ñ�õ

ýø¤ �Â®Û¬�� ÂðÛÞä×þ �î ý¤�Ï�� ;Àª��üõ G �ä�Þ¹õ×þ (G; ) ùøÂð ×þ .5.1.1 ÓþÂã�
:À�îüõ ëÀ¬ Âþ¥ «��¡ ¤¢ ÂðÛÞä ßþ� ø ùÀª ÓþÂã� ö�

8a2G8b2G [ab 2 G]; (1)

8a2G8b2G8c2G [(ab)c = a(bc)]; (2)

9e2G8a2G [ae = ea = a]; (3)

(´¨�µØþ e �Ìä)

8a 2 G9b2G [ab = ba = e]; (4)

( .¢�ªüõ ù¢�¢ Çþ�Þ÷ a�1 �� ø ¢�ªüõ ùÀ�õ�÷ a öø¤�ø b)

:Âð� ßþ�Â�ùø�ä

8a2G8b2G [ab = ba]; (5)

.¢�ªüõ ùÀ�õ�÷ üþ������ �þ üÜ�� ,ùÀª¢�þ ùøÂð ù�ðö�
7 M�obius inversion formula
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ùøÂðÂþ¥ ×þ (H; ) ù�ðö� ,Àª�� ùøÂð ×þ Ã�÷ (H; ) �îý¤�Ï�� H � G ø Àª�� ùøÂð ×þ (G; ) Âð�
ùøÂð ×þ (G; ) Âð� .¢�ªüõ ùÀ�õ�÷ ùøÂð ö� �±�Âõ ,üû��µõ ùøÂð ×þ Â¬��ä ¢�Àã� .¢�ªüõ ùÀ�õ�÷ (G; )
,(Àª�� ¢���õ ýn ß��� Âð�) an = e �î ý¤�Ï�� n´±·õ ¼�½¬ ¢Àä ßþÂ�×��î ù�ðö� a 2 G ø Àª��
ùøÂðÂþ¥ �� éøÂãõ ,ùøÂðÂþ¥ ×þ Û�ØÈ� an�1 ,... ,a2 ,a ,e Â¬��ä ´ó�� ßþ�¤¢ .¢�ªüõ ùÀ�õ�÷ a �±�Âõ
ö� ùøÂðÂþ¥ ×þ (H; ) ø Àª�� üÜ�� (G; ) Âð� .¢�ªüõ �µ¡��ª ö� Àó�õ ö���ä�� a �î À�û¢üõ ,ý¤ø¢
ø¢ �î �¹÷� ¥� .À÷�ªüõ ùÀ�õ�÷ H ý�û�ä�Þ¹õÝû aH := fah jh 2 Hg ý�û�ä�Þ¹õ ù�ðö� ,Àª��
�Ìä ×þ .À�û¢üõ G ý�Â� ¥�Âê� ×þ Û�ØÈ� �û�ä�Þ¹õÝû ,À�ª��üõ �Ã¹õ �þ Â��Â� ��®ø�� �ä�Þ¹õÝû
�û�ä�Þ¹õÝû �Â®Û¬�� Âð� .¢�ªüõ ùÀ�õ�÷ �ä�Þ¹õÝû ö� ¥� ùÀ�þ�Þ÷ ×þ �ä�Þ¹õÝû ×þ ¥� ü��¿µ÷�
,À�û¢üõ Û�ØÈ� ùøÂð ×þ �f¢À¹õ �û�ä�Þ¹õÝû �îßþ� ö¢�¢ö�È÷ ,Ý��î ÓþÂã� (aH)(bH) := abH �� �¤
ö���ä�� .¢�ªüõ ù¢�¢ Çþ�Þ÷ G=H �� ø ¢�ªüõ ùÀ�õ�÷ 8üµÞÆì �¤�¡ ùøÂð ,ùøÂð ßþ� .´Æ�÷ ÛØÈõ
.(Àª�±÷ üÜ�� G Âð� ß���Ýû) À�îüõ ¢�ä �¤ G �±�Âõ a �±�Âõ ù�ðö� a 2 G Âð� �î Àþ¤�¢ ´ì¢ ,�¹�µ÷ ×þ
ý�ûùøÂð Ý�ÖµÆõ á�Þ¹õ ,üû��µõ üÜ�� ùøÂð ×þ �î À�îüõ ö��� �ûùøÂð �þÂÑ÷ ¥� ü¨�¨� ��Ìì ×þ

.´¨� ý¤ø¢

ùÀª ù¢�¢ Çþ�Þ÷ ø ,À÷�ªüõ ùÀ�õ�÷ �Â® ø âÞ� �f �Þãõ �î ,ÂÚÜÞä ø¢ �� R �ä�Þ¹õ ×þ .6.1.1 ÓþÂã�

:Âð� ´¨� �ÖÜ� ×þ ,(R;+; ) �Ü�¨ø��

.Àª�� üÜ�� ùøÂð ×þ (R;+) (1)

8a2R8b2R8c2R[(ab)c = a(bc)]; (2)

8a2R8b2R8c2R[a(b+ c) = ab+ ac ^ (a+ b)c = ac+ bc]: (3)

.¢�ªüõ ù¢�¢ ©�Þ÷ 0 �� ��Þãõ (R;+) ü÷�Þû �Ìä

üê�®� ´�¬�¡ Âð�

8a2R8b2R[ab = ba]; (4)

.Ý�õ�÷üõ üþ������ �¤ �ÖÜ� ßþ� ù�ðö� ,Àª�� ¤�ÂìÂ�

.Àª��üõ �ÖÜ� ×þ ¥� ùÀª�µ¡��ª ñ�·õ ßþÂµú� Z¼�½¬ ¢�Àä�
ùÀ�õ�÷ ÂÔ¬ ��Üäô�ÆÖõ×þ a 2 R ÂÔ¬�÷ �Ìä ×þ ù�ðö� ,Àª�� üþ������ �ÖÜ�×þ (R;+; ) Âð�
��Üäô�ÆÖõ º�û Ûõ�ª �î ý��ÖÜ� .ab = 0 �î üÞÆì�� ,Àª�� ¢���õ b 2 R ÂÔ¬�÷ �Ìä×þ Âð� ¢�ªüõ
,¢�ªüõ ù¢�¢ ©ÂµÆð Q ¢�Àä� �� Z �î üªø¤ ���Èõ .¢�ªüõ ùÀ�õ�÷ ¼�½¬ øÂÞÜì ×þ ,Àª�±÷ ýÂÔ¬
8 factor group
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.¢�ª ùÀ÷�È÷ ¢�¡ ýÂÆî ö�À�õ �þ �û´ÞÆì�¤�¡ ö�À�õ ¤¢ À÷���üõ ¼�½¬ øÂÞÜì ×þ

:Âð� ,¢�ªüõ ùÀ�õ�÷ ñ�ùÀþ� ×þ S ù�ðö� ; 6= S � R ø Àª�� �ÖÜ� ×þ (R;+; ) Âð� .7.1.1 ÓþÂã�

;8a2S8b2S[a� b 2 S] (1

.8a2S8b2R[ab 2 S ^ ba 2 S] (2

Ã�� (2) ¯Âª �õ� ,Àª��üõ �ÖÜ�Âþ¥ ×þ (S;+; ) ù�ðö� ,Àª�� R ¤¢ ñ�ùÀþ� ×þ S Âð� �î ´¨� ßªø¤
.À�îüõ ö��� �¤ ßþ� ¥� ýÂµÈ��

.´¨� üÜ�� ùøÂð ×þ (R� f0g; ) �î ý¤�Ï�� ´¨� (R;+; ) �ÖÜ� ×þ ,ö�À�õ ×þ .8.1.1 ÓþÂã�

:ý¤�Ï�� �Ìä ø¢ Ûì�À� �� R üû��µõ �ÖÜ� Âû .9.1.1 ��Ìì

8a2R8b2R[ab = 0) (a = 0 _ b = 0)];

.´¨� ö�À�õ ×þ

Âþ¥ «��¡ �� F � V ! V �Â® ø ö�À�õ ×þ F ,üÜ�� ùøÂð ×þ (V;+) À��î ­Âê .10.1.1 ÓþÂã�
:Àª�� ùÀª ÓþÂã�

,8a2V [1a = a] (1

,8�2F8�2F8a2V [�(�a) = (��)a]

,8�2F8a2V 8b2V [�(a+ b) = �a+ �b] (2

:8�2F8�2F8a2V [(�+ �)a = �a+ �a]

ü÷�Þû �Ìä ß���Ýû .¢�ªüõ ùÀ�õ�÷ F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ (V;+; F) üþ���¨ �¤�¬ßþ� ¤¢

.¢�ªüõ ù¢�¢ Çþ�Þ÷ 0 �� (V;+)

ß�÷��ì � � (a1; a2; :::; an) ý�ûüþ���n üõ�Þ� Ûõ�ª Rn ý¤�¢Â� ý�Ìê �� ùÀ�÷��¡ Ý��îüõ­Âê
ýÀã��k ý�ÌêÂþ¥ �î Ý��îüõ ý¤ø�¢�þ �¤ ´�ãì�ø ßþ� ùÀ�÷��¡ �� .Àª��üõ ��ª� ,üúþÀ� âÞ� ø �Â®
,a1 := (a11; a12; :::; a1n) ý�û¤�¢Â� ¥� ÛØÈµõ ý��þ�� �� ý¤�¢Â� ý�Ìê ×þ ,ý¤�¢Â� ý�Ìê ßþ� ¥� C
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�î ´¨��ãõ ßþ� �� �þ�� �ÞÜî ,ö� ¤¢ �î ´¨� ak := (ak1; ak2; :::; akn) ,... ,a2 := (a21; a22; :::; a2n)

�� Àþ�� ß���Ýû ùÀ�÷��¡ .´ª�÷ �1a1 + �2a2 + ::: + �kak �¤�¬�� �µØþ ¤�Ï�� ö��µ� �¤ a 2 C Âû
��ª� ���Èõ ¢¤��õ ø �þ�� ý�û¤�¢Â� ö¢�Þ÷ °�îÂ� ¥� ù¢�Ôµ¨� �� ö� ÂÚþ¢ �þ�� �� C �þ�� ×þ ¥� ßµê¤ À�þ�Âê
�Â® .Ý�Æþ�÷üõ ýÂÎ¨ ý�û¤�¢Â� ö���ä�� �¤ �û¤�¢Â� ñ�Þãõ ¤�Ï�� ,Àª ô�¹÷� ��� ¤¢ �î �÷�ðö�Þû .Àª��

:�¤�¬�� b ø a ¤�¢Â� ø¢ ¥� < a; b > üÜ¡�¢

< a; b >:= a1b1 + a2b2 + :::+ anbn;

×þ �î ´¨� ßþ� ö� ý��ãõ .À÷�ªüõ ùÀ�õ�÷ ÛÖµÆõ üÎ¡ ¤�Ï�� ,�þ�� ×þ Â¬��ä .¢�ªüõ ÓþÂã�
,a1 Âð� .À�ª�� ÂÔ¬ �� Â��Â� °þ�Â® üõ�Þ� Âð� �ú�� ø Âð� ´¨� 0 �� Â��Â� �û¤�¢Â� ßþ� ¥� üÎ¡ °�îÂ�
ÝµÆ�¨ ���� ù�ðö� ,C ¥� ýÀã��k ý�ÌêÂþ¥ ×þ ü�ãþ ;À�ª�� ÛÖµÆõ üÎ¡ ¤�Ï�� ¤�¢Â� �� k ,ak ,:::
´¨� ýÀã��(n� k) ý�ÌêÂþ¥ ×þ ¤¢ �û¤�¢Â� üõ�Þ� Ûõ�ª ,i = 1;2; � � � ; k ,< ai; y >= 0 ��¢�ãõ

:ßþ�Â���� ;Ý�û¢üõ Çþ�Þ÷ C? �� �¤ ö� �õ �î

C? := fy 2 Rn j 8x2C [< x; y >= 0]g:

.À��îüõ ý¥�� ü¨�¨� ÇÖ÷ ×þ �ûùÀþ� ßþ� ,¢�ª ßþÃðý�� F üû��µõ ö�À�õ ×þ �� R �îüµìø ,�õ�¢� ¤¢
.´¨� ý¥�¨ù¢��� Û��ì Ã�÷ ´ó�� ßþ� ¤¢ ,��� ¤¢ ùÀª ü¨¤Â� �þÂÑ÷ �î À��î ´ì¢

� � V � V ! V �Â® ø Àª�� F ö�À�õ ýø¤ ý¤�¢Â� ý�Ìê ×þ (V;+) À��î ­Âê .11.1.1 ÓþÂã�
:Àª�� ùÀª ÓþÂã� Âþ¥ «��¡

,Àª�� �ÖÜ� ×þ (V;+; ) (1

:8�2F8a2V 8b2V [(�a)b = a(�b)] (2

.Ý�þ�ðüõ F ýø¤ Â±� ×þ �¤ ù�Úµ¨¢ ßþ� �¤�¬ßþ� ¤¢

(V;+) ý¤�¢Â� ý�Ìê ×þ ý�þ�� ö���ä�� �¤ G Â¬��ä ø Ýþ¤�¢ (G; :) üû��µõ ùøÂð ×þ À��î ­Âê
�1g1 + �2g2 + :::+ �ngn üÎ¡ ��±�îÂ� Í¨�� V Â¬��ä �¤�¬ßþ� ¤¢ .Ýþ��µêÂð ÂÑ÷¤¢ F ö�À�õ ýø¤

:ö� ¤¢ �î À÷�ªüõ ù¢�¢ Çþ�Þ÷

ai 2 F; gi 2 G; (1 � i � n = jG j ):

:ü�ãþ ;Ý�þ�Þ÷ ÓþÂã� üúþÀ� ©ø¤�� �û¤�¢Â� ßþ� ý�Â� �¤ � �Â®×þ Ý�÷���üõ

(
X
i

�igi) � (
X
j

�jgj) :=
X
i

X
j

(�i�j)(gi:gj);
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(i; j) ý�û�ø¥ üõ�Þ� ýø¤ �ibj Â¬��ä á�Þ¹õ 
k �î üþ�� ,¢�ª �µª�÷ P
k

kgk �¤�¬�� À÷���üõ �î

F ö�À�õ ýø¤ G üûøÂð Â±� �î À�îüõ �Öó� �¤ Â±� ×þ ,�Â® ßþ� .gi:gj = gk �îý¤�Ï�� Àª��üõ
.¢�ªüõ ù¢�¢ Çþ�Þ÷ FG �� ø ¢�ªüõ ùÀ�õ�÷

.Ýþ¤ø�üõ �¤ ��� ¤¢ ùÀª���¤� Ý�û�Ôõ ¥� ñ�·õ ý¢�Àã� �¹�þ� ¤¢ .�ûñ�·õ

�¤ A �� A ¥� ×þ��×þ â���� üõ�Þ� ù�ðö� ,Àª�� üû��µõ �ä�Þ¹õ×þ A := fa1; a2; :::; ang Âð�
�� �¤ �1�2 ù�ðö� ,À�ª�� üþ�û´Èðý�� �2 ø �1 Âð� .À÷�ªüõ ùÀ�õ�÷ �û´Èðý�� �ú�þ� .ÀþÂ�Ú� ÂÑ÷¤¢
Sn �ä�Þ¹õ �î ¢�ªüõ ùÀþ¢ ü÷�¨��� .Ý��îüõ ÓþÂã� a 2 A üõ�Þ� ý�Â� (�1�2)(a) := �1(�2(a))

.´¨� éøÂãõ n �±�Âõ ö¤�Öµõ ùøÂð �� �î ´¨� ùøÂð ×þ ,�Â® ÛÞä �� A ý�û´Èðý�� üõ�Þ� Ûõ�ª

.À�ª��üõ Sn ý�ûùøÂðÂþ¥ �ú�þ� .Ý�µÆû À�õ�ì�ä ü¬�¡ üµÈÚþ�� ý�ûùøÂð �� °Üè� �õ ,��µî ßþ� ¤¢
¢�Àä� ¥� � ý�û´Èðý�� üõ�Þ� .Àª�� Rn ýÀã��k ý�ÌêÂþ¥ ×þ C À��î ­Âê .Ýþ¤ø�üõ ñ�·õ ×þ
Ã�÷ (c�(1); c�(2); :::; c�(n)) ¤�¢Â� ,(c1; c2; :::; cn) 2 C Âû ý�Â� �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ n ,... ,2 ,1 ¼�½¬
ßþ� �î ´¨� ý��÷�ð�� °Üè� C �µ±ó� .À�û¢üõ ùøÂðÂþ¥ ×þ Û�ØÈ� �û¤�¢Â� ßþ� ��®ø�� .Àª�� C ¤¢
ùøÂð ×þ ¥� ýÂÚþ¢ ñ�·õ !À÷¤�¢ ¢��ø ýÂ�°ó�� ý�ûñ�·õ �õ� ,Àª�� ü÷�Þû �Ìä Ûõ�ª �ú�� Sn ùøÂðÂþ¥
ÓþÂã� Âþ¥ �¤�¬�� �î Àª��üõ ß�ê� üµÈÚþ�� ùøÂð ×þ ,Àõ� Àû��¡ °ó�Îõ �õ�¢� ¤¢ �î üµÈÚþ��

:¢�ªüõ

�� F ýø¤ u 6= 0 ø v 2 F ,u 2 F ö� ¤¢ �î fu;v ´ª�Ú÷ .Àª�� (üû��µõ) ö�À�õ ×þ F À��î ­Âê
F ¥� üþ�û´Èðý�� ,�û ´ª�Ú÷ ßþ� .¢�ªüõ ÓþÂã� x 2 F üõ�Þ� ý�Â� fu;v(x) := ux + v �Î��®

.À�û¢üõ ùøÂð ×þ Û�ØÈ� â���� °�îÂ� ´½� ��®ø�� ø À�µÆû

ö�µ¨ ø ÂÎ¨ Âû ¤¢ 1 ×þ �f Ö�ì¢ ý�¤�¢ �î ´¨� ÅþÂ��õ�(0;1)×þ P üµÈÚþ�� ÅþÂ��õ ×þ
Â ð�� ú � �øÂ ð� pij = 1 � îüµ ìø Àª� �üõ f1;2; :::; ng ¥� � ´Èðý�� � � ÂÒ� � µ õ P Ý � þ� ð .Àª� �üõ
ý�ûÅþÂ��õ �Â®Û¬�� �� ÂÒ��µõ �û´Èðý�� �Â®Û¬�� ,¢�¢¤�Âì ßþ� �� .i = 1;2; � � � ; n ,i = �(j)

.Àþ�üõ ´¨¢�� �û´Èðý�� ùøÂð ×þ ¥� üêøÂãõ üÆþÂ��õ Çþ�Þ÷ ,©ø¤ ßþ� �� .Àª��üõ �ú÷�

Âð� ¢�ªüõ ùÀ�õ�÷ 
 ýø¤ ¤Áð�Â��k ×þ ,
 �ä�Þ¹õ ýø¤ ý�û´Èðý�� ¥� ÛØÈµõ G ùøÂð ×þ
Â¬��ä ¥� (b1; b2; :::; bk) üþ���k Âû ý�Â� ø 
 Ãþ�Þµõ Â¬��ä ¥� (a1; a2; :::; ak) °�Âõ üþ���k Âû ý�Â�
Âð� .bi = �(ai) Ý�ª�� �µª�¢ 1 � i � k Âû ý�Â� �î ý¤�Ï�� Àª�� ¢���õ � 2 G �Ìä ×þ 
 Ãþ�Þµõ

.Ý�õ�÷üõ ¤Áð�Â� ùøÂð �¤ ùøÂð ßþ� k = 1

(R;+) üÜ�� ùøÂð ¥� ùøÂðÂþ¥ ×þ (S;+) ö�� .Àª�� (R;+; ) �ÖÜ� ¤¢ ñ�ùÀþ� ×þ S À��î ­Âê
S �÷�Þ�� �� ùÀ÷�õüì�� ý�û§�î �¹�þ� ¤¢ �û�ä�Þ¹õÝû ßþ� .Ý�û¢ Û�ØÈ� �¤ Ûõ�ä ùøÂð Ý�÷���üõ ´¨�
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.Ý��îüõ ÓþÂã� �¤ (a + S)(b + S) := ab + S üúþÀ� �Â® �õ ,�û§�î ßþ� ý�Â� .À÷�ªüõ ùÀ�õ�÷
ßþ� �î ü�ãõ ßþ� ��) Àþ�Þ÷ ×� �¤ö� ö¢�� ÓþÂã�©�¡ Àþ�� ,´Æ�÷ ��ª� ô�úÔõ ßþ� �� �î ý�ùÀ�÷��¡
�ÖÜ� �¤ ö� �î Ýþ��µ¡�¨ �ÖÜ�×þ �õ ©ø¤ ßþ� �� .(¢¤�À÷ üÚµÆ� b ø a ý�ûùÀ�þ�Þ÷ ��¿µ÷� �� ÓþÂã�
­Âê .¢�� Àû��¡ ��ª� �fãÎì Âþ¥ ñ�·õ .Ý�û¢üõ Çþ�Þ÷ R=S �� ø Ý�õ�÷üõ S �÷�Þ�� �� R ùÀ÷�õüì�� §�î
ü¡Â� �î Àª�� ,p �¤�Ìõ üõ�Þ� �ä�Þ¹õ ,pZ ö�Þû S À��î ­Âê .Àª�� ñø� ¢Àä ×þ p ø R := Z À��î
.´¨� p �÷�Þ�� �� ¼�½¬ ¢�Àä� �ÖÜ� R=S �¤�¬ßþ� ¤¢ ;¢�ªüõ ù¢�¢ Çþ�Þ÷ Ã�÷ (p) ¢�Þ÷ � � ��ìø�
ý�ûÂðÛÞä ö�Þû ö� ¤¢ âÞ� ø �Â® ,ßþ�Â���� ;À÷�ªüõ ù¢�¢ Çþ�Þ÷ p� 1 ,... ,1 ,0 �� R=S Â¬��ä
�¤�¬ßþ� ¤¢ ,p = 7 Ý�û¢ ¤�Âì Âð� ,ñ�·õ ö���ä�� ;À÷��µê�þ Û�ÜÖ� p �÷�Þ�� �� �î À�µÆû Z ¤¢ ñø�Àµõ
S Âð� .Z=7Z= Z=(7) ¤¢ 4:5 = 6 ���Èõ ©ø¤ �� .4+ 5 � 2 mod 7 Ýþ¤�¢ Z ¤¢ �Âþ¥ 4+ 5 = 2

À��î ­Âê .¢¤�¢ ¢��ø S ¤¢ k ¼�½¬ ¢Àä ßþÂ �×��î ù�ðö� ,S 6= f0g ø Àª� � Z ¤¢ ñ�ùÀþ� ×þ
;ak 2 S Ýþ¤�¢ ,ñ�ùÀþ� ÓþÂã� �� .0 � b < k ö� ¤¢ �î Ý�Æþ��� ak + b �¤�¬�� �¤ s Ý�÷���üõ .s 2 S
Ûõ�ª �î ñ�ùÀþ� ×þ .S = (k) ø¤ßþ� ¥� .b = 0 ¢�ªüõ �¹�µ÷ k ÓþÂã� Â���� ø b = s� ak 2 S ,ßþ�Â����
R �ÖÜ� ý�ûñ�ùÀþ� üõ�Þ� Âð� .¢�ªüõ ùÀ�õ�÷ üÜ¬� ñ�ùÀþ� ×þ ,´¨� ´��� �Ìä ×þ �¤�Ìõ üõ�Þ�

.´¨� ý��ÖÜ� ß��� ×þ Z ,ßþ�Â���� ;¢�ªüõ ùÀ�õ�÷ üÜ¬� ñ�ùÀþ� �ÖÜ� ×þ R ù�ðö� À�ª�� üÜ¬�
¤¢ S ñ�ùÀþ� .b 2 S �þ a 2 S �î À�î ��¹þ� ab 2 S Âð� ¢�ªüõ ùÀ�õ�÷ ñø� ñ�ùÀþ� ×þ S ñ�ùÀþ�
�þ I = S ´êÂð �¹�µ÷ ö��µ� S � I � R ¯Âª �� I ñ�ùÀþ� Âû ý�Â� Âð� ,¢�ªüõ ùÀ�õ�÷ ñ�Þ�Æî�õ R �ÖÜ�
üã®�õ �ÖÜ� ×þ �¤ ö� ,Àª�� ñ�Þ�Æî�õ ý�µØþ ñ�ùÀþ� ×þ ý�¤�¢ �ÖÜ� ×þ Âð� .(S 6= R) I = R

.Ý�õ�÷üõ

.´¨� ö�À�õ ×þ Z=pZ ù�ðö� Àª�� ñø� ¢Àä ×þ p Âð� .12.1.1 ��Ìì

�� ,�Ìä n �� üû��µõ ö�À�õ ×þ .´¨� 9.1.1 ��Ìì ¥� ´¨�¤Â¨ �ØÜ� ø ý¤�ê �¹�µ÷ ×þ ë�ê ��Ìì
.¢�ªüõ ù¢�¢ Çþ�Þ÷ (��ó�ð ö�À�õ) GF (n) �þ Fn

üû��µõ ý�ûö�À�õ ø �û�ÖÜ�

�û�ÖÜ� ù¤��¤¢ ýÂµÈ�� °ó�Îõ �Àµ��¤¢ .Àª Àû��¡ ñ�±÷¢ �¹�þ� ¤¢ üû��µõ ý�ûö�À�õ ¥� ýÂµÈ�� °ó�Îõ
üõ�Þ � Ûõ�ª F[x] �ä�Þ¹õ .Àª� � üû� � µ õ ö�À � õ ×þ F À� � î ­Âê .Ý � � îüõ ö� � � �¤ � ûñ�ùÀ þ� ø
N ¤¢ ¼�½¬ ¢Àä Âû À÷���üõ n ö� ¤¢ �î Àª��üõ a0 + a1x+ ::: + anx

n �¤�¬�� �ûý��ÜÞ�À��
×þ (F;+; ) ,�ûý��ÜÞ�À�� �Â® ø âÞ� ñø�Àµõ ÓþÂã� � � .ai 2 F Ýþ¤�¢ 0 � i � n ý�Â� ø Àª��
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×þ ¥� ü�ÂÌõ �î üþ�ûý��ÜÞ�À�� �ä�Þ¹õ .¢�ªüõ ù¢�¢ Çþ�Þ÷ F[x] �� �f �Þãõ �î Àª��üõ �ÖÜ�
ö� ¤¢ �î a(x)g(x) ÛØª �� �ûý��ÜÞ�À�� üõ�Þ� �ä�Þ¹õ ü�ãþ ;À�ª��üõ g(x) ´��� ý��ÜÞ�À��

.À�û¢üõ F[x] ¤¢ ñ�ùÀþ� ×þ Û�ØÈ� ,a(x) 2 F[x]

ý�ûñ�ùÀþ� üõ�Þ� �î Àû¢üõ ö�È÷ Âþ¥ ��Ìì .Ý�û¢üõ Çþ�Þ÷ (g(x)) �� �¤ ñ�ùÀþ� ßþ� ,Û±ì À�÷�õ
.À�ª��üõ �¤�¬ßþ� �� F[x]

.Àª��üõ üÜ¬� ñ�ùÀþ� �ÖÜ� ×þ F[x] .13.1.1 ��Ìì

��¤¢ ¥� ÂµÞî ��¤¢ �� ý�ûý��ÜÞ�À�� �¤�¬�� ö���üõ �¤ F=(g(x)) ùÀ÷�õüì�� ý�û§�î �ÖÜ�
ÕþÂÏ�� �¤ �ûùÀ�þ�Þ÷ ßþ� Ý�÷���üõ ,Àª ö��� ��� ¤¢ �î Z=7Zñ�·õ �� ���Èõ üªø¤ ¤¢ .¢�¢ Çþ�Þ÷ g(x)
À�û¢ ¤�Âì ,�÷�Þ÷ ý�Â� .¢Âî �±¨�½õ g(x) �÷�Þ�� �� �¤ö� ùÀ÷�õüì�� Àã� ø ¢�Þ÷ âÞ� ø �Â® ,ñø�Àµõ
ñ�·õ ßþ� .(x+ 1)(x2 + 1) = x3 + x2 + x+ 1 = x2 ù�ðö� .g(x) = x3 + x+ 1 ø F = F2=f0,1g
ùÀû�Èõ �Àµ��¤¢ .´¨� À�Ôõ �÷�Þ÷ ×þ ,´¨��ª��÷ üû��µõ ý�ûö�À�õ �� �î üÆî Õ�ì¢ �ãó�Îõ ý�Â�
ý¤�Ï �� À÷¤�À÷ ¢��ø F[x] ¤¢ b(x) ø a(x) ý�ûý��ÜÞ�À�� ü�ãþ ;´¨� ÂþÁ��÷Ûþ�½� g(x) �î À��îüõ
´¨��ãõ ö�À� ßþ� �î À��î Õ�Ö½� Å³¨ .g(x) = a(x)b(x) ø ù¢�� 3 ¥� ÂµÞî ý�û��¤¢ ý�¤�¢ ø¢ Âû �î
a(x) = 0 Âð� �ú��øÂð� ´¨� ÂÔ¬ �� Â��Â� b(x) ø a(x) �Ìä ø¢ Âû �Â®Û¬�� ,F2 [x]=(g(x)) ¤¢ �î
ö�� .´¨� ö�À�õ ×þ F2 [x]=(g(x)) �î ´¨��ãõ ö�À� ßþ� ,9.1.1 ��Ìì ¥� ù¢�Ôµ¨� � � .b(x) = 0 � þ
¢��ø ö�÷� ¥� �� ´Èû �fÖ�ì¢ ,À�ª��üõ 3 Â·î�À� ��¤¢ �� ùÀ÷�õüì�� ý�û§�î ,�ÖÜ� ßþ� ý�ûùÀ�þ�Þ÷
ý�ûö�À�õ �î ´¨� üªø¤ ¥� ñ�·õ ×þ ßþ� .Ýþ��µê�þ �Ìä ´Èû �fÖ�ì¢ �� ö�À�õ ×þ �õ ,ßþ�Â���� ;¢¤�¢

.À÷�ªüõ �µ¡�¨ üû��µõ

�ÖÜ� ¤¢ r ��¤¢ �� ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ×þ g(x) ø ñø� ¢Àä ×þ p À��î ­Âê .14.1.1 ��Ìì
.´¨� �Ìä pr �� ö�À�õ ×þ Fp [x]=(g(x)) ùÀ÷�õüì�� ý�û§�î �ÖÜ� �¤�¬ßþ� ¤¢ ;Àª�� Fp [x]

� .g(x) = x3 + x+ 1 ø r = 3 ,p = 2 ö� ¤¢ �î ´¨� ë�ê ñ�·õ �� ���Èõ ,��±�� .��±��

.´¨� ñø� ¢Àä ×þ ¥� ü÷��� n �¤�¬ßþ� ¤¢ ;Àª�� �Ìä n �� ö�À�õ ×þ F À��î ­Âê .15.1.1 ��Ìì

1 �� �¤ �Ìä ßþ� �õ .¢¤�¢ ¢��ø F ¤¢ �Â® ü÷�Þû �Ìä ×þ �î Àþ¢ ö���üõ ,ÓþÂã� ¥� ù¢�Ôµ¨� �� .��±��

;Ý�û¢üõ �õ�¢� �¤ ©ø¤ ßþ� .Ý�û¢üõ Çþ�Þ÷ 2 �� �¤ �Ìä ßþ� �õ ø 1+ 1 2 F �µ±ó� .Ý�û¢üõ Çþ�Þ÷

�Ìä ×þ �� ô�¹÷�Â¨ ,�Ü�Âõ üû��µõ ¢�Àã� ×þ ¥� Å� .Â¡� üó� °��Â� ß�Þû �� ø 2+ 1 = 3 ü�ãþ
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Àª�� 1 � � l á�Þ¹õ �� Â��Â� 1 � � k á�Þ¹õ À��î ­Âê .´¨� ùÀª ¤�ÂØ� �f ±ì �î À�¨¤ Ý�û��¡ ö�À�õ

ý¤�ÂØ� �Ìä ×þ �� �î ý¤�� ß�óø� ü�ãþ ;´¨� ÂÔ¬ �� Â��Â� 1 �� (k � l) á�Þ¹õ ,ßþ�Â���� .(k > l)

,k = ab ,Àª�� °îÂõ ¢Àä ×þ k Âð� .´¨� 1 �� k á�Þ¹õ 0 Ý�þ�ð .´¨� ÂÔ¬ �Ìä ö� ,ÝþÀª ����õ

Ëì��� ×þ �î Àª��üõ ÂÔ¬ �� Â��Â� ,Ýþ�ùÀ�õ�÷ b ø a °��Â��� �¤ �ú÷� �î ýÂ¬��ä �Â®Û¬�� ù�ðö�

ñ�Öµ¨� .´¨� F ¥� ü÷�À�õÂþ¥ Fp �î Ýþ�ù¢�¢ ö�È÷ �õ ø Àª��üõ p À�÷�õ ñø� ¢Àä ×þ k ,ßþ�Â���� ;´¨�

ô�Þ� ö��õ ¤¢ .Ý��îüõ ÓþÂã� üã�±Ï ¤�Ï�� Fp (¥� ü±þ�Â®) �� ´±Æ÷ �¤ F Â¬��ä ¥� �ä�Þ¹õ ×þ üÎ¡

�� ÕÜãµõ x Âð� .Àª�� �Ìä ßþÂµÈ�� ý�¤�¢ fx1; x2; :::; xrg À��î ­Âê ,F üÎ¡ ÛÖµÆõ ý�û�ä�Þ¹õÂþ¥

À÷¢���õ 0 6= �; �1; :::; �r °þ�Â® ü�ãþ ;À�µÆ�÷ üÎ¡ ÛÖµÆõ xr ,... ,x2 ,x1 ,x Â¬��ä ù�ðö� ,Àª�� F

¤�Ï�� ö�� .´¨� xr �� x1 ¥� üÎ¡ °�îÂ� ×þ x ø¤ßþ� ¥� ø �x+ �1x1 + :::+ �rxr = 0 �î ý¤�Ï��

� .´¨� Ûõ�î ��±�� ,¢¤�¢ ¢��ø xr �� x1 Â¬��ä ¥� �Ã¹õ üÎ¡ °�îÂ� pr ¤�Øª�

.Àª�� ñø� ¢Àä ×þ ¥� ü÷��� n Âð� �ú�� ø Âð� ¢¤�¢ ¢��ø �Ìä n �� ö�À�õ ×þ �î Ý�÷�¢üõ Û±ì ý�þ�Ìì ¥�
¤¢ r ��¤¢ �� ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ×þ r � 1 Âû ý�Â� Ý�û¢ ö�È÷ Ý�÷���üõ �õ �î �¤�¬ßþ� ��
´��� �¤ p .¢�Þ÷ Ý�û��¡ ��±�� üþ�ûý��ÜÞ�À�� ß��� ¢�Àã� �±¨�½õ �� �¤ °ÜÎõ ßþ� �õ .¢¤�¢ ¢��ø Fp [x]
ü�ãþ ;À�µÆû ß�Ø� �î À��î ÓþÂã� r ��¤¢ �� ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� ¢�Àã� �¤ Ir ø À��î ­Âê

:Ý��îüõ �ä¢� .´¨� 1 �� Â��Â� �ú÷� ¤¢ xr °þÂ®

(1� pz)�1 =
1Y
r=1

(1� zr)�Ir (1)

Â��Â� �î Àª��üõ pn � � Â��Â� ë�ê �ó¢�ãõ ²� éÂÏ ¤¢ zn °þ�Â® �î Ý��� �üõ �Àµ��¤¢ ö� ��±�� ý�Â�
�¤ üþ��ÜÞ�À�� ß��� Âû Ý�÷�¢üõ .´¨� Fp ¤¢ °þ�Â® ø n ��¤¢ �� ß�Ø� ý�ûý��ÜÞ�À�� ¢�Àã� ��
Ý��î â÷�ì �¤ ¢�¡ Àþ�� ,ßþ�Â���� ;¢�Þ÷ �þÃ¹� ÂþÁ��÷Ûþ�½� Ûõ��ä �Â®Û¬�� �¤�¬�� �µØþ ¤�Ï�� ö���üõ
ý��ÜÞ�À�� ø¢ ,°ÜÎõ ßþ� ö¢�¢ ö�È÷ ý�Â� .À÷�ùÀª ©¤�Þª 1 �ó¢�ãõ ´¨�¤ éÂÏ ¤¢ Ûõ��ä ßþ� �î
Ûõ��ä ö��õ ×þ �� ×þ ÂÒ��� ×þ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ s ��¤¢ �� a2(x) ø r ��¤¢ �� a1(x) ÂþÁ��÷Ûþ�½�
.¢¤�¢ ¢��ø (1+ zs

2
+ z2s

2
+ :::) ø (1+ zr

1
+ z2r

1
+ :::) Ûõ��ä ¤¢ zkr

1
zls
2
��Þ� ø (a1(x))k(a2(x))l

ý���� ñ�� .Àª��üõ (a1(x))k(a2(x))l ��¤¢ �� Â��Â� z ö��� ù�ðö� ,Ý�û¢ ¤�Âì z �� Â��Â� �¤ z2 ø z1 �õ Âð�
�¹�µ÷ 1 �Î��¤ ø ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� üõ�Þ� ,a2(x) ø a1(x) ý��ÜÞ�À�� ø¢

.¢�ªüõ

�Â® z ¤¢ �¤ éÂÏ ø¢ ô�¹÷�Â¨ .ÝþÂ�ðüõ ÕµÈõ Å³¨ ø �µêÂð Ýµ þ¤�Úó éÂÏ ø¢ ¥� ,1 �Î��¤ ¤¢
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:Ýþ¤�¢ ;Ý��îüõ

pz

1� pz
=
1X
r=1

Ir
rzr

1� zr
(2)

:Ýþ¤�¢ 2 �Î��¤ éÂÏ ø¢ ¤¢ zn °þ�Â® �Æþ�Öõ ��

pn =
X
r jn

rIr: (3)

:Ýþ¤�¢ ;ÝþÂ�ðüõ ¤�î�� 3 �Î��¤ ýø¤ Â� �¤ 4.1.1 ��Ìì ñ��

Ir = 1

r

P
d j r

�(d)pr=d > 1

r fpr � pr=2 � pr=3 � :::g

> 1

r (p
r �

r=2P
i=0

pi) > 1

r p
r(1� p�r=2+1) > 0:

(4)

�ûö�À�õ ßþ� ù¤��¤¢ Ý�û��¡üõ ¢¤�¢ ¢��ø �Ìä n �� ö�À�õ ×þ n ¥� ýÂþ¢�Öõ �� ý�Â� Ý�÷�¢üõ �î ö��î�
.À�îüõ �Ôþ� ��µî ßþ� ý�ûÛÊê ¥� ý¤��Æ� ¤¢ Ýúõ ¤��Æ� ÇÖ÷ ×þ Fpr ¤�µ¡�¨ .Ý�÷�À� ýÂµÈ�� °ó�Îõ
,f(a) = 0 Ýþ¤�¢ a 2 F ×þ ý�Â� ö� ¤¢ �î �¤ f(x) 2 F[x] ý��ÜÞ�À�� ø F üû��µõ ö�À�õ ,áøÂª ý�Â�
�î ý¤�Ï�� ¢¤�¢ ¢��ø g(x) 2 F[x] ×þ �î Ýþ�ªüõ ���µõ ,ö¢Âî Ý�ÆÖ � � � Å³¨ .ÀþÂ �Ú � ÂÑ÷¤¢
�� f(x) ý��ÜÞ�À�� �î Ý��îüõ ´��� �¤ üúþÀ� °ÜÎõ ßþ� ,©ø¤ ßþ� �õ�¢� �� .f(x) = (x � a)g(x)

.´¨� F ¤¢ �Èþ¤ r Â·î�À� ý�¤�¢ F[x] ¤¢ r ��¤¢
¥� �È þ¤ ×þ � ù� ðö� ,Àª� � (Fpr � f0g; ) ü�Â®Û¬�� ùøÂ ð ¤¢ e � ± �Â õ � � �Ìä ×þ � Â ð�

:Ýþ¤�¢ âì�ø ¤¢ .´¨� xe � 1 ý��ÜÞ�À��

xe � 1 = (x� 1)(x� �)(x � �2):::(x � �e�1):

.(i; e) = 1 ø 1 � i < e ö� ¤¢ �î ,À�µÆû �i ý�ûö��� ,ùøÂð ßþ� ¤¢ e �±�Âõ �� Â¬��ä �ú�� �¹�µ÷ ¤¢
'(e) �þ 0 ¢�Àã� ,Àþ�Þ÷ ¢�ä �¤ pr � 1 �î e Âû ý�Â� ,ßþ�Â���� ;À÷¤�¢ ¢��ø ÛØª ßþ� �� ÂÊ�ä '(e) ¢�Àã�
.Àû¢üÞ÷  ¤ ù�ðº�û ö¢�� 0 ö�Øõ� ,1.1.1 ��Ìì ¥� ù¢�Ôµ¨� �� .´¨� ¢���õ ö�À�õ ßþ� ¤¢ e �±�Âõ �� �Ìä
��±�� �¤ Âþ¥ ��Ìì Å� .À÷¤�¢ ¢��ø pr � 1 �±�Âõ �� ÂÊ�ä '(pr � 1) �fÖ�ì¢ âì�ø ¤¢ ,�¹�µ÷ ×þ ö���ä��

:Ýþ�ù¢�Þ÷

.´¨� ý¤ø¢ ùøÂð ×þ (Fq � f0g; ) ü�Â®Û¬�� ùøÂð Fq ¤¢ .16.1.1 ��Ìì
.Ý�û¢üõ Çþ�Þ÷ F�q �� °Üè� �¤ ùøÂð ßþ�

.¢�ªüõ ùÀ�õ�÷ ö�À�õ ö� ��óø� �Ìä Fq ö�À�õ ü�Â®Û¬�� ùøÂð ¥� Àó�õ ×þ .17.1.1 ÓþÂã�
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xq � x ý��ÜÞ�À�� ¥� Ãþ�Þµõ �bÈþ¤ q �fÖ�ì¢ Fq Â¬��ä �î À�îüõ ö��� 16.1.1 ��Ìì �î À��î ´ì¢
ùÀ�õ�÷ À��ø ��óø� �Èþ¤ ß�õ�k ,�l 6= 1 Ý�ª�� �µª�¢ 0 < l < k ý�Â� ø �k = 1 �î � �Ìä ×þ .À�µÆû
e Â� q � 1 Âð� .¢�ªüõ ùÀ�õ�÷ À��ø ��óø� �Èþ¤ ß�õ�(q � 1) ,Fq ¥� � ��óø� �Ìä ×þ ��®ø�� .¢�ªüõ
×þ ö���ä �� ö� Â�ùø�ä .¢�ªüõ ùÀ�õ�÷ À��ø ��óø� �Èþ¤ ß�õ�(q � 1)=e×þ �e ù�ðö� Àª�� ÂþÁ�Ç¿�
ßþ� âì�ø ¤¢ .Àª�� ÂþÁ�Ç¿� r Â� s Âð��ú�� ø Âð� ´¨� Fps ¥� ü÷�À�õÂþ¥ Fpr Ýþ¤�¢ 16.1.1 ��Ìì ¥� �¹�µ÷
À�¨¤üõ ÂÑ÷�� ¤�Ïßþ� ö�Þþ�ûý¤�Áð¢�Þ÷ ¤¢ .Àþ� ÂÑ÷ �� ùÀ��î¸�ð üÞî ùÀ�÷��¡ ý�Â� ´¨� ßØÞõ °ÜÎõ
.¢�ªüõ �¹�µ÷ 3 �Î��¤ ¥� ø ´¨� ´¨¤¢ âì�ø ¤¢ °ÜÎõ ßþ� .´¨�µØþ Fq ö�À�õ ,q ùÀª ù¢�¢ ¢Àä ý�Â� �î
�� ø ´¨� xq � x ¥� ÂþÁ��÷Ûþ�½� Ûõ�ä ×þ ¥� �Èþ¤ ×þ Fq �Ìä Âû q = pn ý�Â� �î Ýþ�ù¢�¢ ö�È÷ �õ
¥� .r jn �îý¤�Ï�� Àª�� r ��¤¢ ý�¤�¢ Àþ�� Ûõ�ä ßþ� �î Ý����üõ 14.1.1 ��Ìì ø ë�ê °ÜÎõ �� ����
¤�î�� ,r jn ö� ¤¢ �î �¤ r ��¤¢ �� ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� üõ�Þ� �õ �î ¢�ªüõ �¹�µ÷ 3 �Î��¤
�¤ ´�ãì�ø ßþ� ,°ÜÎõ ßþ� .´¨� xq � x �� Â��Â� �ûý��ÜÞ�À�� ßþ� �Â®Û¬�� ,ÂÚþ¢ �¤�±ä �� .Ýþ�ù¢Â�
�î ¢¤�¢ ¢��ø ' : F ! F0 ´ª�Ú÷ ü�ãþ ;À�µÆû ´¿þ¤×þ q �±�Âõ ¥� F0 ø F ö�À�õ ø¢ �î À�îüõ ��±��

.À�îüõ ÐÔ� �¤ �Â® ø âÞ� ø ´¨� ×þ �� ×þ
.¢�ªüõ ù¢Â� ¤�î�� ��µî ßþ� ¤¢ ��ìø� ÂµÈ�� Âþ¥ ��Ìì

.0 6= f(x) 2 Fq [x] ø q = pr À��î ­Âê .18.1.1 ��Ìì

.f(�q) = 0 ù�ðö� f(�) = 0 ø � 2 Fqk Âð� (1

Âð� .Àª�� Fq ¥� �µê�þ©ÂµÆð ö�À�õ ×þ ¥� ü±þ�Â® �� ý��ÜÞ�À��×þ g(x) À��î ­Âê :ÅØä�� (2

.g(x) 2 Fq [x] ù�ðö� ,g(�q) = 0 Ý�ª�� �µª�¢ g(�) = 0 �î � Âû ý�Â�

.��±��

,1 � k � p� 1 Âû ý�Â� �î �Âþ¥ (a + b)p = ap + bp Ýþ¤�¢ ý��ÜÞ�À�� ��Ìì ýÂ�ð¤�î�� � � (1

ù� ðö� f(x) = P
aix

i Â ð� .(a + b)p = ap + bp � ¹ � µ ÷ ¤¢ .´ ¨� Â þÁ �Ç¿ � p Â � �pk� ¢À ä
.(f(x))q =P

aqi (x
q)i

.f(�q) = (f(�))q ´ª�¢ Ý�û��¡ x = � ý¤�ÁÚþ�� �� .aqi = ai Ýþ¤�¢ ,ai 2 Fq �î �¹÷� ¥�

�Â®Û¬�� ,g(x) ý��ÜÞ�À�� ,Fq ¥� �µê�þ©ÂµÆð üê�î ù¥�À÷��� ö�À�õ ×þ ¤¢ �î Ý�÷�¢üõ Û±ì ¥� (2

x� �qi ù�ðö� ,Àª�� Ûõ��ä ö� ¥� üØþ x� �i Âð� ø Àª��üõ ,1 �±�Âõ Ûõ��ä ü�ãþ ,x� �i Ûõ��ä
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�i ý�û�Èþ¤ ¥� ö¤�Ö µõ â�� � ×þ ak ù�ðö� g(x) =
nP

k=0

akx
k Âð� .¢� � Àû��¡ �ú ÷� ¥� üØþ Ã� ÷

.ak 2 Fq ü�ãþ ;ßþ� ø ak = aqk Àû¢üõ �¹�µ÷ �î ¢�ªüõ

f(x) 2 Fp [x] ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ,Fq ýø¤ � ñ�Þ���õ ý��ÜÞ�À�� ù�ðö� q = pr �î � 2 Fq Âð�
ß þ� � î Ý � ÷�¢üõ 18.1.1 � �Ìì ¥� ù� ðö� Àª� � e � ± �Â õ ý�¤�¢ � Â ð� .f(�) = 0 � î ý¤�Ï� � ´¨�
´¨� ¼�½¬ ¢Àä ßþÂ�×��î �� Â��Â� m ö� ¤¢ �î ,´¨� Qm�1

i=0
(x� �p

i
) �� Â��Â� ñ�Þ���õ ý��ÜÞ�À��
.pm � 1 mod e �î ý¤�Ï��

�� �¤ mi(x) ´ó�� ö� ¤¢ .Ý��îüõÉ¿Èõ � ´��� ��óø� �Ìä ×þ �� �¤ Fq ö�À�õ ×þ ,��ìø� ü¡Â�
×þ ñ�Þ���õ ý��ÜÞ�À�� �î ýÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� .ÝþÂ�üõ ¤�î�� �i ñ�Þ���õ ý��ÜÞ�À�� ö���ä
ßþÂ�°¨��õ ,üþ�ûý��ÜÞ�À�� ß��� .¢�ªüõ ùÀ�õ�÷ ��óø� ý��ÜÞ�À�� ,Àª�� ÂÒ��µõ ö�À�õ ¤¢ ��óø� �Ìä

.Ýþ¤ø�üõ ö� ���þÃ� �� �¤ üó�·õ �¹�þ� ¤¢ .À�µÆû 14.1.1 ��Ìì ¤�µ¡�¨ ¤¢ ù¢�Ôµ¨� ý�Â� á�÷

�Ü�¨ø�� F
24

ö�À�õ .´¨� ��óø� ý��ÜÞ�À�� ×þ F2 ýø¤ x4 + x+ 1 ý��ÜÞ�À�� .19.1.1 ñ�·õ

üþ�¹÷� ¥� .´¨� ��óø� �Ìä ×þ x ý��ÜÞ�À�� .¢�ªüõ ù¢�¢ Çþ�Þ÷ 4 ¥� ÂµÞî ��¤¢ �� ý�ûý��ÜÞ�À��

Àþ¤�¢ ���� .Ý�õ�÷üõ � �¤ ��óø� �Ìä ßþ� ,Ý�û¢üõ ¼��Â� ýÂÚþ¢ é�Àû� ý�Â� �¤ x ¢�Þ÷ ýÂ�ð¤�î�� �õ �î

�¤ 1.1 ñøÀ� .´¨� �3 ø �2 ,� ,1 Â¬��ä ¥� üÎ¡ °�îÂ� ×þ F
24

�Ìä Âû .�4 + � + 1 = 0 �î

R ö�À�õ ¤¢ �ûÝµþ¤�Úó ñøÀ� �� ¥ ¤�Ýû ,ñøÀ� ßþ� �î Àª�� �µª�¢ ���� Àþ�� ùÀ�÷��¡ .Ýþ�ù¢¤ø� F
24

ý�Â�
.´¨�

ý¤�¢Â� ý�Ìê ö���ä �� À÷���üõ F
24

�î Àû¢üõ ö�È÷ �f¢À¹õ �¤ °ÜÎõ ßþ� ,´¨�¤ ´Þ¨ Çþ�Þ÷
ý�Â � ©ø¤ ßþÂ �ù¢�¨ ²� éÂÏ ö�µ¨ .´¨� � þ� � ×þ f1; �; �2; �3g �î üþ�� ,¢�ª Â �ÆÔ � (F2)4

.(�û¤�¢Â� âÞ�) âÞ�Û¬�� ý�Â� ´¨�¤ ´Þ¨ ö�µ¨ ø ´¨� (15 �÷�Þ�� ¤¢ �ûö��� âÞ�) �Â®Û¬��
:�î ¢�Þ÷ ü¨¤Â� ö���üõ ü÷�¨��� ñ��

m1(x) = (x� �)(x� �2)(x� �4)(x� �8) = x4 + x+ 1;

m3(x) = (x� �3)(x� �6)(x� �12)(x� �9) = x4 + x3 + x2 + x+ 1;

m5(x) = (x� �5)(x� �10) = x2 + x+ 1;

m7(x) = (x� �7)(x� �14)(x� �13)(x� �11) = x4 + x3 + 1:
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F
24

Â¬��ä ñøÀ� :1.1 ñøÀ�

0 = = (0000)

1 = 1 = (1000)

� = � = (0100)

�2 = �2 = (0010)

�3 = �3 = (0001)

�4 = 1 + � = (1100)

�5 = � + �2 = (0110)

�6 = �2 + �3 = (0011)

�7 = 1 + � + �3 = (1101)

�8 = 1 + �2 = (1010)

�9 = � + �3 = (0101)

�10 = 1 + � + �2 = (1110)

�11 = � + �2 + �3 = (0111)

�12 = 1 + � + �2 + �3 = (1111)

�13 = 1 + �2 + �3 = (1011)

�14 = 1 + �3 = (1001)

:�� ´¨� Â��Â� ÂþÁ��÷Ûþ�½� Ûõ��ä �� x16 � x �þÃ¹� ø

x16 � x = x(x� 1)(x2 + x+ 1)(x4 + x+ 1)

x(x4 + x3 + 1)(x4 + x3 + x2 + x+ 1):

Û�ØÈ� �î Àª��üõ �10 ø �5 ,1 ,0 ý�Ìä� �� ÂÒ��µõ x4 � x = x(x�1)(x2 + x+1) �î Àþ¤�¢ ´ì¢
�� óø� �õ� ,´¨� ÂþÁ�� ÷Ûþ�½� m3(x) ý��ÜÞ�À�� .À�û¢üõ �¤ F4 = F2 [x]=(x

2 + x + 1) ö�À�õÂþ¥
.Àª��üÞ÷

üÜî ¤�Ï�� �¤ 19.1.1 ñ�·õ �� 14.1.1 ��Ìì ¥� Àþ�� ´Æ�÷ ��ª� üû��µõ ý�ûö�À�õ �� �î ý�ùÀ�÷��¡
ÂÒ��µõ ý�ûö�À�õ Âþ¥ ø ñ�Þ���õ ý�ûý��ÜÞ�À�� �� �¤ F64 ø F27 ,F9 À�÷�õ ñ�·õ ßþÀ�� ø Àþ�Þ÷ �ãó�Îõ

.¢�Þ÷ á��¤ [10] ø [9] â���õ �� ö���üõ üû��µõ ý�ûö�À�õ ñøÀ� ¢¤�õ¤¢ .¢¥�Æ� ö�
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�ûý��ÜÞ�À��

�¤ f 0(x) ÕµÈõ Ý�÷���üõ ù�ðö� ,f(x) 2 Fq [x] Âð� .Ýþ¤�¢ �ûý��ÜÞ�À�� ù¤��¤¢ ýÂµÈ�� °ó�Îõ �� ¥��÷ �õ
:ÛØª�� ,ý¢�Þ÷ �¤�¬�� ø Ë½õ ù�ðÀþ¢ ¥�

(
nX

k=0

akx
k)0 :=

nX
k=1

kakx
k�1;

ùÀû�Èõ �÷�Þ÷ ý�Â� ö���üõ ø ´¨� ¤�ÂìÂ� �Â®Û¬�� ø á�Þ¹õ ÕµÈõ üõ�Þä Àä��ì .Ý�þ�Þ÷ ÓþÂã�
Âþ¥ ��Ìì ,ßþ�Â��� � ;Àª��üõ 2(x� �)f(x) + (x � �)2f 0(x) � � Â��Â� (x � �)2f(x) ÕµÈõ �î ¢�Þ÷

.´¨� ¼®�ø

ù�ðö� ,Àª�� Fq ¥� �µê�þ©ÂµÆð ö�À�õ ×þ ¤¢ ý¤�ÂØ� �Èþ¤ ×þ � ø f(x) 2 Fq [x] Âð� .20.1.1 ��Ìì

.¢�� Àû��¡ Ã�÷ f 0(x) ¥� �Èþ¤ ×þ �

.Àª��üõ ÂÔ¬ �� ¥ ¤�Ýû Fq [x] ¤¢ ý��ÜÞ�À�� Âû ôø¢ ÕµÈõ ù�ðö� ,q = 2r Âð� �î À��îüõ ´ì¢ �µ±ó�
�� ü¨Âµ¨¢ ¤�Ñ�õ�� .Àþ�ðüÞ÷ �õ �� ý��ÜÞ�À��×þ ý�û�Èþ¤ ý�û¤�ÂØ� ¢�Àã� ù¤��¤¢ ýÃ�� °ÜÎõ ßþ�
�¤ f(x) 2 Fq [x] ý��ÜÞ�À�� ×þ ¥� 9 �Æû ÕµÈõ ,R ýø¤ Â� �ûý��ÜÞ�À�� �þÂÑ÷ �� Ûõ�î ´û�±ª

:Ý��îüõ �ÂÎõ Âþ¥ �¤�¬��

f [k](x) :=
1

k!
f (k)(x);

.(´¨� �nk�xn�k �� Â��Â� xn �Æû ÕµÈõ ß�õ��k ,ßþ�Â����)
Âð� ´¨� k ¤�ÂØ� �� f(x) ¥� �Èþ¤ ×þ � �î Àª�� �µª�¢ á�®�õ ßþ� ��±�� ý�Â� üÜØÈõ Àþ�±÷ ùÀ�÷��¡

.Àª�±÷ f [k](x) �Èþ¤ ø ù¢�� f [i](x) ¥� ý��Èþ¤ � ,0 � i < k ý�Â� Âð� �ú�� ø
:ù�ðö� ,f(x) = Qn

i=1(x� �i) Âð� �î ´¨� ßþ� ¢ø ¤üõ ¤�î �� �fÀã� �î ýÂÚþ¢ �¹�µ÷

f 0(x) =
nX
i=1

f(x)=(x� �i):

.´¨� éøÂãõ Âþ¥ ��Ìì

À�ª�� 1 ñø� ��Üä ô�ÆÖõ ßþÂ�ï¤Ã� ý�¤�¢ F[x] ¤¢ b(x) ø a(x) ý�ûý��ÜÞ�À�� Âð� .21.1.1 ��Ìì

:�î ý¤�Ï�� ;À÷¤�¢ ¢��ø q(x) ø p(x) ý�ûý��ÜÞ�À�� ù�ðö�

a(x)p(x) + b(x)q(x) = 1:

9 Hasse derivate
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� .´¨� 13.1.1 ��Ìì ¥� ý¤�ê �¹�µ÷ ×þ ßþ� .��±��

¥� ü¡Â� ¤¢ �õ� ,À÷¤�¢ ¢��ø r ��¤¢ Âû ¥� ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� �î Ý�÷�¢üõ 4 �Î��¤ ¥� ��Âð�
ö�È÷ �¤ ö� ô�¹÷� ©ø¤ ×þ ,4 �Î��¤ ��±�� .¢�ª ô�¹÷� Àþ� � �ú÷� ßµê�þ ý�Â� ý¢�þ¥ ý�û¤�î ����
ý�ûý��ÜÞ�À�� üõ�Þ� ø ¢�Þ÷ áøÂª 1 ��¤¢ �� ßØÞõ ý�ûý��ÜÞ�À�� üõ�Þ� �� ö���üõ .Àû¢üõ
�� .´¨� ÂþÁ��÷Ûþ�½� ,´Æ�ó ßþ� ¤¢ 2 ��¤¢ �� ý��ÜÞ�À�� Âû .¢�¢ Û�ØÈ� �¤ 2 ��¤¢ �� ÂþÁ��÷Ûþ�½�
ø ¢�Þ÷ À�ó�� �¤ 3 ��¤¢ �� ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� �� ¢�¢ �õ�¢� ö���üõ �¤ Û±ì ©ø¤ ,�¤�¬ßþ�
ù��¿ó¢�� ���¤¢ �� F2 ýø¤ ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� ,9.2 Ç¿� ¤¢ .¢�¢ �õ�¢� °��Â� ß�Þû��
âì�ø ¤¢ .Àª��üÞ÷ Ç¿�´þ�®¤ ¤�Ñ�õ ßþ� ý�Â� ë�ê ¤¢ ùÀªÝ�¨Â� À�þ�Âê .´ª�¢ Ý�û��¡ ¥��÷ �¤ ï¤Ã�

:Ý�û¢üõ �õ�¢� Âþ¥ ©ø¤ �� �¤ ¤�î ,À�þ�Âê ßþ� ý����

.22.1.1 Ýó

3
�+1 j j (23� + 1):

.��±��

.Àª��üõ ´¨¤¢ �ä¢� ßþ� � = 1 ø � = 0 ý�Â� (1

:¥� �¤�¬ßþ� ¤¢ ;3t j j (23� + 1) À��î ­Âê (2

(23
�+1

+ 1) = (23
�

+ 1)f(23� + 1)(23
� � 2) + 3g;

.3t+1 j j (23�+1 + 1) ù�ðö� t � 2 Âð� �î ¢�ªüõ �¹�µ÷

�

:ù�ðö� ,Àª�� (3l �÷�Þ�� ��) 2 �±�Âõ ý�¤�¢ m Âð� .23.1.1 Ýó

m = '(3l) = 2:3l�1:
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.2s + 1 � 0 mod 3l ø¤ßþ� ¥� .m = 2s ,ßþ�Â���� ;Àª��üõ �ø¥ � ù�ðö� 2� � 1 mod 3 Âð� .��±��
� .Àþ�üõ ´¨¢�� 22.1.1 Ýó ø 2.1.1 ��Ìì ¥� ÝØ� ,ö��î�

:�¤�¬ßþ� ¤¢ ;m = 2:3l�1 À�û¢ ¤�Âì .24.1.1 ��Ìì

xm + xm=2 + 1

.´¨� ÂþÁ��÷Ûþ�½� F2 ýø¤

�� ,ßþ�Â���� ;Àª�� À��ø �Èþ¤ ß�õ� 3l ,� À��î ­Âê ö�À�õ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ F2m ö�À�õ .��±��

:�¤�¬�� � ñ�Þ���õ ý��ÜÞ�À�� 23.1.1 Ýó ¥� ù¢�Ôµ¨�

f(x) = (x� �)(x� �2)(x� �4):::(x � �2
m�1

);

:�î Àþ¤�¢ ´ì¢ .Àª��üõ m ��¤¢ ¥� ý��ÜÞ�À�� ×þ

x3l + 1 = (1+ x)(1+ x+ x2)(1+ x3 + x6):::(1+ x3
l�1

+ x2:3
l�1

);

ø Àª�� f(x) Àþ�� Â¡� Ûõ�ä ,ßþ�Â���� ;Àª��üõ m ��¤¢ ¥� ý��ÜÞ�À�� ×þ �ú�� Ûõ�ª �î ´¨� ý��þÃ¹�
� .´¨� ÂþÁ��÷Ûþ�½� ,Ûõ�ä ö� ü�ãþ ;ßþ�

ôø¢ ��¤¢ ý�ûùÀ÷�õüì��

ßþ� ¤¢ �¤ �ûâ�Âõ ö���üõ ü÷�¨� �� �î ´¨� ßþ� Fq ö�À�õ ×þ ¤¢ ��óø� �Ìä ×þ ¢��ø ¥� �¹�µ÷ ×þ
Ûõ�ª Fq ù�ðö� ,Àª�� ¢Âê q Âð� .´¨� â�Âõ ×þ �Ìä Âû ù�ðö� ,Àª�� �ø¥ q Âð� .¢�Þ÷ É¿Èõ ö�À�õ
¤¢ üþ�ûâ�Âõ �î ,1 � k � p� 1 ,k ¼�½¬ ¢�Àä� .´¨� â�Âõ�÷ 1

2
(q � 1) ø ÂÔ¬�÷ â�Âõ 1

2
(q � 1) ,0

,k 2 Fp ßµ êÂ ð ÂÑ ÷¤¢ � � .À ÷�ªüõ ùÀ � õ� ÷ (p � ÷� Þ � � � �) üã �Â õ ý�ûùÀ ÷� õüì� � �f �Þã õ À � µÆû Fp
´¨� (p �÷�Þ�� ��) üã�Âõ ùÀ÷�õüì�� ×þ k �î Ý����üõ ,ö�À�õ ßþ� ¤¢ ��óø� �Ìä ×þ ¥� ü÷��� ö���ä��
ø Âð� ´¨� Fp ¤¢ â�Âõ ×þ �1 Ýþ¤�¢ p� 1 = �1 �Ìä ý�Â� .k(p�1)=2 � 1 mod p Âð� �ú�� ø Âð�
ý�Â� .�÷ � þ ´¨� â�Âõ ×þ Fp ¤¢ 2 �þ� �î Ý� ÷�À� Ýþ¤�¢ ¥�� ÷ 6.9 Ç¿� ¤¢ .p � 1 mod 4 Âð� �ú� �
�Â®Û¬�� �� Â��Â� �¤ a ø ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ (p�1)=2 ,... ,2 ,1 Â¬��ä ,ñ��¨ ßþ� ù¤��¤¢ ýÂ�ðÝ�ÞÊ�
.Ýþ¤ø�üõ ´¨¢�� �¤ p� 1 ,... ,4 ,2 Âþ¢�Öõ ,2 ¤¢ Â¬��ä ßþ� ¥� ×þ Âû �Â® �� .Ý�û¢üõ ¤�Âì �ú÷�
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Ý����üõ a ¥� k ÂÚþ¢ Ûõ�ä Âû ý�Â� ø À�ª��üõ a Ûõ��ä �î ´¨� Ûõ�ä b(p � 1)=4c Ûõ�ª �ó�±÷¢ ßþ�
Ýþ¤�¢ Fp ¤¢ �î Àû¢üõ �¹�µ÷ ßþ� .Àª��üõ (p � 1)=2 ¥� Â�ï¤Ã� �ø¥ ¼�½¬ ¢�Àä� ¥� üØþ �k �î

:Âð� �ú�� ø Âð� ´¨� â�Âõ ×þ 2 �î Ý����üõ a 6= 0 ö�� ø 2(p�1)=2a = (�1)(p�1)=2�b(p�1)=4ca
p� 1
2
� bp� 1

4
c;

.p � �1 mod 8 ü�ãþ ;ßþ� ø Àª�� �ø¥

Â��

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ,¢�ªüõ ùÀ�õ�÷ 10 Â�� �î Tr : Fq ! Fp ´ª�Ú÷ .q = pr À��î ­Âê

:ù�ðö� ,� 2 Fq Âð� .25.1.1 ÓþÂã�

Tr(�) := � + �p + �p
2

+ � � �+ �p
r�1

:

:´¨� Âþ¥ «��¡ ý�¤�¢ Â�� â��� .26.1.1 ��Ìì

.´¨� Fp ¤¢ Tr(�) Â�� � 2 Fq Âû ý�Â� (1

.Tr(�) 6= 0 �î ý¤�Ï�� ;À÷¤�¢ ¢��ø � 2 Fq ý�Ìä� (2

.´¨� üÎ¡ ´ª�Ú÷ ×þ Tr (3

.��±��

.(Tr(�))p = Tr(�) Ýþ¤�¢ ÓþÂã� ¥� ù¢�Ôµ¨� �� (1

.Àª�� �Èþ¤ q ý�¤�¢ Fq ¤¢ À÷���üÞ÷ x+ xp + � � �+ xp
r�1

= 0 �ó¢�ãõ (2

.´¨� üúþÀ� ��±�� ,ap = a Ýþ¤�¢ a 2 Fp Âû ý�Â� ø (� + �)p = �p + �p ö�� (3

�

â�� � �î Ý��� �üõ ø À�îüõ ¤�� µ¡� ¤� � p�1q �¤ ý¤�ÀÖõ Âû Â�� â�� � �î À�îüõ ´ó�¢ ��Ìì ßþ� �µ± ó�
�� ö� ü¨¤Â� ý�Â�) ´¨� ñ�Þ���õ ý�ûý��ÜÞ�À�� �Â®Û¬�� x+ xp + � � � + xp

r�1 ý��ÜÞ�À��
.(À�þ�Þ÷ á��¤ 19.1.1 ñ�·õ

10trace
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�û´ªÂ¨

×þ .�Â® ÛÞä ø 1 ù¥�À÷� � � ÍÜµ¿õ ¢�Àä� Ûõ�ª ùøÂð (T; ) ø Àª�� ùøÂð ×þ (G;+) À��î ­Âê
:ü�ãþ ;Àª��üõ � : G! T üµ¿þ¤Ýû ×þ , 11 ´ªÂ¨

8g12G8g22G[�(g1 + g2) = �(g1)�(g2)]: (5)

Ý�ª�� �µª�¢ g 2 G Âû ý�Â� Âð� .�(0) = 1 Ýþ¤�¢ � ´ªÂ¨ Âû ý�Â� �î ¢�ªüõ �¹�µ÷ ÓþÂã� ßþ� ¥�
.¢�ªüõ ùÀ�õ�÷ üÜ¬� ´ªÂ¨ ×þ � ù�ðö� ,�(g) = 1

:ù�ðö� ,Àª�� (G; ) ý�Â� ´ªÂ¨ ×þ � Âð� .27.1.1 Ýó

X
g2G

�(g) =

(
jG j ; Àª�� üÜ¬� ´ªÂ¨ � Âð�;
0; �¤�¬ßþ� Â�è ¤¢:

:�¤�¬ßþ� ¤¢ ;h 2 G À��î ­Âê .��±��

�(h)
X
g2G

�(g) =
X
g2G

�(g + h) =
X
k2G

�(k):

� .�(h) 6= 1 ö� ¤¢ �î ´ê�þ ý��÷�ð�� �¤ h ö���üõ ù�ðö� ,Àª�±÷ üÜ¬� ´ªÂ¨ � Âð�

í���Âî ý�ûý��ÜÞ�À�� 1.2

¥� ü�ø�Ôµõ ý�û´ÞÆì ¤¢ ü¨�¨� ÇÖ÷ ×þ �î Ý��îüõ üêÂãõ �¤ �ûý��ÜÞ�À�� ¥� ý��ó�±÷¢ ,Ç¿� ßþ� ¤¢
ý��÷�Þ÷ �ûý��ÜÞ�À�� ßþ� . 12í���Âî éøÂãõ ý�ûý��ÜÞ�À�� ü�ãþ ;À�þ�Þ÷üõ �Ôþ� ý¤�ÁðÀî �þÂÑ÷
ý�þ�Ìì ¥� ü¬�¡ ý�û´ó�� ,Ý��îüõ ö��� �õ �î üþ�þ�Ìì ßþÂµÈ�� ø À�µÆû Àõ�ãµõ ý�ûý��ÜÞ�À�� ¥�
ý�û´ÞÆì ßþ� �� �î ý�ùÀ�÷��¡ �� .À÷Â±µãõ Àõ�ãµõ ý�ûý��ÜÞ�À�� ¥� �ó�±÷¢ Âû ¤¢ �î À�µÆû üÜî
ý�ûý��ÜÞ�À�� ù¤��¤¢ ü¨¤¢ ý�û��µî ¥� üØþ �� �î ¢�ªüõ ��¬�� Àª��üÞ÷ ��ª� Ã�ó�÷� ¥� ÓþÂÒ
ùÀ�÷��¡ ,âì�ø ¤¢ .([70] 15üõ�ØþÂ� ø [36] 14ö�ÆØ� ,[67] 13�ð¥ �÷�Þ÷ ¤�Ï��) Àþ�Þ÷ á��¤ Àõ�ãµõ
11character
12Krawtchouk polynomial
13G. Szeg�o
14D. Jackson
15F. G. Tricomi
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´ú��� .Ý�û¢üõ á��¤� ö� �� ¯��Âõ ö�µõ �� ,Ý��îüõ ö��� Âþ¥ ¤¢ �î üþ�þ�Ìì ��±�� ¥� ü¡Â� ¢¤�õ ¤¢ �¤
�õÀÖõ ßþ� ¤¢ ü��ä�®�õ �� ´±Æ÷ ,ýÂµÈ�� ÕÞä �� �ú÷� �� �õ ,�ó�Öõ ßþ� ¤¢ �ûý��ÜÞ�À�� ßþ� ´�Þû�

.´¡�¢Â� Ý�û��¡ ,Ýþ¢Âî ö���
.À÷�ª ­Âê ´��� q ø n Âµõ�¤�� ø¢ �î À÷�ªüõ Âû�Ò üãì��õ ¤¢ í���Âî ý�ûý��ÜÞ�À�� �f �Þãõ

.À÷�ªüõ éÁ� �ûý��ÜÞ�À�� ý¤�Áð¢�Þ÷ ¤¢ �f �Þãõ ,�ûÂµõ�¤�� ßþ�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� Kn(x) í���Âî ý��ÜÞ�À�� ,k = 0;1;2; � � � ý�Â� .1.1.2 ÓþÂã�

Kk(x;n; q) := Kk(x) :=
kX

j=0

(�1)j
 
x

j

! 
n� x

k � j

!
(q � 1)k�j;

:ö� ¤¢ �î 
x

j

!
:=

x(x� 1) � � � (x� j + 1)

j!
; (x 2 R):

:Ýþ¤�¢ q = 2´ó�� ¤¢ �î À��î ����

Kk(x) =
kX

j=0

(�1)j
 
x

j

! 
n� x

k � j

!
= (�1)kKk(n� x): (6)

:Ýþ¤�¢ (1� z)x ø (1+ (q � 1)z)n�x ¤�Ü�� ý�ûýÂ¨ �Â® ��
1X
k=0

Kk(x)z
k = (1+ (q � 1)z)n�x(1� z)x: (7)

°þÂ® ý�¤�¢ �î ´¨� x �� ´±Æ÷ k ��¤¢ ¥� ý��ÜÞ�À��×þ Kk(x) �î ´¨� ¼®�ø 1.1.2 ÓþÂã� ¥�
:´¨� Âþ¥ Àõ�ã� �Î��¤ �� ¯��Âõ ,Àõ�ãµõ ý��ÜÞ�À�� ô�÷ .Àª��üõ (�q)k=k! ýø¤Ç��

nX
i=0

 
n

i

!
(q � 1)iKk(i)Kl(i) = Ækl

 
n

k

!
(q � 1)kqn: (8)

ø ù¢�Þ÷ �Â® xkyl ¤¢ �¤ �Î��¤ ß�êÂÏ ´¨� üê�î .Àþ�Þ÷ ��±�� �¤ �Î��¤ ßþ� À÷���üõ ü÷�¨��� ùÀ�÷��¡
�ä¢� ,À�ª��üõ Â��Â� á�Þ¹õ ø¢ �î �¹÷� ¥� .¢Â�Ú� ×Þî 7 �Î��¤ ¥� ø �µÆ� âÞ� (1 �� 0 ¥�) l ø k ýø¤

:Ýþ¤�¢ 1.1.2 ÓþÂã� ¥� .´¨� ¼�½¬

(q � 1)
 
n

i

!
Kk(i) = (q � 1)k

 
n

k

!
Ki(k); (9)

:¢�ª ´ê�þ Âþ¥ �¤�¬�� Àõ�ã� �Î��¤ ¥� á�÷ ß�õø¢ �� Ý��îüõ ý¤�Áðý�� 8 �Î��¤ ¤¢ �¤ö� �î
nX
i=0

Kl(i)Ki(k) = Ælkq
n: (10)
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:Ý��îüõ ´Æ�ó (k � 2) �¤ í���Âî ý�ûý��ÜÞ�À�� ¥� ý¢�Àã�

K0(n; x) = 1;

K1(n; x) = n(q � 1)� qx; (= n� 2x; q = 2 Âð�)

K2(n; x) = 1

2
fq2x2 � q(2qn� q � 2n+ 2)x+ (q � 1)2n(n� 1)g;

(= 2x2 � 2nx+ �n
2

�
; q = 2 Âð�)

(11)

ù�ðö� ,Kk(x) =
kP

i=0

cix
i Âð� .Ýþ¤�¢ ¥��÷ Kk(x) �¤�±ä ¤¢ x0 ø xk�2 ,xk�1 ,xk °þ�Â® �� 7ÛÊê ¤¢

:Ýþ¤�¢ q = 2´ó��¤¢

ck = (�2)k=k!;
ck�1 = (�2)k�1n=(k � 1)!;
ck�2 = 1

6
(�2)k�2f3n2 � 3n+ 2k � 4g=(k � 2)!:

(12)

ö� ßþÂ�Ýúõ .ÝþÀ�õ¥��÷ í���Âî ý�ûý��ÜÞ�À�� ý�Â� ß�ãõ üµÈð¥�� Í��ø ¤ �� �õ ,´Üä ßþÀ�� ��
:´¨� Âþ¥ �¤�¬��

(k + 1)Kk+1(x) =

fk + (q � 1)(n� k)� qxgKk(x)� (q � 1)(n� k + 1)Kk�1(x):
(13)

�Æþ�Öõ ø (1+ (q � 1)z)(1� z) ¤¢ �¹�µ÷ �Â® ,z �� ´±Æ÷ 7 �Î��¤ ß�êÂÏ ¥� ýÂ�ðÕµÈõ �� �Î��¤ ßþ�
�î ´¨� 7 �Î��¤ ¤¢ x� 1 �� x ý¤�Áðý�� ,Â�ö�¨� ßþÂÞ� ×þ üµ� �þ .¢�ªüõ ´��� ü÷�¨��� ,°þ�Â®

:Àû¢üõ �¹�µ÷

Kk(i) := Kk(i� 1)� (q � 1)Kk�1(i)�Kk�1(i� 1); (14)

.Àª��üõ üµÈð¥�� ¤�Ï�� Kk(i) ¢�Àä� �±¨�½õ ý�Â� ö�¨� ©ø¤ ×þ �î
:ý�µØþ �¤�±ä ù�ðö� ,Àª�� l ��¤¢ �� ý��ÜÞ�À�� ×þ P (x) Âð�

P (x) =
lX

k=0

�kK(x); (15)

.¢�ªüõ ùÀ�õ�÷ P (x) í���Âî â�¨��
ý�û´ó�� �ú÷� .Ýþ¤ø�üõ ,�ú÷� ��±�� �� ù¤�ª� öøÀ� ,Ýþ¤�¢ ¥��÷ �ú÷� �� �fÀã� �î �¤ ü¬��¡ ¥� üÌã�
16 Åî��¤�¢-Ûê�µÆþÂî ñ�õÂê �� ¤�î áøÂª .À�µÆû Àõ�ãµõ ý�ûý��ÜÞ�À�� üõ�Þä ý�þ�Ìì ¥� ü¬�¡
16Christo�el-Darboux
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.Àª��üõ

Kk+1(x)Kk(y)�Kk(x)Kk+1(y)

y � x
=

2

k + 1

 
n

k

!
kX

i=0

Ki(x)Ki(y)�n
i

� ; (16)

Âþ¥ �¤�¬�� �¤ Kk(x) ý�û�Èþ¤ ¥� Ýúõ ¤��Æ� ø ùÀ�»�� ´�¬�¡ ,üþ�ÂÖµ¨� Û�ó¢ ×þ �� 13 Â�¡� �Î��¤
.Àû¢üõ ö�È÷

.´¨� (0; n) ù¥�� ¤¢ Ãþ�Þµõ üÖ�Ö� �Èþ ¤ k ý�¤�¢ Kk(x)

À�ª�� v1 < v2 < � � � < vk �¤�¬�� �û�Èþ¤ ßþ� Âð�
ù�ðö� ,À�ª�� Kk�1 ý�û�Èþ¤ u1 < u2 < � � � < uk�1 Âð� ø

0 < v1 < u1 < v2 < � � � < vk�1 < uk�1 < vk < n:

(17)

Â ð� .(q = 2) ¢� ªü õ � ¹ � µ ÷ ü ÷�� � ýÂ ¨ ø¢ �Â ® � � ø 7 � Î ��¤ ¥� Â Ú þ¢ ¤� �× þ Â þ¥ ´ � ¬� ¡
:ù�ðö� ,x = 0;1;2; � � � ; n

Ki(x)Kj(x) =
nX

k=0

�kKk(x); (18)

:ö� ¤¢ �î

�k :=

 
n� k

(i+ j � k)=2

! 
k

(i� j + k)=2

!
:

:´ª�¢ Ý�û��¡ ¥��÷ Âþ¥ �Î��¤ �� ,7 ÛÊê ¤¢
lX

k=0

Kk(x) = Kl(x� 1;n� 1; q): (19)

ø À÷øâÞ� �±�Âõ Â��ç� � � ,²� éÂÏ ýø¤ Â� 1.1.2 ÓþÂã� ¤¢ ¢���õ �Î��¤ ü��È÷�� �� °ÜÎõ ßþ�
�� �¤ Kl(x � 1;n� 1; q) �õ .¢�ªüõ ´��� ü÷�¨��� �xj� = �x�1

j�1
�
+
�x�1

j

�
(j � 1) �Î��¤ ýÂ�ð¤�î��

.Ý�û¢üõ Çþ�Þ÷ 	l(x)

���±�îÂ� �þÂÑ÷ 1.3

¥� üÌã� �ú�� �õ Ç¿� ßþ� ¤¢ .¢Â� Ý�û��¡ ¤�î�� �¤ ���±�îÂ� �þÂÑ÷ ¥� ü¹þ�µ÷ ø �û¢�Þ÷ ,ÛÊê ßþÀ�� ¤¢
À÷���üõ ,´Æ�÷ ��ª� ���®�þ¤ ¥� ´ÞÆì ßþ� �� �î ý�ùÀ�÷��¡ .Ý��îüõ ý¤ø�¢�þ �¤ ��Ìì ×þ ø Óþ¤�ã�

.Àþ�Þ÷ á��¤ [93] ��µî ��

�î) S ý�û�ä�Þ¹õÂþ¥ ¥� �ä�Þ¹õ×þ B ø Àª�� �Ìä v �� �ä�Þ¹õ×þ S À��î ­Âê .1.1.3 ÓþÂã�
:�î ý¤�Ï�� Àª�� (Ý�õ�÷üõ í�Ü� �¤ �ú÷�
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;B 2 B Âû ý�Â� jB j = k (1

.T � B �î ý¤�Ï�� ;Àª�� ¢���õ B í�Ü� � �fÖ�ì¢ , jT j = t �� T � S Âû ý�Â� (2

�ÂÏ 17¯�Ö÷ ,S Â¬��ä .(t � (v; k; �) ¢�Þ÷) ¢�ªüõ ùÀ�õ�÷ �ÂÏ�t×þ (S;B) �ø¥ �¤�¬ßþ� ¤¢
.¢�ªüõ ùÀ�õ�÷ 18Â�þ�µª� ù�Úµ¨¢ ×þ �ÂÏ ßþ� ù�ðö� ,� = 1 Âð� .À÷�ªüõ ùÀ�õ�÷

ø ÂÎ¨ j B j ý�¤�¢ �î ¢�ªüõ ù¢�¢ Çþ�Þ÷ ,A ü�ãþ ,¢�¡ 19á�ìø ÅþÂ��õ �� °Üè� �ÂÏ�t×þ
.À�ª�� �ûí�Ü� ¥� ý��Ê¿Èõ â���� �ûÂÎ¨ �î ý¤�Ï�� ´¨� ö�µ¨ jS j

ý�Â� . j B j = b �� ´¨� 2� (v; k; �) ×þ (v; k; b; r; �) ý�ûÂµõ�¤�� �� üî�Ü� �ÂÏ Âû .2.1.3 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ ö¤�Öµõ ,üî�Ü� �ÂÏ ù�ðö� ,b = v Âð� .¢¤�¢ ¢��ø �ÎÖ÷ ö� Ûõ�ª í�Ü� r ,ý��ÎÖ÷ Âû

ßþ� ¤¢ .´¨� �ÂÏ 2� (n2 + n+ 1; n+ 1;1) ×þ n �±�Âõ ¥� ýÂþ�Ê� �½Ô¬×þ .3.1.3 ÓþÂã�
Çþ�Þ÷ PG(2; n) �� ,n �±�Âõ ¥� ýÂþ�Ê� �½Ô¬×þ .À÷�ªüõ ùÀ�õ�÷ �½Ô¬ ¯�Î¡ ,�ûí�Ü� ,´ó��

.¢�ªüõ ù¢�¢

AG(m; q) ¢�Þ÷) ´¨� (Fq )m ý¤�¢Â� ý�Ìê ,Fq ö�À�õ ýø¤ Â� m Àã� ¥� ß�ê� �¨À�û .4.1.3 ÓþÂã�

¥� �ä�Þ¹õÝû ×þ ,¼Î¨�k ×þ ¥� ýÀã��k ß�ê� ý�ÌêÂþ¥ ×þ .(ÝþÂ �üõ ¤�î�� �¨À�û ý�Â� �¤

�½Ô¬Â �� ×þ �¤ ¼Î¨ ö� ,k = m � 1 Â ð� .´¨� (ùøÂ ðÂ þ¥ ö�� �ä � �) ýÀã ��k üÎ¡ ý�ÌêÂ þ¥

ý�ûÛþÀ±� ùøÂð ,ý¤�¢Â� ý�Ìê ý�ûÛþÀ±� ø (Fq )m üÎ¡ ý�ûÛþÀ±� Í¨�� ùÀª À�ó�� ùøÂð .Ý�õ�÷üõ

Ç¿� ¤¢ ùÀª ÓþÂã� ,ß�ê� üµÈðý�� ùøÂð .¢�ªüõ ù¢�¢ Çþ�Þ÷ AGL(m; q) �� ø ¢�ªüõ ùÀ�õ�÷ ß�ê�

Ûõ�ª ,(PG(m; q) ¢�Þ÷) Fq ýø¤ m Àã� �� ýÂþ�Ê� �¨À�û .´¨� m = 1 ´ó��¤¢ ñ�·õ ×þ ,1.1
Àã��� ý�û�ÌêÂþ¥ .À÷�ªüõ ùÀ�õ�÷ ¯�Ö÷ ,1 Àã� �� ý�û�ÌêÂþ¥ .´¨� AG(m+ 1; q) üÎ¡ ý�û�ÌêÂþ¥

.°��Â� ß�Þû�� ø À÷�ªüõ ùÀ�õ�÷ ¯�Î¡ ,2
¢��ø Í¡ 1

2
(27� 1) = 13 ø �ÎÖ÷ 27 .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ AG(3;3) .Ýþ¤ø�üõ üó�·õ �¹�þ� ¤¢

PG(2;3) ¯�Ö÷ ,Í¡ 13 ßþ� .À÷¤Áðüõ (0;0;0) ¥� �î �½Ô¬ 13 ø À÷¤Áðüõ (0;0;0) ¥� �î À÷¤�¢
�ÂÏ ×þ ßþ� �î ´¨� ßªø¤ .À� µÆû ýÂþ�Ê� �¨À�û ¯�Î¡ ,AG(3;3) ¤¢ �½Ô¬ 13 ø À�µÆû
17points
18Steiner
19incidence matrix
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��Êµ¿õ ,�õ ¤�Ñ�õ ,PG(m; q) ¤¢ �ÎÖ÷ ×þ ��Êµ¿õ ù¤��¤¢ ´±½¬ ô�Ú�û .´¨� 2� (13;4;1)

ñ�·õ ¤¢ ,ßþ�Â���� ;À�ª��üõ (0;0; � � � ;0) ¥� �ø�Ôµõ AG(m+ 1; q) ¤¢ �î ´¨� ÂÒ��µõ ¯�Ö÷ ¥� ×þÂû
.À�µÆû PG(2;3) ¤¢ ü÷�ÆØþ �ÎÖ÷ ��Êµ¿õ ,(2;1;2) ø (1;2;1) ý�ûüþ���¨ ,PG(2;3)

� Î Ö ÷ × þ .Ý þÂ � ðü õ Â Ñ ÷¤¢ k ö�À � õ ýø¤ �¤ Pn ýÀ ã ��n ýÂ þ�Ê � � ½ Ô¬ ,10 ÛÊ ê ¤¢
ø À � µ Æ � ÷ Â Ô ¬ ö� õ¥Ý û � ûai ü õ� Þ � � î À ª À û�� ¡ ù¢�¢ Ç þ� Þ ÷ (a0 : a1 : � � � : an) � �
Âû ý�Â� bi = cai Ý�ª�� �µª�¢ c 6= 0 �î c 2 k ×þ ý�Â� Âð� (a0 : a1 : � � � : an) = (b0 : b1 : � � � : bn)

.0 � i � n

×þ ,HHT = nI �î ý¤�Ï�� �1 ø +1 Â¬��ä �� n �±�Âõ ¥� H üã�Âõ ÅþÂ��õ ×þ .5.1.3 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ 20¢¤�õ�¢�û ÅþÂ��õ

üÜ¬� ÂÎì ¥� �¤�¡ �1 ø +1 ø üÜ¬� ÂÎì ¤¢ 0 ý�Ìä� �� n �±�Âõ ¥� C üã�Âõ ÅþÂ��õ .6.1.3 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ 21Å÷�ÂÔ�î ÅþÂ��õ ×þ ,CCT = (n� 1)I �î ý¤�Ï��

�Â®Û¬�� �þ��Â� �ú÷� ¥� üØþ .¢¤�¢ ¢��ø ¢¤�õ�¢�û ý�ûÅþÂ��õ ´¡�¨ ý�Â� éøÂãõ ©ø¤ ßþÀ��
.¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� �î Àª��üõ �ûÅþÂ��õ ý�Â� 22ÂØ÷øÂî éøÂãõ

ù�ðö� ,Àª�� n� nÅþÂ��õ ×þ B ø Àª�� aij ý�û�þ�¤¢ �� m�mÅþÂ��õ ×þ A Âð� .7.1.3 ÓþÂã�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� �î ´¨� mn�mnÅþÂ��õ ×þ A
B ÂØ÷øÂî �Â®Û¬��

A
B :=

0
BBBBB@

a11B a12B � � � a1mB

a21B a22B � � � a2mB
... ... � � � ...

am1B am2B � � � ammB

1
CCCCCA :

¢¤� õ�¢� û Å þÂ �� õ × þ �f¢À¹ õ ,¢¤� õ�¢� û ý� ûÅ þÂ �� õ Â Ø ÷øÂ î �Â®Û¬�� � îß þ� ö¢�¢ ö�È ÷
ö� ¤¢ �î Ý � �� � � �¤ H
n

2
� ó� ± ÷¢ Ý � ÷�� �üõ H2 =

 
1 1

1 �1

!
¥� áøÂª � � .Àª� �üÞ ÷ ÛØÈõ ,´¨�

ùÀû�Èõ ��µî ßþ� ¥� ü�ø�Ôµõ ý�û´�ãì�õ ¤¢ �ûÅþÂ��õ ßþ� .°��Â � ß�Þû�� ø H
2
2

= H2 
H2

.(ö�ú�� ÛØª �� ��ìø� ü¡Â�) À÷¢Âðüõ
×þ q À��î ­Âê .([93] â�Âõ .í.¤) ´¨� 23üó�� �� ¯��Âõ ý¤�µ¡�¨ ý�û©ø¤ ßþÂµú� ¥� üØþ
×þ x Âð� �(x) := 1 ø �(0) := 0 �î ý¤�Ï�� Ý��îüõ ÓþÂã� Fq ýø¤ Â� �¤ � â��� .Àª�� ñø� ¢Âê ¢Àä
20Hadamard matrix
21conference matrix
22Kronecker product
23R. E. A. C. Paley
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,Fq ü�Â® ùøÂð �� ùÀª ¢øÀ½õ ,� �î Àþ¤�¢ ´ì¢ .�(x) = �1 �¤�¬ßþ� Â�è ¤¢ ø Àª��ÂÔ¬�÷ â�Âõ
¤¢ �î À��î ý¤�Áðù¤�Þª a0; a1; � � � ; aq�1 �¤�¬�� ù��¿ó¢ ©ø¤ ×þ �� �¤ Fq Â¬��ä .´¨� ´ªÂ¨ ×þ

.a0 = 0 ö�

Âþ¥ «��¡ ý�¤�¢ Sij := �(ai � aj) �¤�¬�� ùÀª ÓþÂã� q �±�Âõ ¥� S üó�� ÅþÂ��õ .8.1.3 ��Ìì
:´¨�

;SJ = JS = 0 (1

;SST = qI � J (2

.ST = (�1)(q�1)=2S (3

:Ý�û¢üõ Û�ØÈ� Âþ¥ �¤�¬�� �¤ q + 1 �±�Âõ ¥� C ÅþÂ��õ ø �µêÂð ÂÑ÷¤¢ �¤ �¤�¬ßþ� �� S ÅþÂ��õ

C :=

0
BBBBBBBB@

0 1 1 � � � 1

�1
�1 S
...
�1

1
CCCCCCCCA
; (20)

­Âê Ý�÷���üõ ù�ðö� ,q � 3 mod 4 Âð� .´¨� q + 1 �±�Âõ ¥� Å÷�ÂÔ�î ÅþÂ��õ ×þ C �¤�¬ßþ� ¤¢
H �î Ý����üõ �¹÷� ¥� ø CT = �C ,ßþ�Â���� ;´Æ�÷ Fq ¤¢ â�Âõ ×þ �1 �î �¹÷� ¥� .H := I + C Ý��î

.´¨� q + 1 �±�Âõ ¥� ¢¤�õ�¢�û ÅþÂ��õ ×þ

���Þµ�� �þÂÑ÷ 1.4

.À�îüõ ¤��µ¡� �¤ x1; x2; � � � Âþ¢�Öõ¥� üû��µõ ¢�Àã� �î ý¤�Ï�� Àª�� üê¢�Ê� Â�çµõ ×þ x À��î ­Âê
À�õ� �þ ß�Ú÷��õ .Ý�û¢üõ ö�È÷ pi �� �¤ ,P (x = xi) ü�ãþ ;Àª�� xi �� Â��Â� x �îßþ� ñ�Þµ�� ,ñ�Þãõ ¤�Ï��

.¢�ªüõ ÓþÂã� � = E(x) :=P
i
pixi �¤�¬ �� x

¥� ý¢�Àã� .E(g(x)) = P
i
pig(xi) ù�ðö� ,Àª�� x Âþ¢�Öõ �ä�Þ¹õ ýø¤ Â� ùÀª ÓþÂã� üã��� g Âð�

:�Î��¤ À�÷�õ ,éøÂãõ Í��ø ¤

E(ax+ by) = aE(x) + bE(y);
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:À÷�ªüõ ÓþÂã� Âþ¥ �¤�¬�� �2 Å÷�þ¤�ø ø � ¤��ãõ é�Â½÷� .´Æ� Ý�û��¡ ¤�î�� �¤

�2 :=
X
i

pix
2
i � �2 = E(x� �)2; (� > 0);

.Ý þ¤�¢ ¥� � ÷ ýÀ ã � ø¢ ý� ûâ þ¥� � ù¤� �¤¢ Í ��ø ¤ ¥� ü Ì ã � � � ß � � �Ý û .� = E(x) ö� ¤¢ � î
ý¤�Áð¢�Þ÷ ,üÏÂª ñ�Þµ�� ý�Â� ø pi := P (x = xi) =

P
j
pij ,pij := P (x = xi ^ y = yi) ý¤�Áð¢�Þ÷

�µª�¢ j ø i üõ�Þ� ý�Â� Âð� À�µÆû ÛÖµÆõ y ø x Ý�þ�ð .ÝþÂ�üõ ¤�î�� �¤ P (x = xi j y = yj) = pij=pj

:Ýþ¤�¢ ´ó�� ßþ� ¤¢ .pij = pi:pj Ý�ª��

E(xy) =
X
i;j

pijxiyj = E(x)E(y):

([21] 24ÂÜê �÷�Þ÷ ý�Â�) ���Þµ�� �þÂÑ÷ ¥� ¢¤�À÷�µ¨� ü¨¤¢ ý�û��µî ¤¢ ö���üõ �¤ Í��ø ¤ ßþ� üõ�Þ�
.¢Â� Ý�û��¡ ¤�î�� 2 ÛÊê ¤¢ �¤ �ú÷� �î ¢�� Àû��¡ ¤�ÂìÂ� Âþ¥ ¸þ�µ÷ ý�Â� üú��Èõ Í��ø ¤ .¢�Þ÷ ´ê�þ

;Àª�� �2 Å÷�þ¤�ø ø � ß�Ú÷��õ �� üê¢�Ê� Â�çµõ ×þ x À��î ­Âê .(ÓÈ�³� ýø�Æõ�÷) .1.1.4 ��Ìì

:Ýþ¤�¢ k > 0 Âû ý�Â� �¤�¬ßþ� ¤¢

P ( jx� � j � k�) < k�2:

x �¹�þ�¤¢ .´¨� ý��ÜÞ�ø¢ âþ¥�� ,¢�� Àû��¡ Àã� ÛÊê ¤¢ ÇÖ÷ ßþÂµÈ�� ý�¤�¢ �î üó�Þµ�� âþ¥��
ßþ� ý�Â� .q := 1� p ø 0 � p � 1 ö� ¤¢ �î P (x = i) =

�n
i

�
piqn�i ø ¢Â�ðüõ �¤ 0;1; � � � ; n Âþ¢�Öõ

�î ¢ø¤üõ ¤�î�� üÞúõ ¤�Ã�� ,ý��ÜÞ�ø¢ °þ�Â® ß�Þ¿� ô�Ú�û .�2 = np(1� p) ø � = np Ýþ¤�¢ âþ¥��
:´¨� ùÀõ� Âþ¥ ��Ìì ¤¢

.(Ù��óÂµ¨� ñ�õÂê) .2.1.4 ��Ìì

logn! = (n� 1

2
) log n� n+ 1

2
log(2�) + o(1); (n!1);

= n logn� n+O(log n); (n!1);

.´¨� Âþ¥ Ýó ,´¨� ý��ÜÞ�ø¢ °þ�Â® ù¤��¤¢ �î ýÂÚþ¢ À�Ôõ Ýó

:Ýþ¤�¢ .3.1.4 Ýó
 
n

m

!
� nn

mm(n�m)n�m
:

24W. Feller
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.��±��

nn = fm+ (n�m)gn �
 
n

m

!
mm(n�m)n�m:

�

üþø¢ø¢ ü�øÂµ÷� â��� �� â��� ßþ� .´¨� Ýúõ ¤��Æ� ��ä�Ï� �þÂÑ÷ ¤¢ �î Ý��îüõ üêÂãõ �¤ üã��� ñ��
2 ¥� Â�ï¤Ã� ýq �� �¤ â��� ßþ� ,(5 ÛÊê) 2 �Î��¤ ¤¢ .¢�ªüõ ù¢�¢ Çþ�Þ÷ H �� �f �Þãõ ø ´¨� éøÂãõ

.À�µÆû 2 �þ�� ¤¢ �ûÝµþ¤�Úó üõ�Þ� ,¶½� �õ�¢� ¤¢ .Ý�û¢üõ ©ÂµÆð

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� H üþ��ø¢ ü�øÂµ÷� â��� .4.1.4 ÓþÂã�

H(0) := 0;

H(x) := �x log x� (1� x) log(1� x); (0 < x � 1

2
):

:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;0 � � � 1

2
À��î ­Âê .5.1.4 ��Ìì

, P
0�i��n

�n
i

� � 2nH(�) (1

.limn!1 n�1 log
P

0�i��n

�n
i

�
= H(�) (2

.��±��

(1

1 = f�+ (1� �)gn � P
0�i��n

�n
i

�
�i(1� �)n�i

� P
0�i��n

�n
i

�
(1� �)n( �

1��)
�n = 2�nH(�) P

0�i��n

�n
i

�
:
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2.1.4 ��Ìì ¥� ,ßþ�Â���� ;n ! 1 ý�Â� m = �n+ O(1) �¤�¬ßþ� ¤¢ ;m := b�nc À�û¢ ¤�Âì (2
:Ýþ¤�¢

n�1 log
P

0�i��n

�n
i

� � n�1 log
�n
m

�

= n�1fn log n�m logm� (n�m) log(n�m) + o(n)g

= log n� � log(�n)� (1� �) log((1� �)n) + o(1)

= H(�) + o(1); n!1 �îü÷�õ¥

� .Àþ�üõ ´¨¢�� (1) ´ÞÆì ¥� ÝØ� ,�¤�¬ßþ� ¤¢

âþ¥�� ßþ� .´¨� ü¨�ð �þ ñ�õÂ÷ âþ¥�� ,Àþ�Þ÷üõ �Ôþ� ��ä�Ï� �þÂÑ÷ ¤¢ üÞúõ ÇÖ÷ �î üó�Þµ�� âþ¥��
üê¢�Ê� âþ¥�� ×þ Ý�þ�ð .¢ø¤üõ ¤�î�� ü��Â��¿õ ý�ûñ�÷�î ýø¤ Â� Ãþ�÷ ¥� üîÂµÈõ á��÷� Ó�¬�� ý�Â�

:Àª�� Âþ¥ �¤�¬�� ö� âþ¥�� â��� Âð� ;´¨� �2 Å÷�þ¤�ø ø � ß�Ú÷��õ �� ü¨�ð âþ¥�� ý�¤�¢ �µ¨���

p(x) :=
1p
2��2

exp (�(x� �)2

2�2
):
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ö�÷�ª ��Ìì

�õÀÖõ 2.1

�þÂÑ÷ ßþ� .Àþ�Þ÷üõ üêÂãõ �¤ �Î¡ ùÀ��î¼�½Ê� ý�ûÀî �þÂÑ÷ ü®�þ¤ ý�û�±�� ¥� ý��õÀÖõ ,��µî ßþ�
,Àþ�üõ â���õ ü¡Â� ¥� �î �¤ ü��ä�Ï� ,íÂµÈõ ´�¬�Ê¡×þ ö���ä�� �î üþ�û´�ãì�õ ¥� ý¤��Æ� ¤¢
,ü�ÔÜ� ��Þó�Øõ ñ�·õ ö���ä�� .¢¤�¢ ¢Â�¤�î ,À��îüõ ÛÖµ�õ ùÀ÷Â�ð �� ¤�¢Ãþ�÷ ü��Â��¿õ ñ�÷�î ×þ Í¨��
Â���³õ�î �� �¤ ùÀªùÂ�¡£ ��ä�Ï� ü¡Â� �î üÆ�Ï��çõ ¤��÷ ý�ûù�Úµ¨¢ À�÷�õ ý¥�¨ùÂ�¡£ ý�ûù�Úµ¨¢
.Ýþ¤ø�üõ ,�µª�¢ ¢Â�¤�î �fÂ�¡� �î �¤ üó�·õ �õ�¢� ¤¢ .À�ª� �üõ á�÷ ßþ� ¥� ùÂ�è ø é�ÂÚÜ� ,À� ÷�¨¤üõ
üþ�ûù¤��û�õ �� �î üþ�ûù¤��¨ Âþ�¨ ø Û�¥ ,¾þÂõ ¥� üó�ä ´�Ô�î�� ý�ûÅØä ,ö�ðÀ�÷��¡ ¥� ý¤��Æ�
ý��Ø±ª ,ß�õ¥ �� �ûÅØä ßþ� ñ�Öµ÷� ¤�Ñ�õ�� .À÷�ùÀþ¢ �¤ ùÀª �µêÂð ùÂ�è ø 2Âð�þøe , 1Â�þ¤�õ ö�»Þû
��¤¢ ¥� �î ¢�ªüõ ýÂ�ðù¥�À÷� üðÂ�� ¥� ý���¤¢ ,�Ø±ª â�Âõ Âû ý�Â� ø �µêÂð ¤�Âì ÅØä ýø¤ Â� í¥�÷
¥� üþ��Çª ý��µª¤ â�Âõ Âû ü�ãþ ;À÷�ªüõ ö��� üþ��ø¢ ý�û�Úµ¨¢ °Æ�Â� ¢�Àä� ßþ� .Àª��üõ 63 �� 0
ß�õ¥ ýø¤ Â� ùÀ÷Â�ð ù�ÚµÆþ� �� �ø�Ôµõ ñ��Ú�¨ ø¢ Í¨�� ,�û×þ ø ÂÔ¬ ßþ� .Àþ�Þ÷üõ À�ó�� 1 ø 0
ùÀ�¨¤ ñ��Ú�¨ .À÷�ªüõ ÛÖµ�õ ( 4 �÷¢�¨�� Âúª ¤¢ ��÷ÂÔ�ó�î üµã�¬ �Æ¨�õ ¤¢ 3´� ���Â� ù�ÚÈþ�õ¥�)

1 Mariners
2 Voyagers
3 The Jet Propulsion Laboratory
4 Pasadena
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üó��Ú�¨ �î Àþ�üõ ÂÑ÷�� ù�ðü�øù�ð ,ü�¤�Â� Ãþ�÷ Â���� �Î¨�ø�� .¢�ª ´þ�Ö� Àþ�� ø Àª��üõ Ó�ã® ¤��Æ�
�î üþ�û 1 ø 0 ¥� üþ��6 �ó�±÷¢ Âð� .ÅØä�� ø ¢�ªüõ Â�±ã� 1 �� ùÀ÷Â�ð Í¨�� ùÀª ñ�¨¤� 0 ö���ä�� �î
ý¢�þ¥ Â���� ,Àû¢üõ  ¤ ùÀ÷Â�ð Í¨�� �î üþ�û�Î¡ ù�ðö� ,À÷�ª ÛÖµ�õ �¤�¬ßþ� �� ,Ýþ¢Âî ö��� ��� ¤¢
ñ�Þä� ñ��Ú�¨ ýø¤ 5üÚ÷øÃê� Ý¨��� ýÃ�� ,�Î¡ ßþ� ¥� ýÂ�ð�Ü� ý�Â� .¢¤�Áðüõ �ûÅØä ýø¤ Â�
¤¢ ,üÚ÷øÃê� Û¬� �� �õ �Þû .´¨� ÂµÈ�� ô¥� ��ä�Ï� ¥� ùÀªÛÖµ�õ �ó�±÷¢ �î ü�ãõ ßþ� �� ,¢�ªüõ
éøÂ� ¥� ßØÞõ ý�û�µª¤ üõ�Þ� ¥� üØ��î ´ÞÆì Û�ØÈ� �õ ö��¥ ��ÞÜî .Ýþ¤�¢ üþ��ª� ùÂõ¥ø ¤ ö��¥
�î�Â� ,´¨� É�¿È� Û��ì (!) ü÷��Ï �ÞÜî ×þ ¤¢ ü��� ù�±µª� ×þ �¹�µ÷¤¢ .À�û¢üõ �¤ (�ûÛ±Þ¨)
�� ,Ý�¨��ªüõ �î ýÂÚþ¢ ���Èõ �ÞÜî Âû ¥� ÂµÈ�� �¤ ¼�½¬ �ÞÜî �î ¢�ªüõ ÛþÀ±� ýÃ�� �� �ÞÜî ßþ�
ñ�·õ ¤¢ .Ýþ¥�¢Â�üõ ö� �� ��µî ßþ� ¤¢ �õ �î ´¨� ý��þÂÑ÷ §�¨� ,¶½� ßþ� .¢¥�¨üõ ¤¢�±µõ �õ ßû£
,ü��Â��¿õ ý�ûñ�÷�î ý�Â� ý¤�ÁðÀî ¥� Â�ÀþÀ� ñ�·õ .Àþ�Þ÷üõ ¼�½Ê� �¤ ü��� ù�±µª� ,ùÀ�÷��¡ ,Û±ì
üÊ¿ª Â���³õ�î ×þ ß���õ �þ Â���³õ�î ×þ ø ñ���õÂ� ×þ ß���õ ý�ùÂ�¹÷¥ Í¨�ø ý�Â� �µê¤ ¤�î�� ÝµÆ�¨
ü�ãþ ,�û 1 ø 0 ¥� üþ�� 7 üþ�û�µª¤ ,Ãþ�Þµõ Û±Þ¨ 128 Çþ�Þ÷ ¤�Ñ�õ �� .´¨� À�Üî �½Ô¬ ø (PC)
(üþ��ø¢ Ýì¤ =) üê�®� ´�� ×þ ,ÛÞä ¤¢ .À÷ø ¤üõ ¤�î�� ,üþ��ø¢ ý��±õ ¤¢ 127 �� 0 ¥� ¼�½¬ ¢�Àä�
,Àî ßþ� .¢¢Âð 1 �ø¥ ý¢�Àã� ý�¤�¢ (´þ�� �� ô�¨�õ) üþ�� 8 ×þ �¹�µ÷ �� ¢�ªüõ �ê�®� üþ�� 7 ßþ� ��
�õ� ;Àû¢üõ  ¤ �¤À÷ �� üÜ�¡ �û�Î¨�ø ßþ� ¤¢ üþ�¨¤�÷ .¢ø ¤üõ ¤�î�� ASCII üêÂ� Àî ¤¢ ,ñ�·õ ¤�Ï��
ùÀ�û¢ É�¿È� Àî ×þ ¥� ý��÷�Þ÷ ,ñ�·õ ßþ� .Àû¢  ¤ üì�Ô�� �¤�¬�� ´¨¤¢�÷ ´�� ×þ ´¨� ßØÞõ

.´¨� �Î¡ ×þ

�î) Â�ü÷��Ï ý�û�µª¤ �� (1969 Â�þ¤�õ) ÅØä ñ�Öµ÷� ¤¢ 1 ø 0 ¥� �ûüþ��Çª �î Ý�µÔð ��� ¤¢
32 Ûõ�ª ��ÞÜîÀî ,1969 Â�þ¤�õ ¤¢ ,âì�ø ¤¢ .À÷Àª ßþÃðý�� (Ý�õ�÷üõ ��ÞÜîÀî �È�Þû �¤ �ú÷�
�� ¢�ª ü��ÂÏ Àþ�� üûù�Úµ¨¢ �î ¢ÂþÁ³� �¤ ßþ� Àþ�� ùÀ�÷��¡ ,�¹�þ�¤¢ .(]56[ â�Âõ .í.¤) À÷¢�� Û±Þ¨
Â��ç� (1 ø 0 ¥� �ûüþ�� 32) ßØÞõ �ÞÜîÀî 64 �� �¤ (1 ø 0 ¥� �ûüþ�� 6) ßØÞõ ü��ä�Ï� �µª¤ 64
Ýû �¤ �ûÃþ�÷ .À�µÆû ��ÞÜîÀî ,À���þüõ ñ�Öµ÷� �î üþ�ûÃ�� .¢�ªüõ ùÀ�õ�÷ ùÀ��îÀî ,ù�Úµ¨¢ ßþ� .Àû¢

.(2 �÷�Þ�� �� âÞ�) À÷�ùÀª �ê�®� ô��� �� �û�Î¡ ü�ãþ ;ÝþÂ�ðüõ ÂÑ÷¤¢ üê¢�Ê�

,¢�ªüõ ùÀ�õ�÷ �ÈðÀî �î üû�Úµ¨¢ ,Àª�±÷ ñ�±ì Û��ì �ÞÜîÀî 64 ¥� üØþ üµê�þ¤¢ �ÞÜî Âð� ,ö�þ�� ¤¢
ö�Ã�õ) ÂÒ��µõ üþ�� 6 ,ö� ¥� Å� ø Àû¢üõ Â��ç� 6ñ�Þµ�� ßþÂµÈ�� �� �ÞÜîÀî �� �¤ üµê�þ¤¢ üþ�� 32
´¨� ´�¬�¡ ßþ� ý�¤�¢ ,Ýþ¢�Þ÷ Ó�¬�� ö��î�Ýû �î ýÀî .À�îüõ ß��ã� �¤ (�Ø±ª ¥� â�Âõ ×þ üðÂ��
´ì¢ �µ±ó� .¢Â�ðüõ Ý�ÞÊ� ´¨¤¢ �ÈðÀî ù�ðö� ,¢�� ´¨¤¢�÷ Û±Þ¨ 32 ¥� Û±Þ¨ 7 Â·î�À� Âð� �î

5 redundancy
6 most likely codeword
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Âû ñ�Öµ÷� ý�Â� �î ü÷�õ¥ ,ü�ãþ ;¢�Þ÷ ´¡�¢Â� ��þÃû Àþ�� ,�Î¡ ¼�½Ê� ¥� ñ�Þµ�� ßþ� ý�Â� �î Ý��îüõ
!¢�� §Âµ¨¢ ¤¢ ��� ý�Î¡ ñ�Þµ�� �� ø ý¤�ÁðÀî öøÀ� �î ´¨� ü÷�õ¥ Â��Â� 1=5 ,´¨� §Âµ¨¢ ¤¢ ´��

.¢¤ø� Ý�û��¡ 2.3 Ç¿� ¤¢ ÂµÈ�� ���þÃ� �� �¤ ñ�·õ ßþ�

´Æ�÷ ñ�Öµ÷� ö�õ¥ ÂÏ�¡�� üÜ¬� ÛØÈõ �î �Â� ;´¨� ýÂµÈ�� üðÀ�»�� ý�¤�¢ ´�ã®ø ßþ� ,ÛÞä ¤¢
.´¨� �µê�þñ�Öµ÷� ´�� Âû ¤¢ §Âµ¨¢Û��ì ý¦Â÷� ö�Ã�õ ÂÏ�¡�� �ØÜ� ,À�îüõ Â��ç� �î

ù¢ÂÈê ×Æþ¢ ×þ ñ�µ�¹þ¢ ü��¬ ÝµÆ�¨ ,�Î¡ ùÀ��î¼�½Ê� ý�ûÀî �þÂÑ÷ üÜÞä ¢Â�¤�î ßþÂµÈ��
ÂÏ�¡�� (�ûÝµÆ�¨ Âþ�¨ ö��õ ¤¢) ÝµÆ�¨ ßþ� ´�Öê�õ .Àª á�Âµ¡� (�ûýÀ�Üû) 7Å³�Ü�ê Í¨�� �î ´¨�
4.6ÛØª .À÷Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ 6.8 Ç¿� ¤¢ �ûÀî ßþ� .¢�� 8ßõ�ó�¨-Àþ¤ ý�ûÀî ¥� ù¢�Ôµ¨�

.Àª��üõ ��� ¤¢ ùÀª ¼þÂÈ� ´�ã®ø ¥� üóÀõ

:2.1 ÛØª

ü®�þ¤ Û��Æõ ,���� ü¡Â� ¤¢ .´¨� ��¡ ý�ûÀî Û�Ü½� ø ´¡�¨ �õ üÜ¬� �ì�ä ,��µî ßþ� ¤¢
,´�� � Àî ×þ ý�Â� üµ� .Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ üãì�ø ¢Â�¤�î ßµêÂð ÂÑ÷¤¢ öøÀ� �¤ üþ�ÈðÀî
,Ûõ�î üþ�ÈðÀî Ýµþ¤�Úó� ×þ .¢¤�¢ ¢��ø üþ�ÈðÀî Ýµþ¤�Úó� ü��ÂÏ ý�Â� ý¢�þ¥ �ø�Ôµõ ý�û©ø¤
À�÷�õ ,���� ¥� ü¡Â� ¤¢ .Àþ�Þ÷üõ üþ�ÈðÀî ,��ÞÜîÀî ¥� üØþ �� �¤ ßØÞõ üµê�þ¤¢ ��ÞÜî üõ�Þ�
¼��Â� ´¨� ßØÞõ Ûõ�îÂ�è üþ�ÈðÀî Ýµþ¤�Úó� ×þ ,´¨� ��ÜÎõ�÷ üÜ�¡ üþ�ÈðÀî ý�Î¡ �î üõ�Ú�û
¢�Àã� Ûõ�ª �î À�îüõ üþ�ÈðÀî �¤ üµê�þ¤¢ ý�ûô��� ¥� �µ¨¢ ö� Ýµþ¤�Úó� ßþ� ,´ó�� ö� ¤¢ .¢�ª ù¢�¢
,ôø¢ ´ó�� ¤¢ .Àª Àû��¡ øÂ�ø ¤ ´ÆØª �� üþ�ÈðÀî ,üµê�þ¤¢ ý�ûô��� Âþ�¨ ý�Â� ø À�ª�� �Î¡ üÞî
.À�îüõ ´¨��¡¤¢ ¢À¹õ ñ�¨¤� ý�Â� ùÀ�µ¨Âê ¥� ßØÞõ �¤�¬¤¢ �þ À�îüõ ÂÑ÷éÂ¬ �Î¡ ¥� �þ ùÀ÷Â�ð
10ôÂ÷ Ý�ÞÊ� ø 9´¿¨ Ý�ÞÊ� �� éøÂãõ ý�ûüþ�ÈðÀî ß�� ëÂê ,¢�ªüõ ¢�¹þ� �î ýÂÚþ¢ �ø�Ô�
À÷¢Âðüõ ��±È� 1 ø 0 ¥� üó��Ú�¨ �� �ú÷� ÂµÈ�� .´¨� �µÆ��ø ý¢ø¤ø ý�ûÛ±Þ¨ �� Ý�ÞÊ� ßþ� .Àª��üõ
Ý�÷���üõ ø ¢�� Àû��¿÷ ´¨¤¢ °ÜÎõ ßþ� ,���� Âþ�¨ ¤¢ �õ� .Àª�� �µª�À÷ üØª º�û ùÀ��î ´ê�þ¤¢ �î
ßþ� .Ý�û¢ ¼��Â� ,1 �þ ù¢�� 0 ý¢ø¤ø Û±Þ¨ �þ� �îßþ� ù¤��¤¢ ýÂ�ðÝ�ÞÊ� ý���� �¤ ? ×þ ö¢�¢ ¤�Âì

7 Philips
8 Reed Solomon
9 hard decision
10soft desision
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ßþ� �� �¤ ñ�Þµ�� ×þ ,Â�ùÀ�»�� ý�ûÝµÆ�¨ .¢�ªüõ Â�±ã� 11üðÀªí�� ×þ ö���ä �� °Üè� °ÜÎõ
.À��îüõ ë�½ó� Û±Þ¨

ö�÷�ª ��Ìì Â� ý��õÀÖõ

¤¢ �õ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ üó��¡ Çþ�õ¥� ,ý¤�ÁðÀî �þÂÑ÷ Û¬� ù¤��¤¢ ýÂµú� ùÀþ� ñ�Ê� ¤�Ñ�õ��
ë��� �� ë��� ßþ� .´¨� �Ö�ì¢ ¤¢ ���Â� t´äÂ¨ �� �Ø¨ ×þ ���Â� ���Â� ñ�� ¤¢ üÊ¿ª �î Ý�µÆû üì���
Ý�÷���üõ ü��Â��¿õ ñ�÷�î ßþ� ýø¤ Â� �î Ý��î ­Âê Ý�þ��� .´¨� ÛÊµõ é�ÂÚÜ� Í¡ ×þ Í¨�� ýÂÚþ¢
�¤�¬ ßþ� �� ö� Â���� ø ´¨� ¤�¢Ãþ�÷ ,ñ�÷�î ßþ� .Ý�õ�÷üõ 1 ø 0 �¤ �ú÷� �î Ý�µ¨ÂÔ� �ø�Ôµõ Û±Þ¨ ø¢
üó�÷�î ß��� .¢�ªüõ Â�ÆÔ� (0 �þ) 1 ö���ä�� ùÀ÷Â�ð Í¨�� p ñ�Þµ�� �� ùÀª ù¢�µ¨Âê (1 �þ) 0 �î ´¨�
Û±Þ¨ 2t À÷���üõ ñ�÷�î ßþ� �î À��î ­Âê ö�Â�ùø�ä .¢�ªüõ ùÀ�õ�÷ (B.S.C.) ö¤�Öµõ üþ��ø¢ ñ�÷�î ×þ
Ã�÷ �Ø¨ ���Â� Âð� ;Ý�þ�Þ÷ ù¢�Ôµ¨� �Ö�ì¢ T �Àõ �� ñ�÷�î ßþ� ¥� Ý�÷���üõ ø Àþ�Þ÷ ������ �Ö�ì¢ ×þ ¤¢ �¤
.Ý�û¢üõ ñ�Öµ÷� �¤ 1 ,Àþ��� Í¡ Âð� ø Ý�û¢üõ ñ�Öµ÷� �¤ 0 �õ Àþ�üõ Â�ª �î ü÷�õ¥ .ÀÈØ� ñ�Ï �Ö�ì¢ T
Âð� ñ�� .À�ª��üõ ¼�½¬�÷ �î ´ª�¢ Àû��¡ üµê�þ¤¢ ��ä�Ï� p ÂÆî ù¥�À÷��� ùÀ÷Â�ð ,ñ�Öµ÷� ö�þ�� ¤¢
ù��¿ó¢ ù¥�À÷� �� ý�Î¡ ñ�Þµ�� �� Ý�µÆ÷���üõ ,Ý�µª�À÷ �¤ ��� ¤¢ �µê�þ É�Ê¿� ü÷�õ¥ ´þ¢øÀ½õ �õ
,(1 �þ) 0 ý���� .Àª�� ¢Âê N À��î ­Âê .Ý���þ ´¨¢ ,Àþ�üõ �õ�¢� ¤¢ �î ö��»Þû ,ùÀ÷Â�ð ¤¢ ×��î
üþ�ÈðÀî üÜ±Þ¨ �� �¤ ö� ø �µêÂð ÂÑ÷¤¢ �¤ üµê�þ¤¢ üþ�� N ùÀ÷Â�ð .Ý�û¢üõ ñ�Öµ÷� �¤ (1 �þ) 0 �� N
ßþ� .¢�ªüõ ùÀ�õ�÷ N ñ�Ï �� ¤�ÂØ� Àî ,Ýþ¢Âî ù¢�Ôµ¨� ×�þ� �î ýÀî .´¨� ùÀª Âû�Ò ÂµÈ�� �î À�îüõ
Ý��î ­Âê �÷�Þ÷ ö���ä�� .´¨� 1 = (1;1; � � � ;1) ø 0 = (0;0; � � � ;0) ü�ãþ ,�ÞÜîÀî ø¢ Ûõ�ª Àî

:´¨� Âþ¥ �¤�¬�� ,¢�ª ù�±µª� ¤��¢ �ÈðÀî �î ßþ� ñ�Þµ�� �¤�¬ßþ� ¤¢ ;p = 0:001

P
0�k�N=2

�N
k

�
qkpN�k < (0:07)N ; (q := 1� p) (1)

.(1.2.5 ßþÂÞ� ¤¢ 1 ��±��) À�îüõ Û�õ ÂÔ¬ �� ,N !1 üµìø ñ�Þµ�� ßþ� ø
�¤ Û±Þ¨ ø¢ �ú�� ,�Ø¨ ���Â� Âû ý�Â� !Ýþ¤�¢ ýÀ� ÛØÈõ ×þ ,ü÷�õ¥ ´þ¢øÀ½õ ¢��ø ÂÏ�¡��
.¢¤�À ÷ ¢��ø ü¬�¡ �µØ ÷ º�û Ýû ¤� �×þ ý��� � Û±Þ¨ Âû ¤� �ø¢ ñ�¨¤� ¤¢ .Ý �û¢ ñ�Ö µ ÷� Ý � ÷�� �üõ
Ý�÷���üõ ¥��û �õ �î À�îüõ ö��� ,([62] â�Âõ .í.¤) 12ö�÷�ª Í¨�� ¢¤�õ ßþ� ¤¢ ��Ìì ßþÂ��µÆ�Â�
ùÀþ� ß�óø� .Àõ� Àû��¡ ýÀã� Ç¿� ¤¢ ��±�� ßþ� .Ý��î ×��î ùÀ÷Â�ð ¤¢ �¤ �Î¡ ñ�Þµ�� ,ï¤Ã� T ý�Â�

11erasure
12C.E.Shannon
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ñ�Öµ÷� Âþ¥ �¤�¬�� �¤ �Ø¨ ×þ ���Â� ¤��ø¢ �¹�µ÷ .Àþ� ´¨¢�� Âþ¥ �¤�¬�� À÷���üõ ��±�� ©ø¤ ù¤��¤¢
:Ý�û¢üõ

Â�ª ,Â�ª ! 0000;

Â�ª ,Î¡ ! 0111;

Î¡ ,Â�ª ! 1001;

Î¡ ,Î¡ ! 1110;

.À�µÆû üê�®� Â¡� Û±Þ¨ ø¢ ;À��îüõ ÛÞ� �¤ üãì�ø ��ä�Ï� ,üó�¨¤� Û±Þ¨ ø¢ ß�óø� �î À��î ùÀû�Èõ
��� ý�û�ÞÜîÀî ¥� üØþ üµê� þ¤¢ üþ� � 4 Âð� .¢Â�üõ ¤�î�� �¤ Â þ¥ Ûõ�î üþ�ÈðÀî Ýµþ¤�Úó� ,�ÈðÀî
.´¨� ´¨¤¢�÷ ��óø� Û±Þ¨ �¨ ¥� üØþ �îßþ� ø ´¨� ´¨¤¢ Û±Þ¨ ß�õ¤�ú� À��î ­Âê ù�ðö� ,Àª�±÷
.¢¢Âð üþ�ÈðÀî ¼�½¬ ø �µØþ ¤�Ï�� À÷���üõ üµê�þ¤¢ üþ�� 4 Âû ù�ðö� ,Àª�� ´¨¤¢ ��� ­Âê Âð�
.´¨� q2 = 0:998 �� Â��Â� ,À�ª�� ùÀª ´ê�þ¤¢ ¼�½¬ ¤�Ï�� Û±Þ¨ ø¢ �îßþ� ñ�Þµ�� ,ý¤�ÁðÀî öøÀ�
¤¢ ôø¢ �ÜÞ� .Àª Àû��¡ q4 + 3q3p = 0:999 �� Â��Â� ñ�Þµ�� ßþ� ,Àª Ó�¬�� ��� ¤¢ �î ýÀî Í¨��
´�ãì�õ ¤¢ �÷ �õ� ,Àª�� �Î¡ ×þ Ûõ�ª üµê�þ¤¢ �ÞÜî �î ´¨� ßþ� ñ�Þµ�� �� Â��Â� �Î��¤ ßþ� ²� éÂÏ
ùÀª ß�õ�� Ýû ü÷�õ¥ ¥��÷ .Ýþ�ùÀ�¨¤ ��¡ ´êÂÈ�� ×þ �� ö�¨� üÜ�¡ ©ø¤ ×þ �� ,ßþ�Â���� ;ô¤�ú�
�Ñ½ó ×þ ¤¢ ���Â� �¨ �� ,´ê¤ ¤�î�� �Ø¨ ���Â� ¸þ�µ÷ ñ�Öµ÷� �Ü�¨ø�� ��� ¤¢ �î �¤ ùÀþ� ßþ� �õ .´¨�
�î ,1 ø 0 ¥� üþ���¨ �¤�¬�� Ýþ¤�¢ �¤ ö� ñ�Öµ÷� ÀÊì �î ü��ä�Ï� �¤�¬ßþ�¤¢ .Ý�û¢üõ ©ÂµÆð
Ý�û¢üõ ñ�Öµ÷� �¤ a = (a1; � � � ; a6) üþ�� 6 �õ ,üþ�� 3 ßþ� ý���� .Àª��üõ ,Ý�õ�÷üõ (a1; a2; a3) �¤ö�
�õ �î �»÷� .(´¨� 2 �÷�Þ�� �� âÞ� ßþ�) a6 := a1 + a2 ø a5 := a1 + a3 ,a4 := a2 + a3 ö� ¤¢ �î
�õ ,Àª ö��� �f ±ì �î ¤�Ïö�Þû .Àª��üõ 6 ñ�Ï �� ×þÂû ,�ÞÜî ´Èû Ûõ�ª Àî ×þ ´¡�¨ ,Ýþ¢�¢ ô�¹÷�
a+ e �¤�¬�� b üµê�þ¤¢ �ÞÜî ü�ãþ ;ÝþÂ�ðüõ ÂÑ÷¤¢ ¢�ªüõ �ê�®� ô��� �� �î ýÃ�� ö���ä�� �¤ Ãþ�÷

:Ýþ¤�¢ ;¢�ªüõ ùÀ�õ�÷ (�Î¡ ¤�¢Â�) �Î¡ ý�Úó� e = (e1; e2; � � � ; e6) ö� ¤¢ �î ´¨�

e2 + e3 + e4 = b2 + b3 + b4 := s1;

e1 + e3 + e5 = b1 + b3 + b5 := s2;

e1 + e2 + e6 = b1 + b2 + b6 := s3;

ý�Úó� Àþ�� �ÈðÀî ,s1; s2; s3 ­Âê �� .À¨��ªüõ �¤ s1; s2; s3 ø� ,À¨��ªüõ �¤ b ùÀ÷Â�ð �î�¹÷� ¥�
ßþÂµÈ�� .À�î ëÀ¬ �ó¢�ãõ �¨ ßþ� ¤¢ �î Àþ�Þ÷ ��¿µ÷� ý��÷�ð�� �¤ üþ�Þ÷´¨¤¢ ßþÂµÈ�� �� e ý�Î¡
Âð� � î ¢�Þ ÷ ùÀû�Èõ ü÷�¨�� � ö�� �üõ .Àª� � 1 Û±Þ¨ ßþÂ µÞ î ý�¤�¢ � î ¢¤�¢ ü ÷� �¤ ü þ�Þ ÷´¨¤¢
ù�ðö� ,(s1; s2; s3) = (1;1;1) Âð� .¢¤�¢ ¢��ø e ý�Â� üþ�µØþ ��¿µ÷� ù�ðö� ,(s1; s2; s3) 6= (1;1;1)

e ý�Â � �¤ (0;0;1;0;0;1) ø (0;1;0;0;1;0) ,(1;0;0;1;0;0) ñ�Þ µ�� �¨ ¥� üØ þ À þ� � �È ðÀ î
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ö��õ ¤¢ ø ¢�ªüõ üþ�ÈðÀî ¼�½¬ ¤�Ï�� ,Àª�� �Î¡ ×þ ý�¤�¢ �Î¡ ý�Úó� Âð� �î Ý����üõ .Àª�� �µª�¢
¥� Å� ,ßþ�Â���� ;¢¢Âðüõ üþ�ÈðÀî ¼�½¬ ¤�Ï�� �î ¢¤�¢ ¢��ø �Î¡ ø¢ �� üþ�Úó� ,Ýû �Î¡ ý�û�Úó� Âþ�¨

:�� ´¨� Â��Â� ,À÷�ª Â�ÆÔ� ¼�½¬ ¤�Ï�� a1; a2; a3 Û±Þ¨ �¨ üõ�Þ� �îßþ� ñ�Þµ�� ,üþ�ÈðÀî À�þ�Âê

q6 + 6q5p+ q4p2 = 0:999986:

.Àª ö��� �f ±ì �î ´¨� Ý�Ñä ´êÂÈ�� ×þ ßþ�
.´¨� �µê�þ ,ý¤�ÁðÀî �þÂÑ÷ ¥� Âþ¥ Ýúõ Ý�û�Ôõ ü¡Â� ù¤��¤¢ �¤ üþ�ûùÀþ� ùÀ�÷��¡ ,�õÀÖõ ßþ� ��

:ù�ðö� ,Àª�� n ñ�Ï �� ü��ÞÜî Ûõ�ª C Àî Âð� .1.2.1 ÓþÂã�

R := n�1 log jcj

.¢�ªüõ ùÀ�õ�÷ Àî ( Â÷ ÍÖê �þ) ü��ä�Ï�  Â÷

ñ�·õ ¤¢ .¢¤�¢ ¯�±�¤� ,Àª ¶½� ��ä�Ï� ñ�Öµ÷� ý�Â� ô¥� ö�õ¥ �� â��¤ ��� ¤¢ �î �»÷� ��  Â÷ ô�úÔõ
ù¢�Þ÷ ù¢�Ôµ¨� 6

32
 Â÷ �� ýÀî ¥� 1369 Â�þ¤�õ .Àª��üõ 7

8
�� Â��Â�  Â÷ ,PC À�Üî �½Ô¬ Í��¤ �� ¯��Âõ

.´¨� R = 1

2
 Â÷ ý�¤�¢ ,Àõ�  Â÷ ÓþÂã� ¥� Û±ì �î üó�·õ .´¨�

¤¢�ì ùÀ÷Â�ð �î ¢�� ´�¬�¡ ßþ� ý�¤�¢ ´ê¤ ¤�î�� 1969 Â�þ¤�õ Í¨�� �î ýÀî �î Ý��îüõ ý¤ø�¢�þ
�î ´¨� ´�ãì�ø ßþ� ¢¤�¢ ö�Øõ� ýÃ�� ß��� �îßþ� Û�ó¢ .´¨� üµê�þ¤¢ �ÞÜî ¤¢ �Î¡ ´Ôû �� ¼�½Ê� ��
8 ¥� ÂµÞî �� üµê�þ¤¢ �ÞÜî ,ßþ�Â���� ;À÷¤�¢ �ø�Ô� ÂÚþÀØþ �� ´�ãì�õ 16 Ûì�À� ¤¢ �Ã¹õ �ÞÜîÀî ø¢ Âû

:¢�ªüõ Â¹�õ Âþ¥ ÓþÂã� �� °ÜÎõ ßþ� .¢¤�¢ ´û�±ª ��ÞÜîÀî Âþ�¨ ¥� ÂµÈ�� üó�¨¤� �ÞÜîÀî �� ,�Î¡

ÍÖê �f �Þãõ) �ú÷� Ù��Þû �Ü¬�ê Ý�þ�ð ù�ðö� ,À�ª�� 1 ø 0 ¥� üþ�� n ø¢ y ø x Âð� .2.2.1 ÓþÂã�
:�� ´¨� Â��Â� (�Ü¬�ê

d(x; y) := j fi : 1 � i � n; xi 6= yig j :

.(À���±� �¤ 1.3.1ÓþÂã� Ã�÷)

�ÞÜîÀî ø¢ Âû �î ´¨� ´�¬�¡ ßþ� ý�¤�¢ ,Ýþ¢�Þ÷ ¶½� ��� ¤¢ �î 6 ñ�Ï �� �ÞÜî ´Èû �� C Àî
À÷���üõ ,�Î¡ ×þ �� �Î¡ ý�Úó� Âû �î ´¨� ÂÏ�¡ ß�Þû�� .À�ª��üõ 3 Ûì�À� �Ü¬�ê ý�¤�¢ �Ã¹õ

.´¨� À��ø ý�Î¡ ùÀ��î¼�½Ê� Àî ×þ ,Àî ßþ� .¢�ª ¼�½Ê�
,ùÂ��¿õ ö�õ¥ ¤¢ �î ´¨� ßþ� �ú÷� ß�óø� .Àª��üõ­Âê ø¢ �þ��Â� ,üþ�ÈðÀî ß�÷��ì ¥� �õ Ó�¬��
Âð� �î Ýþ�ù¢�Þ ÷ ù¢�Ô µ¨� ´�ãì�ø ßþ� ¥� ö� Â � ùø�ä .À�ª� � ö�ÆØþ ñ�Þµ�� ý�¤�¢ ��ÞÜîÀî üõ�Þ �

.´¨� �Î¡ n2 �� �Úó� ×þ ¥� ýÂµÞî ñ�Þµ�� ý�¤�¢ �Î¡ n1 �� �Î¡ ý�Úó� ×þ ù�ðö� ,n1 > n2
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ý¤�Ï�� Ý����� �¤ x �ÞÜîÀî �� Ý��îüõ üã¨ ù�ðö� ,Àª�� ùÀª ´ê�þ¤¢ y Âð� �î ´¨� ßþ� ö� ý��ãõ
.´¨� 13üþ�Þ÷´¨¤¢ ßþÂµÈ�� �� üþ�ÈðÀî ùÀä�ì ,Û¬� ßþ� .Àª�� ßþÂµÞî d(x; y) �î

ö�÷�ª ��Ìì 2.2

ö��� �¤ �ó�Æõ À�þ��� .Ý��îüõ ��±�� ø ö��� 2.1Ç¿� ¤¢ ùÀªù¢�¢ ñ�·õ ¢¤�õ ¤¢ �¤ ö�÷�ª ��Ìì �¹�þ� ¤¢
�f¢À¹õ) ¢�ªüõ ´ê�þ¤¢ �Î¡ �� Û±Þ¨ ×þ �î Ýþ¤�¢ p ý�Î¡ ñ�Þµ�� �� ö¤�Öµõ üþ��ø¢ ñ�÷�î ×þ �õ .Ý��î
�îý¤�Ï�� ;ÝþÂ�üõ ¤�î�� �¤ n ñ�Ï �� �ÞÜîÀî M Ûõ�ª C Àî À��î ­Âê .(q := 1� p Ý�Æþ�÷üõ
�� üþ�ÈðÀî ùÀä�ì ¥� ø À�ª�� ��ÞÜîÀî xM ,� � � ,x2 ,x1 Âð� .´¨� ù¢�¢  ¤ ö�ÆØþ ñ�Þµ�� �� �ÞÜî Âû
.Àª�� xi ñ�Öµ÷� ¯Âª�� ´¨¤¢�÷ Ý�ÞÊ� ñ�Þµ�� Pi À��î ­Âê ù�ðö� ,Ý��î ù¢�Ôµ¨� üþ�Þ÷´¨¤¢ ßþÂµÈ��

:�� ´¨� Â��Â� üµê�þ¤¢ �ÞÜî ´¨¤¢�÷ üþ�ÈðÀî ñ�Þµ�� ´ó�� ßþ� ¤¢

PC := M�1
MX
i=1

Pi: (2)

:À��î ÓþÂã� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ùÀª ù¢�¢ ý�ûÂµõ�¤�� �� C ßØÞõ ý�ûÀî üõ�Þ� ñ��

P �(M;n; p) := PC ¤�ÀÖõ ßþÂµÞî: (3)

ù� ðö� ,Mn := 2bRnc ø 0 < R < 1 + p log p + q log q Â ð� .(1948 ö� ÷� ª) .1.2.2 ��Ìì

.n!1 �î ü÷�õ¥ P �(Mn; n; p)! 0

p = 0:001 Ý�µª�¢ Û±ì Ç¿� ñ�·õ ¤¢ �î Ý��îüõ ���� .(´¨� 2 �þ�� ¤¢ �ûÝµþ¤�Úó üõ�Þ� �¹�þ� ¤¢)
Àþ� �  Â÷ �î �î ¢�� ßþ� �õ ¯Âª ,ÛÞä ¤¢ .´¨� 1 �� ×þ¢Ã÷ 1 + p log p + q log q ´ó�� ßþ� ¤¢ �î
1 �� ×þ¢Ã÷  Â÷ ø n ñ�Ï �� C Àî ,ï¤Ã� üê�î ¤Àì�� n ø " > 0 ý�Â� �î Ý����üõ �õ� .Àª�� 1

2
Ûì�À�

À�÷���üÞ÷ ü÷��Ï ý�ûÀî ù�ðö� ,Àª�� ×��î üê�î ù¥�À÷��� T Âð� �µ±ó�) .PC < " �îý¤�Ï�� ¢¤�¢ ¢��ø
.(À÷ø ¤ ¤�î��

¶½� ,À÷�ªüõ ù¢�Ôµ¨� �fÀã� �î üØ��Ø� ���þÃ� ¥� ü¡Â� ù¤��¤¢ 1.2.2��Ìì ��±�� ö¢¤ø� ¥� Û±ì
.Ý��îüõ

�ú�� ñ�Þµ�� ßþ� �î ´¨��ãõ ö�À� ;ßþ� �î Àª��üõ pwqn�w �� Â��Â� �Î¡ w �� �Î¡ ý�Úó� á�ìø ñ�Þµ��
.¢¤�¢ üÚµÆ� w ��

13maximum-likelihood-decoding
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np(1� p) Å÷�þ¤�ø ø np ß�Ú÷��õ ¤�ÀÖõ �� üê¢�Ê� Â�çµõ ×þ ,üµê�þ¤¢ �ÞÜî ×þ ¤¢ �û�Î¡ ¢�Àã�
:Ýþ¤�¢ (1.1.4 ��Ìì) ÓÈ�³� ýø�Æõ�÷ ¥� ù�ðö� ,b := (np(1� p)=("=2))1=2 Âð� .Àª��üõ

P (w > np+ b) � 1

2
": (4)

À��î ­Âê .¢�ªüõ 1

2
n ¥� ÂµÞî � := bnp+ bc ¢Àä ,ï¤Ã� üê�î ¤Àì �� n ý�Â� ,p < 1

2
�î �¹÷�¥�

:�¤�¬ßþ� ¤¢ ;Àª�� d(x; y) � � ¯Âª �� y ��ÞÜî �ä�Þ¹õ Bp(x)

B�(x) =
X
i��

 
n

i

!
<
1

2
n

 
n

�

!
� n:

nn

��(n� �)n��
e (5)

14��� ��Î¬� ��Âð�) x ÃîÂõ ø � á�ãª �� ý�ð �f �Þãõ B�(x) �ä�Þ¹õ .(3.1.4Ýó � � á��¤�)
.¢�ªüõ ùÀ�õ�÷ (Àþ�üõ ÂÑ÷ �� Â�°¨��õ
:¢Â� Ý�û��¡ ¤�î�� �¤ Âþ¥ ý�ûß�Þ¿�

�

n
log

�

n
=
1

n
bnp+ bc log bnp+ bc

n
= p log p+O(n�1=2); (6)

(1� �

n
) log(1� �

n
) = q log q +O(n�1=2); (n!1);

:À�û¢ ¤�Âì .Ý��îüõ üêÂãõ ,À��îüõ ý¥�� ��±�� ¤¢ üÈÖ÷ �î �¤ Âþ¥ â��� ø¢ ô�¹÷�Â¨

u 2 f0;1gn; v 2 f0;1gn:

:�¤�¬ßþ� ¤¢

f(u; v) :=

(
0; d(u; v) > � Âð�;
1; d(u; v) � � Âð�: (7)

:ù�ðö� ,y 2 f0;1gn ø xi 2 C Âð�

gi(y) := 1� f(y; xi) +
X
j 6=i

f(y; xj): (8)

�¤�¬ßþ� Â �è ¤¢ ø gi(y) = 0 ù�ðö� ,d(xi; y) � � �î Àª� � ý��ÞÜîÀî �ú� � xi Âð� À� �îüõ ´ì¢
.gi(y) � 1

14ball
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(ÛÖµÆõ) üê¢�Ê� ¤�Ï�� �¤ xM ,� � � ,x2 ,x1 ��ÞÜîÀî ,ö�÷�ª ��Ìì ��±�� ¤¢ .1.2.2 ��Ìì ��±��
Àª�� ¢���õ xi �ÞÜîÀî ×þ �fÖ�ì¢ Âð� ø ¢�ª ´ê�þ¤¢ y Âð� .Ý��îüõ üþ�ÈðÀî Âþ¥ �¤�¬�� .Ý��þÃðüõÂ�
ô�ä� �¤ �Î¡ ×þ á�ìø �¤�¬ßþ� Â�è ¤¢ .Ý��îüõ üþ�ÈðÀî xi �� �¤ y ù�ðö� ,d(xi; y) � � �î ý¤�Ï��

.(Ý��îüõ üþ�ÈðÀî x1 �� �È�Þû ù�ðö� ,Ýþ¢Âð üþ�ÈðÀî �� ¤�±¹õ Âð� �þ) Ý��îüõ
:Ýþ¤�¢ ;Àª�� ùÀª ÓþÂã� ��� �¤�¬�� Pi À��î ­Âê

Pi =
P

y2f0;1gn
P (y jxi)gi(y)

=
P
y
P (y jxi)f1� f(y; xi)g

P
y

P
j 6=i

P (y jxif(y; xj):

ßþ� 4 �Î��¤ ¥� .Àª�±÷ B�(xi) �� ÕÜãµõ y üµê�þ¤¢ �ÞÜî �î ´¨� ßþ� ñ�Þµ�� ´¨�¤ ´Þ¨ �ÜÞ� �¹�þ� ¤¢
.Àª��üõ 1

2
" �� Â��Â� Â·î�À� ñ�Þµ��

:Ýþ¤�¢ ,ßþ�Â����

PC � 1

2
"+M�1

MX
i=1

X
y

X
j 6=i

P (y jxi)f(y; xj):

ý�ûÀî üõ�Þ� ýø¤ PC ß�Ú÷��õ ¤�ÀÖõ ¥� ÂµÞî P �(M;n; p) �î ´¨� ´�ãì�ø ßþ� ,��±�� ¤¢ ü¨�¨� �µØ÷
:Ýþ¤�¢ ,ßþ�Â���� ;À÷�ùÀª ��¿µ÷� üê¢�Ê� ¤�Ï�� �î ´¨� C ßØÞõ

P �(M;n; p) � 1

2
"+M�1

MP
i=1

P
y

P
j 6=i
E(P (y jxi))E(f(y; xj))

= 1

2
"+M�1

MP
i=1

P
y

P
j 6=i
E(P (y jxi)): jB� j

2n

= 1

2
"+ (M � 1)2�n jB� j :

:�¹�µ÷ ¤¢ .Ý��îüõ Ý�ÆÖ� n Â� Å³¨ ø ÝþÂ�üõ ¤�î�� �¤ 6 ø 5 ý�û�¤�±ä ,ÝþÂ�ðüõ Ýµþ¤�Úó ñ��

n�1 log(P �(M;n; p)� 1

2
)

� n�1 logM � (1+ p log p+ q log q) +O(n�1=2):

:Ýþ¤�¢ n > n0 ý�Â� ,R ýø¤ ´þ¢øÀ½õ ýÂ�ð¤�î�� �� ø ´¨�¤ éÂÏ ýø¤ Â� M =Mn ü��È÷�� ��

n�1 log(P �(Mn; n; p)� 1
2
") < �� < 0;

.P �(M;n; p) < 1

2
"+ 2��n ü�ãþ

.À�îüõ ��±�� �¤ ��Ìì °ÜÎõ ßþ�
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ý¤�ÁðÀî ùÂú� 2.3

Âû ¤¢ �û´�� ¢�Àã� �� Â��Â� B �î Àþ�Þ÷ ��¿µ÷� �¤ W ø B Àþ�� É¿ª ,üÜÞä ý�û¢Â�¤�î ¥� ý¤��Æ� ¤¢
.À÷�ª ù¢�¢ ñ�Öµ÷� ��ø W Â·î�À� ö��� ýÂ�ð¤�î�� �� ¤�¢Ãþ�÷ ñ�÷�î ×þ ¥� ßÿÞÎõ ¤�Ï�� Àþ�� �î ´¨� ��÷��
�� ¯��Âõ W ø À�îüõ ß��ã� �¤ �Þó�Øõ ´�Ô�î B ö� ¤¢ �î ´¨� Ûþ���õ ý¦�ó��Ø� ,éøÂãõ ñ�·õ ×þ
�� À÷���üõ �î �¤ üþ�ûÅØä ¢�Àã� B ö� ¤¢ �î ´¨�Ìê ÕÞä ¤¢ ñ�Öµ÷� ÂÚþ¢ ñ�·õ .´¨�ûýÂ��� ÂÞä ñ�Ï
§Âµ¨¢ Û��ì ,ýÀ�ª¤�¡ ��½Ô¬ ¥� �î ´¨� ü÷��� W ø À�îüõ ß�ãõ ,À��þ ñ�Öµ÷� ¥�ø Â� ¤¢ ö�õ¥ ¤Áð
´¨� Â�¤�î ´�� Âû ¤¢ ñø¦ Eb = W=B ý¦Â÷� Í¨�µõ ý�¤�¢ ùÀ�û¢ ñ�Öµ÷� ,���� ßþ� üõ�Þ� ¤¢ .´¨�
.Àû¢ ¤�Âì Â���� ´½� �¤ �û��¿µ÷� ´¨� ßØÞõ ý¤�ÁðÀî .Àþ�Þ÷üõ ñ�¨¤� ùÀ÷Â�ð �� �¤ üþ�ûñ��Ú�¨ �î
���þÃ�) Ý��îüõ ÓþÂã� �¤ ö� �¹�þ� ¤¢ �î ¢�ªüõ ö��� 15ý¤�ÁðÀî ùÂú� ö���ä �� °Üè� ý¤�ÁðÀî Â����

.(¢�ªüÞ÷ ¶½� ëÂ� ü¨À�úõ ¥�
¤¢ �¤ ´�� ×þ �� ¢Â�ðüõ ¤�Âì ùÀ�û¢ñ�Öµ ÷� §Âµ¨¢ ¤¢ Eb ý¦Â÷� ,¢¢ÂÚ÷ ù¢�Ôµ¨� ýÀî º�û Âð�
� � õ�¢ � � ñ� �Ú �¨ ×þ � � ,Àª� � Â Ô¬ Âð� ø s := pEb � � õ�¢ � � ñ� �Ú �¨ ×þ � � ,Àª� � 1 �î ü�¤�¬
.¢�ªüõ ñÀõ À�Ô¨ ü¨�ð Ãþ�÷ �� üãÞ� ñ�÷�î ×þ ö���ä�� ñ�Öµ÷� ñ�÷�î ,°Üè� .À�î ÂÒ��µõ s = �pEb

âþ¥�� ×þ ¥� n Ãþ�÷ ø r = s+ n �î ý¤�Ï �� ´¨� r �� Â��Â� üµê�þ¤¢ ñ��Ú�¨ ��õ�¢ �î ´¨��ãõ ö�À� ßþ�
ñ��Ú�¨ Âû ,´¿¨ ý�ûÝ�ÞÊ� �� ,ùÀ÷Â�ð ×þ .À�îüõ ýøÂ�� �2 Å÷�þ¤�ø ø ÂÔ¬ ß�Ú÷��õ �� ü¨�ð
�¤�¬ßþ� Â�è¤¢ ø ¢Â�ðüõ 1 �� Ý�ÞÊ� ,r > 0 Âð� ø À�îüõ �Æþ�Öõ 0 �÷�µ¨� �� �¤ r ��õ�¢ �� üó�¨¤�
,ßþ�Â���� ;Àµê�üõ ë�Ô�� �Î¡ ,Àû¢ Â��ç� �¤ r ´õ�ä n Ãþ�÷ Âð� ,ý�ùÀ÷Â�ð ß��� ¤¢ .¢Â�ðüõ 0 �� Ý�ÞÊ�

:�� ´¨� Â��Â� pe (´�� Âû ¤¢) ý�Î¡ ñ�Þµ��

pe =

Z 1
p
E

1p
2��2

exp (
�y2
2�2

)dy = Q(

s
Eb

�2
)

:ö� ¤¢ �î

Q(x) :=
1p
2�

Z 1
x

exp (
�y2
2

)dy =
1

2
erfc(

xp
2
)

.¢�ªüõ ùÀ�õ�÷ (SNR) Ãþ�÷ �� ñ��Ú�¨ ´±Æ÷ ,Eb=�
2 ´±Æ÷

Âþ�Ê� (ñ�÷�î ý�û´��) ñ�÷�î ýø¤ ñ�¨¤� ý�Â� ´�� n ýø¤Â� �¤ ´�� k �î ÝþÂ±� ¤�î�� �¤ C Àî Âð�
¤�±¹õ .(À���±� �¤ 3.3.1 �Î��¤) Ý�µÆû R := k=n  Â÷ �� ýÀî ¥� ù¢�Ôµ¨� ñ�� ¤¢ Ý�þ�ð ù�ðö� ,À�îüõ
,��÷�� Âû ¤¢ ´�� B ñ�¨¤� ,¥��÷¢¤�õ ´äÂ¨ �� �� Ý�µ¨ÂÔ� Â�âþÂ¨ ¤�� 1=R �¤ ñ�÷�î ý�û´�� ßþ� �î Ý�µÆû
ñø¦ E0 := W=(B=R) = R:Eb ù¥�À÷��� �ú�� ,´¨� ��ø W ´þ¢øÀ½õ ý�¤�¢ ö��� �îßþ� ÂÏ�¡�� .Ý�¨Â�
15Coding gain
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ý�û´�� ñ�Öµ÷� ý�Â� Û±ì �ÂÏ ���Èõ ü�ÂÏ ßµª�¢ ­Âê �� .Ýþ¤�¢ §Âµ¨¢ ¤¢ �¤ ý¦Â÷� ,ñ�÷�î ´�� ¤¢
:�¤�¬�� (ñ�÷�î ´�� ¤¢) p0e ý�Î¡  Â÷ ,ñ�÷�î

p0e = Q(

s
REb

�2
);

.Àþ�üõ ´¨¢��
ô�Þ� .´¨� �µê�þÇû�î ý¦Â÷� ö�Ã�õ �Âþ¥ ,p0e > pe Ý�ª�� �µª�¢ �� ¢�ªüõ ¶ä�� ý¤�ÁðÀî ,ßþ�Â����
üó�Þµ�� ý�û�Î¡ ,´�� Âû ¤¢ ý¦Â÷� Çû�î ­�ä ¤¢ ö��µ� �î À��þüõ ÕÖ½� ü÷�õ¥ ý¤�ÁðÀî ùÀþ�

.À÷�ª ¼�½Ê�
�ú÷� ,1 ø 0 �� üó�¨¤� ý�ûÛ±Þ¨ öÀ�õ�÷ ý���� .Ýþ¥�À��� Â�Õ�ì¢ üû�Ú÷ 069 Â�þ¤�õ �� �f¢À¹õ À�þ���
ø H
5

2
ý�ûÅþÂ��õ ý�ûÂÎ¨ ¢Â� ¤�î�� Â�þ¤�õ �î 32 ñ�Ï �� �ó�±÷¢ 64 .Ý�û¢ ö�È÷ �1 ø +1 �� �¤

32 Ûõ�ª üµê�þ¤¢ ÂÎ¨ ,(´¿¨ ý�ûÝ�ÞÊ� ��) üµê�þ¤¢ ñ��Ú�¨×þ ý�Â� .À÷¢�� 1.3 Ç¿� ¥� �H
5
2

,¢�¢üÞ÷  ¤ üþ�Î¡ Âð� .Àþ¢Âð �±¨�½õ H
5
2

ÂÎ¨ 32 ø ÂÎ¨ ßþ� üÜ¡�¢ �Â® ø Àª �µª�¢Â� �1 Û±Þ¨
üµê�þ¤¢ ñ��Ú�¨ �î ´¨� ßþ� ùÀ�û¢ö�È÷ �î �32 �� Â��Â� üØþ ø À÷¢�� 0 �û�Â®Û¬�� ßþ� ¥� �� 31
�î ,�30 ý��·µ¨� ×þ �� ,À÷¢�� �2 üÜ¡�¢ ý�û�Â®Û¬�� ,�Î¡ ×þ ´ó�� ¤¢ .´¨� ù¢�� ´¨¤¢
ÕÜÎõ¤Àì �� üþ�µØþ üÜ¡�¢ �Â® ,�Î¡ ´Ôû Â·î�À� �� �î Àþ¤�¢ ´ì¢ .Àû¢üõ �¹�µ÷ �¤ ´¨¤¢ ñ��Ú�¨

.¢¤�¢ ñ��Ú�¨ ö¢�� ´¨¤¢ �� ù¤�ª� �î ¢¤�¢ ¢��ø 16 ¥� Â�ï¤Ã�
.Ý��î üû�Ú÷ ý¤�ÁðÀî Â���� �� À�þ��� ñ��

Â û ,ÅØä ×þ ¼®�ø ´ ê� þ¤¢ ý�Â � À � � î ­Â ê .À þÂ � Ú � Â Ñ ÷¤¢ �¤ Â � þ¤� õ À î ñ� · õ .1.2.3 ñ�·õ
ý�Â � ,Àª� ± ÷ ý¤�Á ðÀ î � î ü µ ó� � ¤¢ .Àª� � � Î¡ ,´¨� 10�4 Â · î�À� � î ,PE ñ� Þ µ�� � � ü þ� � 6

ø pe = Q(
p
17:22) � 10�4=6 �î �Âþ¥ ,Ýþ¤�¢ Eb=�

2 � 17:22 �� ¥��÷ ,�Î¡ ñ�Þµ�� ßþ� �� öÀ�¨¤

.PE = 1� (1� pe)
6 � 10�4

�� ,À�îüõ ¼�½Ê� �¤ �Î¡ ´Ôû Â·î�À� �î ,Ý��îüõ ù¢�Ôµ¨� [32;6] Àî ¥� �î À��î ­Âê ,Å³¨

2000 �Î¡ ñ�Þµ�� ßþ� �î Àþ¤�¢ ´ì¢) .p0e � 0:036 Ýþ¤�¢ ,R = 6=32 ö�� .17:22 �� Â��Â� SNR

:ñ�Þµ�� ý�¤�¢ ¤�¢�Î¡ ý�ûüþ�� 6 ,üþ�ÈðÀî ¥� Å� (!´¨� Û±ì ¥� Âµð¤Ã� Â��Â�

P 0E =
X
i>7

 
32

i

!
(p0e)

i(1� p0e)
32�i � 1:4� 10�5;

.´¨� Âµú� PE ¥� ö��� ¤¢ �±�Âõ ×þ �f±þÂÖ� �î À�µÆû

�fÞ�ÖµÆõ �ØÜ� ,¢�ªüÞ÷ �Þ�Â� �û -1 ø 1 ¥� ýÂÎ¨ �� üµê�þ¤¢ ��õ ,ôÂ÷ ��Þ�ÞÊ� ýÂ�ð¤�î�� ô�Ú�û
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ñ��Ú�¨ ßþÂ���±ª ö���ä�� �õ �î üó��Ú�¨ �îßþ� ñ�Þµ�� ,´ó�� ßþ�¤¢ .¢�ªüõ Í±�Âõ H
5
2

ý�ûÂÎ¨ ��
.´¨� ÂµÈ�� ,Àª�� üó�¨¤� ñ��Ú�¨ ö�Þû âì�ø ¤¢ ,Ýþ�ù¢�Þ÷ ��¿µ÷�

�� �Î¡ ñ�Þµ�� ù�ðö� ,Ýþ¢�� ù¢Â� ¤�î�� 1.2.3 ñ�·õ ¤¢ �¤ ôÂ÷ Ý�ÞÊ� Âð� �î Ý��îüõ ö�È÷ÂÏ�¡
.¢�� �µê�þ Çû�î 2� 10�11

ý¦Â÷� �� ¥��÷ ý�Â� �¤ ý¤�ÁðÀî Ý�÷���üõ .¢¤�¢ ¢��ø ´ó�� ßþ� ¤¢ �ó�Æõ �� ù�Ú÷ ý�Â� ýÂÚþ¢ ©ø¤
��¿µ÷� ,ô¥� SNR Çû�î ý�Â� �ØÜ� ,�Î¡  Â÷ Çû�î ý�Â� �÷ �¤ C ´¨� ßØÞõ .ÝþÂ� ¤�î�� 16ÂµÞî

.Ý�þ�Þ÷
� � öÀ � ¨¤ ý�Â � .Ý � µ ª�¢ Í Ü è ü þ� � 6 × þ ´ ê� þ¤¢ ý�Â � �¤ 10�4 ñ� Þ µ �� ,Â � þ¤� õ ñ� · õ ¤¢
ö�À� ßþ�.(��� ´ó�� �� ���Èõ ý��±¨�½õ ��) ¢�� Àû��¡ üê�î 14:83 ¤�ÀÖõ �� SNR ×þ ,P 0E = 10�4

�¤ À¬¤¢ 15 ù¥�À÷��� �f±þÂÖ� ýÀ�ª¤�¡ ��½Ô¬ ù¥�À÷� Çû�î ù¥��� �õ �� ý¤�ÁðÀî ¢Â�¤�î �î ´¨��ãõ
×þ �� ¥��÷ �õ) ;¢�� Àû��¡ À¬¤¢ 50 ¥� Ç�� �� Çû�î ßþ� ,ôÂ÷ Ý�ÞÊ� �� üþ�ÈðÀî �Ü�¨ø�� .Àû¢üõ

.(Ýþ¤�¢ ´ó�� ö� ¤¢ 7:24 ¤�ÀÖõ �� SNR

SNR' ø (ùÀÈ ÷À î) SNR ß� � ´±Æ ÷ ,Ý þ�ù¢Â î ­Âê ´�� � �¤ �Î¡ ñ�Þ µ�� � îü µ ìø .2.2.3 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ ý¤�ÁðÀî ùÂú� ,üþ�ÈðÀî ¥� Å� (ùÀªÀî)

¥� Å� ¥��÷ ¢¤�õ ý�Î¡ ñ�Þµ�� ø ¶½� ¢¤�õ ñ�÷�î ,üþ�ÈðÀî Ýµþ¤�Úó� ,Àî �� üÚµÆ� ý¤�ÁðÀî ùÂú�
2.2.3 ÓþÂã� ¤¢ ¢���õ ´±Æ÷ Ýµþ¤�Úó Â��Â� 10 ü�ãþ ,dB °Æ�Â� ´�Þî ßþ� ,°Üè� .¢¤�¢ üþ�ÈðÀî
ù¥�À÷� �� ý¤�ÁðÀî ùÂú� ×þ ö���ä�� 1.2.3 ñ�·õ �¹�µ÷ ,ü¨À�úõ ö�µõ ¤¢ .¢�ªüõ ö��� ,10 �þ�� ¤¢
ýÃþ�÷ �� ñ��Ú�¨ ´±Æ÷ �È�Þû ,ùÀª ù¢�¢ Àî ×þ ý�Â� �î Ýþ�ªüõ ÂîÁµõ .¢�ªüõ Ó�¬�� 0:65dB
ü÷�õ¥ �� ´±Æ÷ ´�ã®ø öÀª Â�À� ¶ä�� ý¤�ÁðÀî ;Àª��üõ ùÀþ�êü� Àî ö� ¤¢ �î ´ª�¢ Àû��¡ ¢��ø

.¢�ªüÞ÷ ù¢�Ôµ¨� ö� ¥� �î ´¨�
,ý¤�ÁðÀî ß���Ýû �î Àª�� ���µõ Àþ�� ùÀ�÷��¡ .Ýþ¢Âî ù�Ú÷ ý¤�ÁðÀî �� ý¦Â÷� ù�ðÀþ¢ ¥� �ú�� �õ

.Ýþ¥�¢Â³� Àþ�� ý¢�þ¥ ��þÃû ö� ý�Â� ,���� ¥� ü¡Â� ¤¢ ø Àû¢üõ Çþ�Ãê� �¤ À�þ�Âê ßþ� üðÀ�»��

�û¢�ú�È�� 2.4

�¹÷�¥� .¢¤�¢ ý¤�ÁðÀî �þÂÑ÷ ¥�è� ¥� ö�È÷ [62] (1948) ��Â��¿õ ü®�þ¤ ý¤�ÿ� ö���ä �� ö�÷�ª �ó�Öõ
ßþ� ßµ¡�¨ Â� �¤ üª�� üÆî Âû �î ¢�� üã�±Ï ,À÷¤�¢ ¢��ø ��¡ ý�ûÀî Àû¢üõ ö�È÷ ��Ìì ßþ� �î
16need less energy
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,¢ø ¤üõ ¤�î�� ×��î üÜ�¡ üØþÂµØó� ý�ûù�Úµ¨¢ ü÷�±�µÈ� ý�Â� °Üè� �ûÀî ßþ� ö�� .Àþ�Þ÷ ¥�è� �ûÀî
�f µ±Æ÷ üþ�ÈðÀî ý�ûÝµþ¤�Úó� �î À÷¢�� À�õ�ì�ä ¢�þ¥ ý�û¤�µ¡�¨ �� üþ�ûÀî �� «�Ê¡�� ö�ÖÖ½õ
´¨¢ ¥� öøÀ� ÝÑ�õ üÜ�¡ ý�ûÀî ö¢¤ø� ´¨¢�� �î Àþ¢ Ý�û��¡ ,Àã� ý�ûÛÊê ¤¢ .À�ª�� �µª�¢ ý�ù¢�¨
ý�û�¬Âä ¥� üØþ �î Ý��îüõ �Ñ��õ .Àª��üõ ÛØÈõ ¤��Æ� 1.2.2 ��Ìì ¥� �µ¨�¡Â� ´�¬�¡ ö¢�¢
�î üþ�ûô�÷ ¥� ý¤��Æ� .Àª��üõ ü�ÔÜ� ��Ï�±�¤� ¤¢ ¢Â�¤�î ,¢ø ¤üõ ¤�î �� ý¤�ÁðÀî �þÂÑ÷ �î üÞúõ
ý�ûù�ÚÈþ�õ¥� Û�¨Â� (ùÀ�û¢ Û�ØÈ�) ý�Ìä� ý�ûô�÷ ,Àª Àû��¡ øÂ�ø ¤ ��µî ßþ� ¤¢ �ú÷� �� ùÀ�÷��¡
, 21Àþ�ó , 20Ù��Þû , 19�Â±Ü�ð , 18²ÞØ�óÂ� À�÷�õ ý¢�Âê� ,ö�÷�ª Â� ùø�ä .À�µÆû 17 Û� ßÔÜ�
¥� ý¤��Æ� �î ´Æ�÷ Ã�Ú÷�Â� °¹ã� °ÜÎõ ßþ� .Ý��îüõ Âî£ �¤ 24ö�Ü¨� ø 23ö��³Ü¨� , 22Ãõ��Üþø×õ
Õ�Þä ¤�Ï�� ùÀ�Æþ�÷ .¢�ª ´ê�þ À÷���üõ 25Û� ù�ÚÈþ�õ¥� üÞÜä ñ�÷¤ø¦ ¤¢ ý¤�ÁðÀî �þÂÑ÷ ù¤��¤¢ ö�µõ
Û� ý�ûù�ÚÈþ�õ¥� �� ø� â�¨ø ��ì�õ ñ�¡ ¤¢ ý¤�ÁðÀî ���õ¥ ¤¢ ø� Ç÷�¢ ¥� ý¤��Æ� �î À�îüõ é�Âµä�
À÷���üõ ´¨� À�õ�ì�ä 1969 Â�þ¤�õ ¤¢ �µê¤ ¤�î�� Àî ù¤��¤¢ ÂµÈ�� ���þÃ� �� �î ý�ùÀ�÷��¡ .´¨� ù¢��
�¤ [78] ø [77] â���õ À�÷���üõ ,ù¢ÂÈê ×Æþ¢ ý¤�ÁðÀî ¢¤�õ ¤¢ ß���Ýû .Àþ�Þ÷ �ã��Âõ [56] â�Âõ ��

.À���±�
�þÂÑ÷ ù¤��¤¢ ¸þ�µ ÷ ßþÂ�Ýúõ ö��î� �î Àþ�Þ÷ ùÀû�Èõ À÷���üõ ùÀ�÷��¡ ,â���õ ßþ� �� �ã��Âõ ��
ùÀª ��� IEEE Transactions on Information Theory �Ü¹õ ¤¢ ¤��Æ� ý�ûñ�¨ ñ�Ï ¤¢ ý¤�ÁðÀî

.´¨�

17Bell Telephone Laboratories
18Berlekamp
19Gilbert
20Hamming
21Lloyd
22MacWilliams
23Slepian
24Sloan
25Bell System Technical Journal
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Û��Æõ 2.5

.À��î ´��� �¤ 1 �Î��¤ .1.2.5

Ýþ¢�¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ ,Àª ö��� 2.2Ç¿� ¤¢ �Ø¨ ���Â� Çþ�õ¥� ¤¢ �î �¤ 6 ñ�Ï �� Àî .2.2.5
ñ�� .´¨� q6 + 6q5p+ q4p2 �� Â��Â� Àª�� ùÀª üþ�ÈðÀî ¼�½¬ ¤�Ï�� üµê�þ¤¢ �ÞÜî �îö� ñ�Þµ�� �î
ü�ãþ ;Ýþ�ù¢Âî ÐÔ� �¤ ùÀª üþ�ÈðÀî �ÞÜî Âû ¥� ñø� Û±Þ¨ �¨ �ú�� ,üþ�ÈðÀî ¥� Å� �î À��î ­Âê
´¨¤¢�÷ �ó�±÷¢ ßþ� ¤¢ Û±Þ¨ ×þ �î À��î ß��ã� �¤ ßþ� ñ�Þµ�� .�Ø¨ ���Â� Çþ�õ¥� �� ¯��Âõ ��ä�Ï�

.(¢�� Àû��¡ p �� Â��Â� ý¤�ÁðÀî öøÀ� �î Ý�õ�÷üõ 26Û±Þ¨ ý�Î¡ ñ�Þµ�� �¤ ñ�Þµ�� ßþ�) Àª��

.Àª�� 4 Ûì�À� �Ü¬�ê ý�¤�¢ Ãþ�Þµõ �ÞÜîÀî ø¢ Âû �î Àþ¥�Æ� 7 ñ�Ï �� �ÞÜî ´Èû Ûõ�ª ýÀî .3.2.5
¼�½¬ ¤�Ï�� üµê�þ¤¢ �ÞÜî ×þ �î �¤ ßþ� ñ�Þµ�� ,p ý�Î¡ ñ�Þµ�� �� ö¤�Öµõ üþ��ø¢ ñ�÷�î ×þ ý�Â�

.À��î ß��ã� ,Àª�� ùÀª üþ�ÈðÀî

�� ø ùÀª ´ê�þ¤¢ ¼�½¬ ¤�Ï�� �µê�þ ñ�Öµ÷� Û±Þ¨ q = 0:9 ñ�Þµ�� �� üþ��ø¢ ñ�÷�î ×þ ¤¢ .4.2.5
1

2
 Â÷ �� ýÀî Ý�û��¡üõ ñ�÷�î ßþ� ¤¢ .(Ý��îüõ ´ê�þ¤¢ ? �õ ü�ãþ) ´¨� ùÀª í�� p = 0:1 ñ�Þµ��

�þ� ?À��þüõ Çþ�Ãê� ¼�½¬ Â�ÆÔ� ñ�Þµ�� ,Ý�þ�Þ÷ ¤�ÂØ� �¤ ñ�Öµ÷� Û±Þ¨ Âû �õ Âð� �þ� .ÝþÂ� ¤�î�� �¤

?À�ª�� ü��þ¥�� Û��ì ùÀª í�� Û±Þ¨ ø¢ �î ý¤�Ï�� Ýþ¥�Æ� �¤ 6 ñ�Ï �� �ÞÜî ´Èû �� ýÀî ´¨� ßØÞõ

�� �¤ ùÀª í�� ý�ûÛ±Þ¨ ùÀ��î ´ê�þ¤¢ �î À��î ­Âê) À����� �¤ Àî ø¢ ßþ� ¼�½¬ Â�ÆÔ� ý�ûñ�Þµ��

.(ÀûÀ÷ Â��ç� Û±Þ¨ ×þ §À�

Û±Þ¨ e2 ø �Î¡ e1 �� Û±Þ¨ 32 ¥� ÂÎ¨ ×þ À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 1969 Â�þ¤�õ ñ�·õ .5.2.5
.´¨� ü��þ¥�� Û��ì ´¨¤¢ ÂÎ¨ ù�ðö� ,2e1 + e2 < 16 Âð� �î À�û¢ ö�È÷ .´¨� ùÀª ´ê�þ¤¢ ùÀªí��

:�î ý¤�Ï�� Àª�� 16 ñ�Ï �� üþ��ø¢ Àî ×þ C À��î ­Âê .6.2.5
.´¨� 6 ö¥ø ý�¤�¢ �ÞÜîÀî Âû .Óó�

.À�µÆû 8 �Ü¬�ê ý�¤�¢ Ãþ�Þµõ �ÞÜîÀî ø¢ Âû .�

?´¨� ¢���õ jcj = 16 �� ýÀî ß��� �þ� .jcj � 16 À�û¢ ö�È÷
26symbol error probability
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À�û¢ ö�È÷ .Àª�� n �ø¥ ñ�Ï �� À��ø ý�Î¡ ùÀ��î¼�½Ê� ýÂ�þ�� Àî ×þ C À��î ­Âê .7.2.5
.jcj � 2n=(n+ 2)

�� ö�Øõ ø¢ ¤¢ c ø x ø c 2 C ,´¨� n ñ�Ï �� �ÞÜî ×þ x �î Àþ¤�ÞÈ� �¤ (x; c) ý�û�ø¥ ¢�Àã� :üþ�Þ�û�¤

.À�µÆû �ø�Ôµõ ÂÚþÀØþ



3 ÛÊê

üÎ¡ ý�ûÀî

üî�Ü� ý�ûÀî 3.1

,Àî ×þ .´¨� ùÀª Àî Ãþ�Þµõ Û±Þ¨ q �� Q ý�±Ôó� ¥� ù¢�Ôµ¨� �� ��ä�Ï� �î Ý��îüõ­Âê ÛÊê ßþ� ¤¢
�f ÖµÆõ À�÷���üõ �î Û±Þ¨ n � � ý�ûí�Ü� �� ö��µ� �¤ ùÀªÀî ��ä�Ï� Âð� ¢�ªüõ ùÀ�õ�÷ üî�Ü� Àî
(ñ�Ï ÍÖê �þ) �ÞÜî ñ�Ï �þ í�Ü� ñ�Ï n ø À�µÆû ��ÞÜîÀî �ûí�Ü� ßþ� .¢�Þ÷ Ý�ÆÖ� ,À÷�ª üþ�ÈðÀî
¤�Ï�� �õ 13 ÛÊê ¤¢ .À÷¢�� üî�Ü� ý�ûÀî üÚÞû Û±ì ÛÊê ¤¢ ùÀª Âî£ ý�ûñ�·õ .¢�ªüõ ùÀ�õ�÷
�ó�±÷¢ ×þ �¹÷� ¤¢ �î Ý��îüõ ¶½� ,ßª�ó�÷�î ý�ûÀî ô�÷�� ,�ø�Ôµõ �f õ�î �ä�Þ¹õ ×þ ù¤��¤¢ �¬�¡
;´¨� ùÀª Àî ,ô��� ý�ûÛ±Þ¨ ¥� üû��µõ�÷ �ó�±÷¢ �� � � � ,i2 ,i1 ,i0 ü��ä�Ï� ý�ûÛ±Þ¨ ¥� üû��µõ�÷
¥� üã��� i0n ö� ¤¢ �î i0; i1; i2; � � � ! i0; i

0
0
; i1; i

0
1
; � � � Ý�ª�� �µª�¢ ´¨� ßØÞõ 1

2
 Â÷ ý�Â� ,ñ�·õ ý�Â�

.Ý�û¢üõ ©ÂµÆð ù��¿ó¢ ý�±Ôó� �� �¤ 2.2.1 ÓþÂã� ,üî�Ü� ý�ûÀî ý�Â� .´¨� i0; i1; � � � ; in

´¨� Â��Â� ,¢�ªüõ ù¢�¢ Çþ�Þ÷ d(x; y) �� �î y ¥� x �Ü¬�ê ù�ðö� ,y 2 Qn ,x 2 Qn Âð� .1.3.1 ÓþÂã�
:��

d(x; y) := j fi : 1 � i � n; xi 6= yig j :

:�¤�¬ �� ,w(x) ,x ö¥ø

w(x) := d(x;0)
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.(Ý�û¢üõ Çþ�Þ÷ 1 �� �¤ (1;1; :::;1) ø 0 �� �¤ (0;0; :::;0) ù¤��Þû) ¢�ªüõ ÓþÂã�

ýø¤ ×þÂµõ ×þ âì�ø ¤¢ ø ¢�ªüõ ùÀ�õ�÷ 1Ù��Þû �Ü¬�ê ,1.3.1 Í¨�� ùÀª ÓþÂã� ,Àî �Ü¬�ê
Âþ�¨ ýø¤ i ´�ãì�õ ¤¢ �Î¡ ×þ �î Ý�ª�� ´�¬�¡ ßþ� �� üó�÷�î ¥� ù¢�Ôµ¨� ñ�� ¤¢ �õ Âð� .´¨� Qn

ùÀ÷�õüì�� Û±Þ¨ q � 1 ¥� ×þ Âû ,ö�ÆØþ ñ�Þµ�� �� ,À÷��µ� �Î¡ �� Û±Þ¨ ×þ ø ¢¤�À÷ Â���� �û´�ãì�õ
.´¨� üµê�þ¤¢ ô��� ×þ ý�Î¡ ý��µ½õ ýÂ�ðù¥�À÷� ý�Â� ü��¡ ©ø¤ Ù��Þû �Ü¬�ê �¤�¬ßþ� ¤¢ ,Àª��

.À÷�ªüõ ù¢�¢ ¼��Â� ýÂÚþ¢ �Ü¬�ê â���� ÂÚþ¢ ý�û´�ãì�õ ¤¢ �î Àþ¢ Ý�û��¡ 12 ÛÊê ¤¢
Âð� .Ý�õ�÷üõ üúþÀ� �¤ Àî ,jcj = 1 Âð� .´¨� Qn ¥� üú��÷ ùÂ¨ �ä�Þ¹õ Âþ¥ ×þ ,C Àî ×þ Âþ¥ ¤¢
ü¨�¨� ÇÖ÷ ,Âþ¥ Ý�û�Ôõ .Â¡� üó� ø üþ���¨ Àî ×þ ,q = 3 ý�Â� ,Ý�õ�÷üõ üþ��ø¢ Àî ×þ �¤ Àî ,q = 2

:(¢�ª �ã��Âõ 2 ÛÊê ��) À��îüõ ý¥�� ��µî ßþ� ¤¢

:�� ´¨� Â��Â� C üúþÀ�Â�è Àî ×þ �Ü¬�ê-ßþÂµÞî .2.3.1 ÓþÂã�

minfd(x; y) jx 2 C; y 2 C; x 6= yg:

:�� ´¨� Â��Â� C ö¥ø-ßþÂµÞî

minfw(x) j bfx 2 C; x 6= 0g:

.Ý�û¢üõ Ý�Þã� Âþ¥ �¤�¬ �� �¤ Àî  Â÷ ô�úÔõ ß���Ýû

:ù�ðö� ,C � Qn ø jQ j = q Âð� .3.3.1 ÓþÂã�

R := n�1 logq jcj

.¢�ªüõ ùÀ�õ�÷ C Àî (��ä�Ï� -)  Â÷

À÷���üõ �Ü¬�ê ¤ÀÖ� ,�ÞÜîÀî ßþÂ�×þ¢Ã÷ ¥� üµê�þ¤¢ �ÞÜî ×þ �î Ý�÷�À� ÝþÀ�õ�ì�ä ,��ìø� ü¡Â�
.Ý��îüõ üêÂãõ �¤ �Ü¬�ê-ßþÂµÞî ¥� ý���þÂì ,¤�Ñ�õ ßþ� ý�Â� .Àª�� �µª�¢

:�� ´¨� Â��Â� C ¥� �(C) üÈª�� á�ãª ù�ðö� ,C � Qn Âð� .4.3.1 ÓþÂã�

maxfminfd(x; c) j c 2 Cg jx 2 Qng:

1 Hamming distance
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�ä�Þ¹õ �¤�¬�� x ÃîÂõ ø � á�ãª �� B�(x) ý�ð ,2 ÛÊê ¤¢ �î Ý��îüõ ý¤ø�¢�þ ùÀ�÷��¡ ��
�� B�(c) ý�ûý�ð �î ý¤�Ï�� Àª�� ¼�½¬ ¢Àä ßþÂ�ï¤Ã� � Âð� .Àª üêÂãõ fy 2 Qn j d(x; y) � �g
´¨� ý�� ßþÂ�×��î �� Â��Â� üÈª�� á�ãª .d = 2�+ 2 �þ d = 2�+ 1 ù�ðö� ,À�ª�� �Ã¹õ c 2 C
C Àî ù�ðö� ,À�ª�� Â��Â� ¢�Àä� ßþ� Âð� .À÷�ª�³� �¤ Qn �ä�Þ¹õ ,c 2 C �î B�(c) ý�ûý�ð �î ý¤�Ï��

.¢�Þ÷ ö��� Âþ¥ �¤�¬ �� ö���üõ �¤ °ÜÎõ ßþ� .Ý�õ�÷üõ Ûõ�î Àî �¤

x 2 Qn Âû Âð� ,¢�ªüõ ùÀ�õ�÷ Ûõ�î Àî ,2e+ 1 �Ü¬�ê-ßþÂµÞî �� C � Qn Àî ×þ .5.3.1 ÓþÂã�
.Àª�� �ÞÜîÀî ×þ �fÖ�ì¢ �� e ýø�Æõ �þ ÂµÞî �Ü¬�ê ý�¤�¢

ùÀ��î¼�½Ê� Àî ßþ� �î ´¨��ãõ ßþ� �� ´¨� 2e + 1 � � Â ��Â � �Ü¬�ê-ßþÂµÞî �î ´�ãì�ø ßþ�
:´¨� ¼®�ø Âþ¥ °ÜÎõ .´¨�Î¡�e

2üÈª��-ý�ð ¯Âª .6.3.1

:ù�ðö� ,Àª�� �Î¡ �e ùÀ��î¼�½Ê� Ûõ�î Àî ×þ C � Qn Âð�

jcj
eX

i=0

 
n

i

!
(q � 1)i = qn:

.¢Âî ´±½¬ ýÀî ß��� ý�Â� �Ü¬�ê-ßþÂµÞî ¥� ö���üÞ÷ ��Âð� ´¨� Ûõ�î Àî ×þ üúþÀ� Àî ,�µ±ó�
1 ø 0 �ÞÜî ø¢ Ûõ�ª �î n ¢Âê ñ�Ï �� üþ��ø¢ ý¤�ÂØ� Àî ,2 ÛÊê ¤¢ Ûõ�î Àî ×þ ¥� ù¢�¨ ñ�·õ ×þ

.Àª��üõ ,´¨�

üÎ¡ ý�ûÀî 3.2

ßµêÂð ,ùÀþ� ß�óø� .Ý��îüõ áøÂª ,À�µÆû ýÂ±� ý�û¤�µ¡�¨ ý�¤�¢ �î �¤ üþ�ûÀî ßµ¡�¨ �ó�Æõ ,ñ��
ùÀ�õ�÷ üûøÂð Àî ×þ Àî ßþ� .Àª��üõ Àî ö���ä�� Qn ¥� C ùøÂðÂþ¥ ßµêÂð ø �±Ôó� ö���ä �� Q ùøÂð
(¢�þ¥ üÜ�¡) ÂµÈ�� ý�û¤�µ¡�¨ �� �õ (��µî ßþ� ¥� ý�ùÀÞä Ç¿� ¤¢ âì�ø ¤¢) Ç¿� ßþ� ¤¢ .¢�ªüõ
ý�Ìê ×þ Qn ö��î� .(´¨� ñø� p) q = pr ö� ¤¢ �î ´¨� Fq ö�À�õ Q ,�õ�¢� ¤¢ .´ª�¢ Ý�û��¡ ¥��÷
¥� �fÌã� ,Àã� ý�ûÛÊê ¤¢ .(¢�ªüõ ù¢�¢ Çþ�Þ÷ R �� ��ìø� ü¡Â�) Fnq ü�ãþ ;´¨� ýÀã��n ý¤�¢Â�

.(1.1 Ç¿� �� á��¤�) ´¨� ´¿þ¤×þ Fqn üãÞ� ùøÂð �� Qn �î Ý��îüõ ù¢�Ôµ¨� ´�ãì�ø ßþ�

2 Sphere-packing
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×þ C ù�ðö� ,Àª�� k Àã� ý�¤�¢ C Âð� .´¨� Fnq ý�ÌêÂþ¥ ×þ ,üþ�� �q üÎ¡ Àî ×þ .1.3.2 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ [n; k] Àî

ø n ñ� Ï � � ýÀ ã ��k üÎ ¡ À î × þ ý�Â � ý¢� Þ ÷ ö�� � ä� � �¤ [n; k; d] À î ,À ã � � � � ¹ � þ� ¥�
ø �ÞÜîÀîM �� ,n �ÞÜî ñ�Ï �� Àî Âû À÷���üõ (n;M; d) Àî ×þ .¢Â� Ý�û��¡ ¤�î�� d �Ü¬�ê-ßþÂµÞî

.Àª�� d �Ü¬�ê-ßþÂµÞî

×þ Û�ØÈ� ö� ý�ûÂÎ¨ �î ´¨� n ¤¢ k ÅþÂ��õ ×þ ,C Àî ý�Â� G Àó�õ ÅþÂ��õ ×þ .2.3.2 ÓþÂã�
.À�û¢üõ C ý�Â� �þ��

ü÷�ØÜ� ôÂê °Üè�) ¢¤�À÷�µ¨� ôÂê �¤ G .C = faG ja 2 Qkg ù�ðö� ,Àª�� Àó�õ ÅþÂ��õ ×þ G Âð�
�î (6;8;3) Àî .Àª��üõ k ¤¢ k ü÷�Þû ÅþÂ��õ Ik �î ,G = (Ik P ) Âð� ,´Ôð Ý�û��¡ (�µê�þÇû�î
ôÂê �� G Âð� .´¨� G = (I J � I) Àó�õ ÅþÂ��õ �� üÎ¡ Àî ×þ ,Ýþ¢Â� ¤�î�� 2.1 Ç¿� ñ�·õ ¤¢
�ûÛ±Þ¨ ßþ� .À÷�ªüõ ùÀ�õ�÷ ��ä�Ï� ý�ûÛ±Þ¨ ,�ÞÜîÀî ×þ ñø� Û±Þ¨ k ù�ðö� ,Àª�� ¢¤�À÷�µ¨�
ö¥���ü¨¤Â� ý�ûÛ±Þ¨ �¤ �ú÷� �î ùÀ÷�õüì�� ý�ûÛ±Þ¨ Å³¨ ø À÷�ª ¤��µ¡� ù��¿ó¢ ¤�Ï�� À�÷���üõ

.À÷¢ÂðüõÉ¿Èõ ,Ý�õ�÷üõ
°¨��µõ) ö¥���ü¨¤Â� ´�� ×þ ý�¤�¢ ,Àª ö��� �õÀÖõ ¤¢ �î PC À�Üî �½Ô¬ Í��¤ ¤¢ �µê¤ ¤�î�� Àî

:Àó�õ ÅþÂ��õ ø (ô�÷ ßþ� ��

G = (I7 1
T )

Âð� ,À�ª��üõ ��¡ ö�ÆØþ ¤�Ï�� C2 ø C1 Àî ø¢ ,¢¤�¢ ´�Þû� �Î¡ ¼�½Ê� �¤Àì �î �¹÷� �� .´¨�
¥ ¤�Ýû �¤ üþ�ûÀî ß��� .Àª�� ùÀõ� ´¨¢�� C1 Àî ý�ûö�Øõ ¥� ´��� ´Èðý��×þ ýÂ�ð¤�î�� �� C2
ö�Øõ ×þ ý�Â�) Q ý�ûÛ±Þ¨ ýø¤ ´Èðý�� ßµêÂþÁ� �� �¤ ý¥¤� Ýû ÓþÂã� ,��ìø� ü¡Â� .Ý�õ�÷üõ
ýÀî �� üÎ¡ Àî Âû �î ´¨� ¤�úÈõ üÎ¡Â±� ¤¢ °ÜÎõ ßþ� .¢�¢ ©ÂµÆð ö���üõ Ã�÷ (Àî ¥� ´���
,ö�Øõ k ýø¤ C Àî ,üÜî ´ó�� ¤¢ .´¨� ¥ ¤� Ýû ,´¨� ¢¤�À÷�µ¨� ÛØª�� Àó�õ ÅþÂ��õ ×þ ý�¤�¢ �î
ø jcj = qk Âð� ,(À÷�ªüõ ùÀ�õ�÷ ü��ä�Ï� ý�ûÛ±Þ¨ �ûö�Øõ ßþ� ¤¢ �ûÛ±Þ¨ ø) ¢�ªüõ ùÀ�õ�÷ ö¤�Öµõ
;Àª�� ¢���õ ��¿µ÷� ßþ� �� ÂÒ��µõ �ÞÜîÀî ×þ �fÖ�ì¢ ö�Øõ k ßþ� ��Êµ¿õ ¥� ù��¿ó¢ ��¿µ÷� Âû ý�Â�
¥� .´¨� ö¤�Öµõ �ûö�Øõ ¥� üþ�� k ×þ Ûì�À� ýø¤ Â� üÎ¡ [n; k] Àî ×þ �î ÝþÀþ¢ ��� ¤¢ ,ßþ�Â����
�¤ �ûÀî ßþ� ,¢�Þ ÷ ×�ØÔ� ÂÚþÀØþ ¥� �¤ üê�®� ý�ûÛ±Þ¨ ø ü��ä�Ï� ý�ûÛ±Þ¨ ö�� �üõ �î �¹÷�
�� Õ��Î� ¤¢ ßþ� ø ´¨� k=n  Â÷ ý�¤�¢ [n; k] Àî ×þ ,3.3.1 ÓþÂã� ¥� .À�õ�÷üõ Ã�÷ 3ÂþÁ�×�ØÔ�

3 separable
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Àî �î Àþ�Þ÷ ü¨¤Â� Àþ�� ùÀ�÷��¡ .À��îüõ ÛÞ� �¤ ��ä�Ï� ,Û±Þ¨ n ßþ� ¥� �� k �î ´¨� ´�ãì�ø ßþ�
.Àª��üÞ÷ ö¤�Öµõ ,�ûö�Øõ ý�ûüþ�� 3 ¥� �� 4 ýø¤ Â� 2.1 Ç¿� ¤¢ �µê¤ ¤�î�� [6;3;3]

�� ù�ðö� ,Àª�� d = 2e+ 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C Àî Âð� �î ¢Â� Àû��¡ ü� °ÜÎõ ßþ� �� ùÀ�÷��¡
Û��ì e Â·î�À� ö¥ø �� �Î¡ ý�Úó� Âû ù�ðö� ,d = 2e Âð� .À�îüõ ¼�½Ê� üµê�þ¤¢ �ÞÜî ¤¢ �¤ �Î¡ e

�¤ �ÞÜîÀî �ø¥ �n
2

� Àþ�� d ßµê�þ ý�Â� ù�Ú÷� ,Àª�� �ÞÜîM ý�¤�¢ C Âð� ,üÜî ´ó�� ¤¢ .´¨� É�¿È�
.¢�¢ ô�¹÷� Â�ö�¨� ö���üõ �¤ ¤�î ßþ� ,üÎ¡ ý�ûÀî ý�Â� .¢�Þ÷ ü¨¤Â�

.´¨� ö¥ø-ßþÂµÞî �� Â��Â� �Ü¬�ê-ßþÂµÞî ,C üÎ¡ Àî ×þ ý�Â� .3.3.2 ��Ìì

� .x� y 2 C ù�ðö� ,y 2 C ø x 2 C Âð� ø d(x; y) = d(x� y;0) = w(x� y) .��±��

:�¤�¬ �� ,C? ,ö�ðø¢ Àî ù�ðö� ,Àª�� [n; k] Àî ×þ C Âð� .4.3.2 ÓþÂã�

C? := fy 2 R j 8x2C [< x; y >= 0]g;

.¢�ªüõ ÓþÂã�

C? �î À�î ´ì¢ Àþ�� ùÀ�÷��¡ .[n; n� k] Àî ×þ ü�ãþ ;Àª��üõ üÎ¡ Àî ×þ ,C? ,ö�ðø¢ Àî ��®ø��
,Q üû��µõ ö�À�õ ´ó�� ¤¢ .À�Ø÷ Â�ÆÔ� R ýø¤ ý¤�¢Â� ý�û�Ìê ö���ä�� Àõ�ãµõ ÛÞØõ ý��ãõ �� �¤
Â��Â� À�÷���üõ üµ� �ú÷� âì�ø ¤¢ ø À�ª�� f0g ¥� Â�ï¤Ã� üî�Âµª� ý�¤�¢ À÷���üõ C? ø C ý�û�ÌêÂþ¥

.¢�ªüõ ùÀ�õ�÷ ö�ðø¢¢�¡ Àî ×þ C ù�ðö� ,C = C? Âð� .À�ª��
H = (�P T In�k) ù� ðö� ,Àª� � C Àî ý�Â � ¢¤�À ÷� µ¨� ôÂ ê ¤¢ À ó�õ ÅþÂ �� õ G = (Ik P ) Âð�
ø ´¨� C? Àã� ø ñ�Ï ý�¤�¢ H �î ¢�ªüõ �¹�µ÷ ´�ãì�ø ßþ� ¥� °ÜÎõ ßþ� .Àª��üõ C? Àó�õ ÅþÂ��õ
ö��� �� ;´¨� ÂÔ¬ �� Â��Â� H ÂÎ¨ Âû �� aG �ÞÜîÀî Âû üÜ¡�¢ �Â® �î À�îüõ ��¹þ� GHT = 0 �îßþ�

:Ýþ¤�¢ ,ÂÚþ¢

x 2 C , xHT = 0 (1)

.Àþ�Þ÷ ëÀ¬ ö� ¤¢ �ÞÜîÀî Âû Àþ�� �î ý¤�Ï�� Ýþ¤�¢ üÎ¡ �ó¢�ãõ n� k ,1 �Î��¤ ¤¢
ö¥���ü¨¤Â� (�ó¢�ãõ) ×þ ,´¨� ¤�ÂìÂ� x 2 C Âû ý�Â� �î < x; y >= 0 �ó¢�ãõ ù�ðö� ,y 2 C? Âð�
� ó¢� ã õ ,2.1 Ç¿� ¤¢ � µ ê¤ ¤� î� � [6;3] Àî ¢¤� õ ¤¢ .¢�ªüõ ùÀ � õ� ÷ C ö¥�� �ü¨¤Â � ÅþÂ �� õ H ø

.(´Æ�÷ ö¤�Öµõ 4 ø 3 ,2 ý�ûö�Øõ ýø¤ Àî ßþ�) ´¨� ö¥���ü¨¤Â� ��¢�ãõ ¥� üØþ a4 = a2 + a3
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¤�ÀÖõ x 2 Qn Âû ý�Â� ù�ðö� ,Àª�� H ö¥���ü¨¤Â� ÅþÂ��õ �� üÎ¡ Àî ×þ C Âð� .5.3.2 ÓþÂã�
ÓþÂã� �� á��¤�) [n; k] Àî ¥� �(C) üÈª�� á�ãª �î À�þ�Þ÷üõ ùÀû�Èõ .Ý�õ�÷üõ x 4´ê¤Ýû �¤ xHT

�¤�¬�� ö��µ� �¤ Qn�k ¤¢ (ü÷�µ¨) ¤�¢Â� Âû �î ý¤�Ï�� ´¨� � ¼�½¬ ¢Àä ßþÂ�×��î ,(4.3.1
.´ª�÷ H ¥� ö�µ¨ � Â·î�À� á�Þ¹õ

üþ�ÈðÀî¤¢ ´ê¤Ýû .À�ª��üõ 0 ´ê¤Ýû ý�¤�¢ �î À�µÆû ��ÞÜîÀî �ú�� �î Ý����üõ 1 �Î��¤ ¤¢
[6;3] À î ýÂ � ð¤� î� � � � ùÀ þ� ß þ� Ý û �f ± ì .´¨� üØ Þ î ¤�Ã �� ß þÂ �Ý ú õ ¥� üØ þ x ü µ ê� þ¤¢ ¤�¢Â �
.Ý�þ�Þ÷ ¥�Âê� C ý�û�ä�Þ¹õÝû �� �¤ Qn Ý�÷���üõ ,´¨� Qn ¥� üûøÂðÂþ¥ C ö�� .¢�� ùÀª üêÂãõ
À � ª� � ü ÷�ÆØ þ ´ ê¤Ý û ý�¤�¢ � ú ÷� Â ð� � ú � � ø Â ð� À � µÆ û ü ÷�ÆØ þ � ä� Þ¹õÝû ¤¢ y ø x ¤�¢Â � ø¢
,Àª�� �Î¡ ý�Úó� e �î ý¤�Ï�� Àª�� ùÀª ´ê�þ¤¢ x ¤�¢Â� Âð� ,ßþ�Â���� ;(xHT = yHT , x� y 2 C)
ùÀä�ì �� x üþ�ÈðÀî ý�Â� �î Àû¢üõ �¹�µ÷ °ÜÎõ ßþ� .À�µÆû ü÷�ÆØþ ´ê¤Ýû ý�¤�¢ e ø x ù�ðö�
�¤ x Å³¨ ø ¢�Þ÷ ��¿µ÷� Àþ�� x Ûõ�ª �ä�Þ¹õÝû ¤¢ ßþÂµÞî ö¥ø �� �¤ e ¤�¢Â� ,üþ�Þ÷´¨¤¢ ßþÂµÈ��
Ç¿� ¤¢ ,ÛÞä ¤¢ ¤�î ßþ� ô�¹÷� ù�½÷ .Ý�õ�÷üõ 5 �µ¨¢Â¨ �¤ e ¤�¢Â� .¢Âî üþ�ÈðÀî x� e �¤�¬��
�ú�� .´ª�¢ ¢��ø �µØþ �µ¨¢Â¨×þ ,�ä�Þ¹õÝû ´Èû ¥� �� ´Ôû ý�Â� .Àª ¼þÂÈ� [6;3] Àî ý�Â� 2.1

.Ý��î ��¿µ÷� �¤ ßØÞõ �µ¨¢Â¨ �¨ ¥� üØþ Àþ�� �õ (s1; s2; s3) = (1;1;1) ´ê¤Ýû ý�Â�

Fq ýø¤ [n; k] Àî ×þ ý�Â� .Ý����üõ �¤ ýÂ±� ý�û¤�µ¡�¨ üêÂãõ ¤¢ ï¤Ã� ¥��µõ� ß�óø� �¹�þ� ¤¢
üó�±ì Û��ì ¤�Ï �� , Â÷ �î Ý��î ­Âê À�þ��� .À÷¤�¢ ¢��ø ßØÞõ üµê�þ¤¢ ô��� qn ø �ÞÜîÀî qk ¢�Àã�
¤��Æ� qn�k �õ� .¢¤�¢ �¤ ßØÞõ ý�û´ê¤Ýû üõ�Þ� �� ÂÒ��µõ �µ¨¢Â¨ qn�k ßµÆ÷�¢ �� ¥��÷ ùÀ÷Â�ð .´¨���
¤�±¹õ ,x üµê�þ¤¢ �ÞÜî Âû ý�Â� ù�ðö� ,Àª�±÷ ý¤�µ¡�¨ ý�¤�¢ Àî ßþ� Âð� .Àª��üõ qn ¥� Â�×��î

.Ý�þ�Þ÷ ´Æ�ó �¤ ñ�Þµ�� ßþÂµÈ�� �� üµê�þ¤¢ ��ÞÜî �î ¢�� Ý�û��¡

Â·î�À� ö¥ø �� �Î¡ ý�Úó� Âû ù�ðö� ,Àª�� d = 2e+ 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ c Âð� �î ´¨� ¼®�ø
2e Â·î�À� �Ü¬�ê ý�¤�¢ e Â·î�À� ö¥ø �� ¤�¢Â� ø¢ �î �Â� ;´¨� �ä�Þ¹õÝû ×þ ¥� üþ�µØþ �µ¨¢Â¨ ,e
¢��ø ýÂÚþ¢ �µ¨¢Â¨ ù�ðö� ,Àª�� Ûõ�î C Âð� .À�µÆû ü�ø�Ôµõ ý�û�ä�Þ¹õÝû ¤¢ ,ßþ�Â���� ;À�µÆû
e + 1 Â·î�À� ö¥ø ý�¤�¢ �û�µ¨¢Â¨ üõ�Þ� ø Àª�� 2e + 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C Àî Âð� .¢¤�À÷
á�ãª .´¨� ´¨¢ ßþ� ¥� ñ�·õ ×þ 2.1 Ç¿� ¥� [6;3] Àî .¢�ªüõ ùÀ�õ�÷ Ûõ�î�±ª Àî ßþ� ù�ðö� ,À�ª��

.´¨� ÝÞ�Æî�õ ö¥ø �� �ä�Þ¹õÝû ×þ �µ¨¢Â¨ ö¥ø �� Â��Â� üÈª��

C À��î ­Âê .Ýþ¤ø�üõ ([3] â�Âõ .í.¤) ù¢�¨ üÜ�¡ üþ�ÈðÀî À�þ�Âê ×þ ¥� ýÂÚþ¢ ñ�·õ �¹�þ� ¤¢

4 syndrome
5 coset leader
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¼�½Ê� �¤ �Î¡ 3 À÷��µ� C Âð� .Àª�� G = (Ik P ) Àó�õ ÅþÂ��õ �� üþ��ø¢ ö�ðø¢¢�¡ [2k; k] Àî ×þ
Ýµþ¤�Úó� ù�ðö� ,Àª�� ×��î üÜ�¡ ,Àû¢  ¤ üµê�þ¤¢ ¤�¢Â� ×þ ¤¢ �Î¡ 3 ¥� ÂµÈ�� �îßþ� ñ�Þµ�� ø Àþ�Þ÷

.¢�� Àû��¡ À�Ôõ ,Âþ¥ üþ�ÈðÀî

ÅþÂ �� õ ×þ Ã � ÷ G � õ� .Ý þ¤ø�üõ ´¨¢ � � H = (P T Ik) �¤�¬� � �¤ ö¥�� �ü¨¤Â � ÅþÂ �� õ
�¤�¬�� �¤ e .Àª�� üµê�þ¤¢ ¤�¢Â� y = c+ e À��î ­Âê .´¨� ö�ðø¢¢�¡ C �î �Â� ;´¨� ö¥���ü¨¤Â�
Âþ¥ ´ê¤Ýû ø¢ .Â¡� ö�Øõ k �� ÂÒ��µõ e2 ø ´¨� ñø� ö�Øõ k �� ÂÒ��µõ e1 ö� ¤¢ �î Ý�Æþ�÷üõ (e1; e2)

:Ý��îüõ �±¨�½õ �¤

s(1) := yHT = e1P + e2;

s(2) := yGT = e1 + e2P
T :

¥� üØþ ù�ðö� ,À�û¢  ¤ ,e2 = 0 �þ e1 = 0 ü�ãþ ,y üþ�úµ÷� �þ üþ�Àµ�� �Þ�÷ ¤¢ üÚÞû �Î¡ t � 3 Âð�
ù�ðö� ,ÀµÔ�÷ ë�Ô�� ´ó�� ßþ� Âð� .Ýþ¤ø�üõ ´¨¢�� �¤ e ý¤�ê �õ ø ´¨� 3 � ö¥ø ý�¤�¢ �û´ê¤Ýû
ß� õ� i Â � � ç � ¥� Û¬�� y(i) ¤�¢Â � 2k .Àª� � 1 ö¥ø ý�¤�¢ e2 � þ e1 � î À � îüõ ��¹ þ� t � 3­Âê
ý�Â�) s2 ø (i � k ý�Â�) s1 �û¤�¢Â� ßþ� ¥� ×þ Âû ý�Â� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ (1 � i � 2k) y ��Êµ¿õ
�¤ ùÀ÷�õüì�� ý�û�Î¡ Ý�÷���üõ ,Ý����� �¤ 2 � ö¥ø �� ´ê¤Ýû �õ Âð� .Ý��îüõ �±¨�½õ °��Â��� �¤ (i > k

�Ü¬�ê �� Àî ×þ C Âð� ,Ýþ�ù¢�¢ É�¿È� �¤ �Î¡ ¤�ú� ,Ý����� �¤ 3 ö¥ø �� üµêÂÞû �õ Âð� .Ý��î ¼�½Ê�
.Ý��î ¼�½Ê� Ýû �¤ �Î¡ ¤�ú� ý�Úó� ßþ� Ý�÷���üõ ù�ðö� ,Àª�� 10 � �Ü¬�ê ý�¤�¢ C Âð� ø Àª�� 8

,C Àî ¥� �ÞÜîÀî Âû �� ,üã�±Ï Àä��ì ü¡Â� Õ��Îõ ,üê�®� ´�� ×þ ë�½ó� �î ¢�ªüõ ´��� °Üè�
.´¨� ùÀª ù¢�¢ Âþ¥ ÓþÂã� ¤¢ �ú�þ� ßþÂ�é¤�ãµõ .¢�� Àû��¡ À�Ôõ

ÓþÂã� Âþ¥ �¤�¬�� C â�¨�� Àî ù�ðö� ,Àª�� Fq ý�±Ôó� ýø¤ n ñ�Ï �� Àî ×þ C Âð� .6.3.2 ÓþÂã�

:¢�ªüõ

C := f(c1; c2; :::; cn; cn+1) j (c1; :::; cn) 2 C;
n+1X
i=1

ci = 0g:

ÅþÂ��õ ý�¤�¢ C ù�ðö� ,Àª�� H ö¥���ü¨¤Â� ÅþÂ��õ ø G Àó�õ ÅþÂ��õ �� üÎ¡ Àî ×þ C Âð�
,´¨� ùÀõ� ´¨¢�� G �� ö�µ¨ ×þ ö¢�Þ÷�ê�®� �� G ö� ¤¢ �î ´¨� H ö¥���ü¨¤Â� ÅþÂ��õ ø G Àó�õ
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ø ¢¢Âð 0 �� Â��Â� G ý�ûö�µ¨ á�Þ¹õ �î ý¤�Ï��

H :=

0
BBBBBBBB@

1 1 1 � � � 1

0

H 0

...
0

1
CCCCCCCCA
:

�Âþ¥ ;´¨� d+ 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C ù�ðö� ,Àª�� d ¢Âê �Ü¬�ê-ßþÂµÞî �� üþ��ø¢ Àî ×þ C Âð�
.À�µÆû �ø¥ C ý�Â� �û�Ü¬�ê ø �ûö¥ø üõ�Þ�

Ù��Þû ý�ûÀî 3.3

ÛÖµÆõ G ö�µ¨ ø¢ Âû Âð� .Àª�� Fq ýø¤ C ,[n; k] üÎ¡ Àî ×þ ¥� n ¤¢ k Àó�õ ÅþÂ��õ G À��î ­Âê
6ýÂþ�Ê� Àî ×þ C ù�ðö� ,À�ª�� PG(k � 1; q) Ãþ�Þµõ ¯�Ö÷ �� ÂÒ��µõ �ûö�µ¨ ü�ãþ ;À�ª�� üÎ¡
1 ö¥ø �� �Î¡ ¤�¢Â� e ø c 2 C? Âð� .´¨� G ö¥���ü¨¤Â� ÅþÂ��õ ý�¤�¢ C? ö�ðø¢ Àî .¢�ªüõ ùÀ�õ�÷
�¤ G ö�µ¨ �µØþ ¤�Ï�� ¤�ÀÖõ ßþ� ö�� .Àª��üõ G ö�µ¨ ×þ ¥� ü�ÂÌõ (c+ e)GT ´ê¤Ýû ù�ðö� ,Àª��
ù�Ú÷ üµó�� �� ñ�� .À�îüõ ¼�½Ê� �¤ �Î¡ ×þ �î ´¨� ýÀî C? �î ¢�ªüõ �¹�µ÷ ,À�îüõÉ¿Èõ

.(­øÂÔõ k ý�Â�) Àª�� ßþÂµÈ�� n �î Ý��îüõ

�î ´¨� ýÀî Fq ýø¤ [n; n � k] Ù��Þû Àî .n := (qk � 1)=(q � 1) À��î ­Âê .1.3.3 ÓþÂã�
×þ �ûö�µ¨ ü�ãþ ;À�ª� �üõ (Fq ýø¤) üÎ¡ ÛÖµÆõ ø¢ �� ø¢ ö� ö¥�� �ü¨¤Â� ÅþÂ��õ ý�ûö�µ¨

.À�µÆû üÎ¡ ÛÖµÆõ ý�û¤�¢Â� ¥� ñ�Þ�Æî�õ �ä�Þ¹õ

�Ü¬�ê-ßþÂµÞî �î ´¨� üúþÀ� .Ý�µÆ�÷ Û��ì ü�ø�Ô� ¥ ¤� Ýû ý�ûÀî üõ�Þ� ß�� ��®ø�� ,�¹�þ� ¤¢
.´¨� 3 �� Â��Â� Ù��Þû Àî

.À�µÆû üÜõ�î ý�ûÀî ,Ù��Þû ý�ûÀî .2.3.3 ��Ìì

Âð� .n = (qk � 1)=(q � 1) ö� ¤¢ �î ,Àª�� Fq ýø¤ Ù��Þû [n; n� k] Àî ×þ C À��î ­Âê .��±��

:ù�ðö� ,x 2 C

B1(x) = 1+ n(q � 1) = qk:

6 projective code
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�î ,À�µÆû �ÞÜî jcjqk = qn ý�¤�¢ á�Þ¹õ ¤¢ C ��ÞÜîÀî ÃîÂõ �� 1 á�ãª �� Ãþ�Þµõ ý�ð qn�k ,ßþ�Â����

.(6.3.1 üÈª�� ¯Âª ø 5.3.1ÓþÂã� �� á��¤�) ´¨� Ûõ�î C ,ßþ�Â���� ;´¨� ßØÞõ ��ÞÜî üõ�Þ� ßþ�

:´¨� Âþ¥ ÛØª �� ö¥���ü¨¤Â� ÅþÂ��õ ý�¤�¢ [7;4] üþ��ø¢ Ù��Þû Àî .3.3.3 ñ�·õ

H =

0
BB@
0 0 0 1 1 1 1

0 1 1 0 0 1 1

1 0 1 0 1 0 1

1
CCA :

�ÞÜî ×þ ù�ðö� ,ÝþÂ�Ú� ÂÑ÷¤¢ �¤ (H ñø� ö�µ¨ �¨ ñ�·õ ý�Â�) ø¢ ßþ� á�Þ¹õ ø H ¥� ö�µ¨ ø¢ �õ Âð�

;´¨� ¢���õ ((1110000) ñ�·õ ý�Â�) �ûö�µ¨ ßþ� �� ÂÒ��µõ ý�ûö�Øõ ¤¢ üþ�û 1 �� C ¤¢ 3 ö¥ø ��

´Æ�ó ÅþÂ��õ ×þ ý�ûÂÎ¨ ö���ä�� üµìø �î ý¤�Ï�� ´¨� 3 ö¥ø �� �ÞÜî ´Ôû ý�¤�¢ C ,ßþ�Â����

�� .À�µÆû 3.2.4 �ó�Æõ ý�Â� ü���� C ¤¢ �ø¥ ö¥ø �� ��ÞÜî .À�û¢üõ Û�ØÈ� �¤ PG(2;2) ,À÷�ª

.´¨� ö�ðø¢¢�¡ C �µê�þ©ÂµÆð Àî �î Ý����üõ H �� üû�Ú÷

ñ�Þµ�� �� BSC ñ�÷�î ýø¤ �¤ 2m ñ�Ï �� �µê�þ©ÂµÆð Ù��Þû Àî ×þ �õ �î À��î ­Âê .4.3.3 ñ�·õ
np �� Â��Â� üþ�ÈðÀî ¥� Û±ì í�Ü� Âû ¤¢ �û�Î¡ ß�Ú÷��õ .ÝþÂ�üõ ¤�î�� (q := 1� p) p ´�� ý�Î¡

,¢�ªüõ ù¢�¢ É�¿È� �Î¡ ù�ðö� ,Àû¢  ¤ �Î¡ ø¢ Âð� .¢�ªüõ ¼�½Ê� ,Àû¢  ¤ �Î¡ ×þ Âð� .´¨�

��¬� �¤ �û�Î¡ Ý�û��¿� Âð� ,�¤�¬ßþ� Â�è ¤¢ .À÷�õüõ üì�� �Î¡ ø¢ ,ßþ�Â���� ;Ýþ¤�À÷ �Î¡ ¼�½Ê� �õ�

ý�Î¡ ×þ ,�ÞÜîÀî ßþÂ�×þ¢Ã÷ �� �Î¡ 3 Ûì�À� �� üµê�þ¤¢ �ÞÜî Â��ç� �� ´¨� ßØÞõ �ÈðÀî ,Ý��î

:�� ´¨� Â��Â� Â·î�À� ,üþ�ÈðÀî ¥� Å� í�Ü� Âû ¤¢ �û�Î¡ ß�Ú÷��õ ,ßþ�Â���� ;À�î �ÂÎõ �¤ ÂµÈ��

2
�n
2

�
p2qn�2 +

nP
i=3

(i+ 1)
�n
i

�
piqn�i

= 2
�n
2

�
p2fqn�2 +

nP
i=3

(i+1)(ni)
2(n

2
)

pi�2qn�ig

� 2�n
2

�
p2fqn�2 +

nP
i=3

�n�2
i�2

�
pi�2qn�ig

= n(n� 1)p2 < (np)2:

ß�Þ¿� ßþ� .Àª��üõ �Ñ��õ Û��ì ´êÂÈ�� ×þ ¢¤ø�´¨¢ ßþ� ù�ðö� ,Àª�� ×��î üê�î ù¥�À÷��� p Âð�

.¢Â� Ý�û��¡ ¤�î�� 4.4Ç¿� ¤¢ �¤ �Î¡
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´þÂ·î� ÕÎ�õ �� üþ�ÈðÀî 3.4

,¢ø ¤üõ ¤�î�� üÎ¡ ý�ûÀî ¥� ý¤��Æ� ¤¢ �î �¤ üþ�ÈðÀî ©ø¤ ×þ ü��ÂÏ �¬�¡ ¤�Ï�� ,Ç¿� ßþ� ¤¢
ßþ� ý�¤�¢ ø ù¢�� ù¢�¨ ©ø¤ ßþ� .Àª Àû��¡ ö��� Àã� ý�ûÛÊê ¤¢ ¶½� ßþ� â�¨�� .¢�Þ÷ Ý�û��¡ Ý�¨Â�
¼�½Ê� ,¢ø¤üõ ö� ¼�½Ê� ¤�Ñµ÷� �î �»÷� �� ´±Æ÷ ýÂµÈ�� ý�û�Î¡ ,���� ü¡Â� ¤¢ �î ´¨� ´þÃõ

.¢¢Âðüõ

�� ´±Æ÷ Àõ�ãµõ ,(1 � v � r) ,< x; y(v) >= 0 ö¥���ü¨¤Â� ��¢�ãõ ù�Úµ¨¢ ×þ .1.3.4 ÓþÂã�

:Âð� ,¢�ªüõ ùÀ�õ�÷ (y(v) 2 C? ;C Àî ý�Â�) i ö�Øõ

.(1 � v � r) ,y(v)i = 1 (1

.y(v)j 6= 0 Ý�ª�� �µª�¢ v ¤�ÀÖõ ×þ Â·î�À� ý�Â� ù�ðö� ,j 6= i Âð� (2

:ßþ�Â���� ;t � 1

2
r ø ´¨�Î¡ t Ûõ�ª �î Àª�� üµê�þ¤¢ �ÞÜî ×þ x À��î ­Âê ñ��

.Àª�� ´¨¤¢ xi Âð� ,v ¤�ÀÖõ t �
.Àª�� ´¨¤¢�÷ xi Âð� ,v ¤�ÀÖõ r � (t� 1) �

)
ý�Â� < x; y(v) > 6= 0

� õ ý�Â � ,Â Ô ¬� ÷ ° � �Â �� � ,Â Ô ¬ ü � ã þ ,< x; y(v) > Â þ¢� Ö õ ´ þÂ · î� ,r � (t � 1) > t ö� �
�¤ �Î¡ ßþ� Ý�÷���üõ �f ±ì�ãµõ ,üþ��ø¢ Àî ´ó�� ¤¢ .¼�½¬�÷ �þ ´¨� ¼�½¬ xi �þ� �î À�îüõ ß��ã�
Ý�÷���üõ ù�ðö� ,Ý�ª�� �µª�¢ i Âû ý�Â� �¤ ýÀõ�ãµõ ü¨¤Â� ý�û�ä�Þ¹õ ß��� �õ Âð� .Ý��î ¼�½Ê�

.Ý��î ¼�½Ê� üØþ üØþ �¤ �ø�Ôµõ ý�ûö�Øõ
��¢� ã õ .(3.3.3 ñ� · õ � � á��¤�) Ý þÂ � ðüõ ÂÑ ÷¤¢ �¤ [7;4] Ù��Þû Àî ö� ðø¢ ,ñ� · õ ö�� �ä� �

:ö¥���ü¨¤Â�
x1 + x2 + x3 = 0;

x1 + x4 + x5 = 0;

x1 + x6 + x7 = 0;

�ó¢�ãõ �¨ ßþ� Àª�� ´¨¤¢�÷ x1 Âð� ù�ðö� ,Àª�� �Î¡ ×þ Ûõ�ª x Âð� .À�µÆû Àõ�ãµõ 1 ö�Øõ �� ´±Æ÷
Â��Â� ¸þ�µ÷ ¥� �� ø¢ Âð� .¢�� À�û��¡ 1 üØþ ø 0 ��ø¢ Àª�� ´¨¤¢ x1 Âð� ø 1 ,1 ,1 Âþ¢�Öõ ý�¤�¢ °��Â� ��

.(´¨�Î¡ ø¢ ùÀ�û¢ É�¿È� Àî ßþ�) ´¨� ùÀª ¢�¹þ� �Î¡ ×þ ¥� ÂµÈ�� �î Ý����üõ ,Àª�� 1 ��
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�¤� ¬� � �¤ Û ± Þ ¨ ø¢ ø À þÂ � Ú � Â Ñ ÷¤¢ �¤ G := (I J � I) À ó� õ Å þÂ �� õ � � [6;3;3] À î
ö¥���ü¨¤Â� ÅþÂ��õ �õ� ,d = 3 Ýþ¤�¢ ¥��û �î Àþ�Þ÷ ü¨¤Â� Àþ�� ùÀ�÷��¡ .À�þ�Þ÷ ë�½ó� a7 = a8 = a1

,Àû¢  ¤ �Î¡ ø¢ Âð� üµ� ,ßþ�Â���� .À�ª��üõ Àõ�ãµõ 1 ö�Øõ �� ´±Æ÷ �î ´¨� ÂÎ¨ ¤�ú� ý�¤�¢ ÀþÀ�
.Àª��üõ ¼�½¬ üþ�ÈðÀî ¥� Å� 1 ö�Øõ

ö¥ø ý�ûùÀ÷¤�Þª 3.5

ø Àª�� �Î¡ ¢�Àã� �� Ûõ�ª À÷���üõ üµê�þ¤¢ �ÞÜî ×þ �î Àþ�ðüõ �õ �� üÎ¡ Àî ×þ �Ü¬�ê-ßþÂµÞî
ÂÑ÷�� ô¥� Àî �Ü¬�ê ù¤��¤¢ ÂµÈ�� üþÃ� ��ä�Ï� ßµª�¢ °Üè� .¢¢Âð üþ�ÈðÀî ¼�½¬ ¤�Ï�� ¥��û

.Ý��îüõ üêÂãõ �¤ Àî 7ü÷¥ø ùÀ÷¤�Þª �� éøÂãõ üõ�úÔõ �õ ,éÀû ßþ� ý�Â� .À¨¤üõ

:�¤�¬ßþ� ¤¢ ;i ö¥ø �� ��ÞÜîÀî ¢�Àã� Ai ø Àª�� n ñ�Ï �� üÎ¡ Àî ×þ C À��î ­Âê .1.3.5 ÓþÂã�

A(z) :=
nX
i=0

Aiz
i

.¢�ªüõ ùÀ�õ�÷ C ü÷¥ø âþ¥�� (Ai)
n
i=0 �ó�±÷¢ .¢�ªüõ ùÀ�õ�÷ C ü÷¥ø ùÀ÷¤�Þª

Àî ×þ ý�Â� .Àª��üõ Ai �� Â��Â� c ¥� i �Ü¬�ê �� ��ÞÜîÀî ¢�Àã� ù�ðö� ,c 2 C ø Àª�� üÎ¡ C Âð�

��ÞÜîÀî ô�Þ� ý�Â�) Àª�� ´�¬�¡ ßþ� ý�¤�¢ �î ýÀî .´Æ�÷ ´¨¤¢ üÜî ´ó��¤¢ °ÜÎõ ßþ� ,üÎ¡Â�è

.(À���±� Ã�÷ �¤ 2.5.3ÓþÂã�) ¢�ªüõ ùÀ�õ�÷ 8�Ü¬�ê �þ�� ,(�ûi üõ�Þ� ý�Â� ø

¥� ö�µ¨ i� 1 .Ý��îüõ �±¨�½õ �¤ n ñ�Ï �� Ù��Þû üþ��ø¢ Àî ü÷¥ø ùÀ÷¤�Þª ñ�·õ ×þ ö���ä��
:¢¤�¢ ¢��ø ñ�Þµ�� �¨ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Àî ßþ� ö¥���ü¨¤Â� ÅþÂ��õ

.Àª�� ÂÔ¬ Â��Â� �ûö�µ¨ ßþ� á�Þ¹õ (1

.Àª�� ùÀª ��¿µ÷� ý�ûö�µ¨ ¥� üØþ �� Â��Â� �ûö�µ¨ ßþ� á�Þ¹õ (2

.Àª�� ùÀ÷�õüì�� ý�ûö�µ¨ ¥� üØþ �� Â��Â� �ûö�µ¨ ßþ� á�Þ¹õ (3

(2) ö�Øõ� ,Àû¢üõ  ¤ ¤� � Ai�1 (1) ö�Øõ� .Ý��î ��¿µ÷� ÕþÂÏ
� n
i�1
� �� �¤ ö�µ¨ i � 1 Ý�÷�� �üõ

:ßþ�Â���� ;Àû¢üõ  ¤ ¤�� iAi (3) ö�Øõ� ø ¤�� (n� (i� 2))Ai�2

iAi =

 
n

i� 1

!
�Ai�1 � (n� i+ 2)Ai�2;

7 weight enumerator
8 distance invariant
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âÞ� i ýø¤ ø ù¢Âî �Â® zi�1 ¤¢ �¤ éÂÏø¢ �õ Âð� .´¨� ´¨¤¢ üúþÀ� ¤�Ï�� ,i > n + 1 Âð� �î
:Ýþ¤�¢ ù�ðö� ,ÝþÀ�±�

A0(z) = (1+ z)n �A(z) � nzA(z) + z2A0(z):

:ý�µØþ ���� ý�¤�¢ Û�Æ÷�ÂÔþ¢ �ó¢�ãõ ßþ� ,A(0) = 1 ö��

A(z) =
1

n+ 1
(1+ z)n +

n

n+ 1
(1+ z)(n�1)=2(1� z)(n+1)=2: (2)

ùÀª ���¤� (1963) 9Ãõ��Üþø×õ Í¨�� �î ý¤�ÁðÀî �þÂÑ÷ ¤¢ ü¨�¨� ¤��Æ� ¸þ�µ÷ ¥� üØþ .Àª��üõ
.À�îüõ ö��� �¤ö� ö�ðø¢ ø Àî ×þ ü÷¥ø ùÀ÷¤�Þª ß�� �Î��¤ �î ´¨� ý���Ìì ,´¨�

ü÷¥ø ùÀ÷¤�Þª B(z) ø Àª�� A(z) ü÷¥ø ùÀ÷¤�Þª �� Fq ýø¤ [n; k] Àî ×þ C À��î ­Âê .2.3.5 ��Ìì
:�¤�¬ßþ� ¤¢ ;Àª�� C?

B(z) = q�k(1+ (q � 1)z)nA( 1� z

1+ (q � 1)z ):

ÓþÂã � .R = Fnq À� � î ­Âê ñ�Þã õ ¤�Ï� � .Àª� � (Fq ;+) üúþÀ �� ÷ ´ªÂ¨ � À� � î ­Âê .��±��

:Ý��îüõ

g(u) :=
X
v2R

�(< u;v >)zw(v):

:Ýþ¤�¢ �¤�¬ßþ� ¤¢

X
u2C

g(u) =
X
u2C

X
v2R

�(< u;v >)zw(v) =
X
v2C

zw(v)
X
u2R

�(< u;v >):

< u;v > üÜ¡�¢ á�Þ¹õ ¤¢ ù�Ú÷� v 62 C? Âð� .´¨� jcj �� Â��Â� üÜ¡�¢ á�Þ¹õ v 2 C? Âð� ,�¹�þ�¤¢
:ßþ�Â���� ;´¨� 0 �� Â��Â� üÜ¡�¢ á�Þ¹õ ü�ãþ ;¢Â�ðüõ ü÷�ÆØþ ��ãê¢ ¢�Àã� �� �¤ Fq ¤¢ ¤�ÀÖõ Âû

X
u2C

g(u) = jcj � B(z): (3)

9 F.J.MacWilliams
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;À�û¢ ©ÂµÆð ,�¤�¬ßþ� Â�è ¤¢ w(v) = 1 ø v = 0 Âð� w(v) = 0 ö¢�¢ ¤�Âì �� ,Fq �� �¤ ö¥ø â��� ßþ�

:Ýþ¤�¢ g(u) ÓþÂã� ¥� ,v = (v1; v2; � � � ; vn) ø u = (u1; u2; � � � ; un) ßµª�÷ �� ,�¤�¬ßþ� ¤¢

g(u) =
P

(v1;v2;���;vn)2R
zw(v1)+���+w(vn)�(u1v1 + � � �+ unvn)

=
P

(v1;v2;���;vn)2R
zw(v1)�(u1v1)z

w(v2)�(u2v2) � � � zw(vn)�(unvn)

=
Qn
i=1

P
v2Fq

zw(v)�(uiv)

ßþ� ù�Ú÷� ,ui 62 0 Âð� ø ´¨� 1+ (q � 1)z �� Â��Â� üÜ¡�¢ á�Þ¹õ ù�ðö� ,ui = 0 Âð� ,Â¡� �¤�±ä ¤¢

:�� Â��Â� á�Þ¹õ

1+ z
X

�2Fqnf0g
�(�) = 1� z;

:ßþ�Â���� ;´¨�

g(u) = (1� z)w(u)(1+ (q � 1)z)n�w(u): (4)

� .¢�ªüõ Ûõ�î 3 ¤¢ 4 �Î��¤ ü��È÷�� �� ��Ìì ��±�� jcj = qk ö�� ñ��

.Ý�û¢üõ á��¤� 7.2 Ç¿� �� üÜî Ý�Þã� ×þ ý�Â�
:¢�ªüõ ù¢�¢Âþ¥ �¤�¬�� ßÚÞû ôÂê ¤¢ C Àî ü÷¥ø ùÀ÷¤�Þª ,��ìø� ü¡Â�

HamC(x; y) :=
X
c2C

xn�w(c)yw(c):

:¢�ªüõ ö��� Âþ¥ �¤�¬�� C? ö� ö�ðø¢ ø C üþ��ø¢ ×þ ý�Â� Ãõ��Üþø×õ �Î��¤ ,ý¤�Áð¢�Þ÷ ßþ� ��

HamC?(x; y) =
1

jcjHamC(x+ y; x� y):

.¢�ªüõ �¹�µ÷ 2.3.5 ��Ìì ¥� �fÞ�ÖµÆõ �Î��¤ ßþ�

üó ×þÂµõ 3.6

üÏ�Ö÷ ¥� ý��ä�Þ¹õ ö���ä�� �¤ éøÂ� ö���üõ ,�µê¤ ¤�î�� ÛÞä ¤¢ �î ��Â��¿õ ��ä�®�õ ¥� ý¤��Æ� ¤¢
´Ôû Ûõ�ª á�÷ ßþ� ¥� üþ�±Ôó� ,ñ�·õ ö���ä�� .¢�Þ÷ ñÀõ ,À÷�ùÀª âì�ø ùÂþ�¢ ×þ ýø¤ Â� ÝÑ�õ¤�Ï�� �î
¤¢ .Ý�û¢üõ ö�È÷ Z7 Â¬��ä �� (À�µÆû âì�ø ùÂþ�¢ Â� ¥��û �î) �¤ �ûÛ±Þ¨ ßþ� �õ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Û±Þ¨
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ñ�Þµ�� .À÷¢Âð ö�ÆØþ ñ�Þµ�� ý�¤�¢ �û�Î¡ üõ�Þ� �� ¢¢ÂðüÞ÷ ¶ä�� À�Ô¨ ü¨�ð Ãþ�÷ Â���� ,ñ�÷�î ßþ�
¤¢ .´¨� ¢�þ¥ ¤��Æ� ¢¢Âð ´ê�þ¤¢ ,´¨� ×þ¢Ã÷ ö� �� �î üÜ±Þ¨ �¤�¬�� �µê� þ ñ�Öµ÷� Û±Þ¨ �îö�
�þ 3 ´ê�þ¤¢ ñ�Þµ�� ,Àû¢  ¤ �Î¡ ×þ ø ¢�ª ù¢�µ¨Âê 4 ×þ Âð� �î ´¨��ãõ ö�À� ßþ� üÞÜä ����Î¬�

.ñ���õ ß�Þû �� ø ´¨� ÂµÈ�� 6 �þ 2 �� ´±Æ÷ 5
.´Æ�÷ �û�Î¡ ýÂ�ðù¥�À÷� ý�Â� üã�±Ï ×þÂµõ ×þ Ù��Þû �Ü¬�ê �ûñ�÷�î ßþ� ý�Â� ,ßþ�Â��� �

.¢�Þ÷ ù¢�Ôµ¨� üó �� éøÂãõ �Ü¬�ê ø ö¥ø ¥� ö���üõ ,âì�ø ¤¢

Âþ¥ �¤�¬�� (0 � i < m) i ¼�½¬ ¢Àä üó ö¥ø .ÀþÂ�Ú� ÂÑ÷¤¢ �±Ôó� ö���ä�� �¤ Zm .1.3.6 ÓþÂã�

:´¨� ùÀª ÓþÂã�

wL(i) := minfi;m� ig:

:�¤�¬�� Znm ýø¤ üó ×þÂµõ

wL(a) :=
nX
i=1

wL(ai);

:�Î��¤ Í¨�� �¤ üó �Ü¬�ê .´¨� ùÀª �±¨�½õ N0 ¤¢ á�Þ¹õ ßþ� ö� ¤¢ �î ,¢�ªüõ ÓþÂã�

dL(x; y) := wL(x� y);

.´Æ�÷ ÛØÈõ ´¨� �Ü¬�ê â��� ×þ âì�ø ¤¢ üó �Ü¬�ê �îßþ� öÀþ¢ .Ý��îüõ ÓþÂã�

��� þÃ� � � �¤ °ÜÎõ ßþ� ñ�� .¢� � Ý�û��¡ Z4 ý�±Ô ó� � � À�õ�ì�ä«�¡ ¤�Ï�� ,Àã � ÛÊê ¤¢
1 �� Â��Â� 3 üó ö¥ø �õ� ,´¨� 2 ø 1 ,0 �� Â��Â� °��Â��� 2 ø 1 ,0 üó ý�ûö¥ø ,Z4 ¤¢ .Ýþ¤ø�üõ ÂµÈ��

.Àª��üõ
ö¤�Öµõ ü÷¥ø ùÀ÷¤�Þª ,Ý��îüõ ÓþÂã� ü÷¥ø ùÀ÷¤�Þª ø¢ ,(À���±� �¤ 1.8.1) C � Zn

4
Àî ×þ ý�Â�

. 11üó ö¥ø ùÀ÷¤�Þª ø 10ùÀª

:�¤�¬�� C � Zn
4
Àî ùÀª ö¤�Öµõ ü÷¥ø ùÀ÷¤�Þª .2.3.6 ÓþÂã�

sweC(w; x; y) :=
X
c2C

wn0(c)xn1(c)+n3(c)yn2(c);

.À�µÆû i �� Â��Â� �î ´¨� c ¥� üþ�û�Ôó�õ ¢�Àã� ùÀ�û¢Çþ�Þ÷ ni(c) ö� ¤¢ �î ´¨� ùÀª ù¢�¢

10symmetrized weight enumerator
11Lee weight enumerator
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:�Î��¤ Í¨�� C � Zn
4
Àî ×þ üó ö¥ø ùÀ÷¤�Þª .3.3.6 ÓþÂã�

LeeC(x; y) :=
X
c2C

x2n�wL(c)ywL(c);

.¢�ªüõ ù¢�¢

:�î À��î ´ì¢

LeeC(x; y) = sweC(x
2; xy; y2): (5)

�Î��¤ ¥� Ý�Þã� ×þ ¶ä�� À÷���üõ 2.3.5 ��Ìì ��±�� ýø¤ Â� ×��î Â��ç� ×þ �þ� �î Ý���±� À�þ���
ñ�� ;ÝþÂ�ðüõ ÂÑ÷¤¢ (Z4;+) ýø¤ üµªÂ¨ �¤�¬�� �¤ � â��� ?¢¢Âð Z4 ýø¤ ý�ûÀî �� Ãõ��Üþø×õ

.C ¤¢ i2 = �1 �î �(a) := ia Ý��îüõ ÓþÂã�
:Ý��îüõ ÓþÂã� ø �µêÂð ÂÑ÷¤¢ �¤ R := Zn

4
ýø¤ ùÀª ÓþÂã� f â���

g(u) :=
X
v2R

�(< u;v >)f(v):

:Ýþ¤�¢ 3 À�÷�Þû üú��Èõ ©ø¤ ��
X
u2C

g(u) = jcj
X
v2C?

f(v): (6)

:Ý��îüõ ­Âê ,��±�� ýÀã� ´ÞÆì ¤¢

f(v) := wn0(v)xn1(v)+n3(v)yn2(v):

:Ýþ¤�¢ ,2.3.5 ��±�� �� ���Èõ �fÖ�ì¢ ü��±�� �� ,�õ�¢� ¤¢

g(u) =
nY
i=1

X
v2Z4

�(uiv)w
n0(v)xn1(v)+n3(v)yn2(v):

�¨ ßþ� ¤¢ .Ýþ�ª Û��ì Ãþ�Þ� ui = 2 ø ui = 1 � þ 3,ui = 0 ß�� Àþ�� ,üÜ¡�¢ á�Þ¹õ �±¨�½õ ý�Â�
:ßþ�Â���� ;Ýþ¤�¢ �¤ (w � 2x+ y) ø (w � y) ,(w + 2x+ y) Âþ¢�Öõ °��Â� �� ,´ó��

g(u) = (w + 2x+ y)n0(u)(w � y)n1(u)+n3(u)(w � 2x+ y)n2(u): (7)

:Ýþ¤�¢ 6 ¤¢ 7 ü��È÷�� ��

swec?(w; x; y) =
1

jcjsweC(w + 2x+ y;w � y;w � 2x+ y): (8)

:Ýþ¤�¢ Âþ¥ �¤�¬�� �¤ 2.3.5 ��Ìì Ý�Þã�
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:ù�ðö� ,Àª�� C? ö�ðø¢ �� üþ��¤�ú� Àî ×þ C Âð� .4.3.6 ��Ìì

Leec?(x; y) =
1

jcjLeeC(x+ y; x� y):

.ÀþÂ�Ú� ¤�î�� �¤ 8 �� 5 Í��ø ¤ .��±��

�û¢�ú�È�� 3.7

Â���� ´½� 1950 ñ�¨ ¤¢ 13Ù��Þû ø 12ö��³Ü¨� ¥� ü���Öõ Í¨�� ¢�þ¥ ¤�Ï�� üÎ¡ ý�ûÀî á�®�õ
�ã��Âõ [47] 14üÆc õd ��µî �� À÷���üõ ,´þÂ·î� ÕÎ�õ �� üþ�ÈðÀî �� À�õ�ì�ä ùÀ�÷��¡ .´êÂð ¤�Âì
¤¢ Â�ð�Âê ¶½� ×þ .¢¤�¢ ¢��ø ,üÎ¡Â�è ý�ûÀî ý�Â� üµ� ,Ãõ��Üþø×õ ��Ìì ¥� â�¨�� ßþÀ�� .Àþ�Þ÷
â�Âõ ¥� 2 ÛÊê �� ö���üõ 2 �Î��¤ ¥� ý¢Â�¤�î ö���ä�� .´ê�þ [46] â�Âõ 5 ÛÊê ¤¢ ö���üõ �¤ ù¤��ßþ�

.¢�Þ÷ á��¤ [42]

Û��Æõ 3.8

�þ n = 7 À�û¢ ö�È÷ .Àª�� 7 �Ü¬�ê-ßþÂµÞî ø n ñ�Ï �� Ûõ�î üþ��ø¢ Àî ×þ C À��î ­Âê .1.3.8
.n = 23

ö�È÷ .´¨� ö¤�Öµõ ö�Øõ k ¥� �ä�Þ¹õ Âû ýø¤ �î Àª�� Fq ýø¤ [n; k] Àî ×þ C À��î ­Âê .2.3.8
.´¨� d = n� k + 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C À�û¢

.À��î Ó�¬�� �¤ C?nC .C � C? �î ý¤�Ï�� ´¨� üþ��ø¢ [2k+1; k] Àî ×þ C À��î ­Âê .3.3.8

12D. E. Slepian
13R. W. Hamming
14J. L. Massey
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�� C � R �ä�Þ¹õ ´¨� ßØÞõ �þ� .À��î ß��ã� �¤ jB1(x) j .x 2 R ø R = F6
2
À��î ­Âê .4.3.8

3 �� Â��Â� Ûì�À� d(x; y) �Ü¬�ê ,x 6= y ,y 2 C ø x 2 C üõ�Þ� ý�Â� �î ý¤�Ï�� ¢�Þ÷ ´ê�þ jcj = 9

?Àª��

,Àª�±÷ 0 ö�µ¨ Ûõ�ª G Âð� .Àª�� G Àó�õ ÅþÂ��õ �� Fq ýø¤ [n; k] Àî ×þ C À��î ­Âê .5.3.8

.À�þ�Þ÷ ��±�� �¤ °ÜÎõ ßþ� .´¨� n(q � 1)qk�1 �� Â��Â� C ��ÞÜîÀî ö¥ø á�Þ¹õ ù�ðö�

�� ��ÞÜî ù�ðö� ,Àª�� ¢Âê ñ�Ï �� �ÞÜî Ûõ�ª C Âð� .Àª�� üþ��ø¢ [n; k] Àî ×þ C À��î ­Âê .6.3.8
.À�þ�Þ÷ ��±�� �¤ °ÜÎõ ßþ� .À�û¢üõ [n; k � 1] Àî ×þ Û�ØÈ� C ¤¢ �ø¥ ñ�Ï

:Àª�� Âþ¥ Àó�õ ÅþÂ��õ �� üþ��ø¢ Àî ×þ C À��î ­Âê .7.3.8
0
BBBBB@
1 0 0 0 1 0 1

0 1 0 0 1 0 1

0 0 1 0 0 1 1

0 0 0 1 0 1 1

1
CCCCCA :

:À�þ�Þ÷ üþ�ÈðÀî �¤ Âþ¥ üµê�þ¤¢ ��ÞÜî
(1 1 0 1 0 1 1) . Óó�
(0 1 1 0 1 1 1) .�
(0 1 1 1 0 0 0) .�

?¢¤�¢ ¢��ø Fp ýø¤ ö�ðø¢¢�¡ [8;4] Àî �þ� .Àª�� ñø� ¢Àä ×þ p À��î ­Âê .8.3.8

�¤ limk!1Rk .Àª�� 1.3.3 Í¨�� ùÀª ÓþÂã� Ù��Þû Àî  Â÷ Rk À��î ­Âê q = 2 ý�Â� .9.3.8
.À�����

ùÀ÷¤�Þª ?´Æ�� C ü÷¥ø ùÀ÷¤�Þª .Àª�� A(z) ö¥ø ùÀ÷¤�Þª �� üþ��ø¢ Àî ×þ C À��î ­Âê .10.3.8
?´Æ�� 2k ñ�Ï �� �µê�þ©ÂµÆð üþ��ø¢ Ù��Þû Àî ö�ðø¢ ü÷¥ø

üþ��ø¢ ñ�÷�î ýø¤ �¤ C �õ .Àª�� A(z) ö¥ø ùÀ÷¤�Þª �� [n; k] üþ��ø¢ Àî ×þ C À��î ­Âê .11.3.8
�ÞÜî ×þ �îßþ� ñ�Þµ�� .´¨�Î¡É�¿È� �ú�� �õ éÀû .ÝþÂ�üõ ¤�î�� p ý�Î¡ ñ�Þµ�� �� ö¤�Öµõ

?´¨� ö�Ã�õ �� ¢�È÷ ù¢�¢ É�¿È� �Î¡ ø ¢�ª ´ê�þ¤¢ ´¨¤¢�÷
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n1n2 Àã� �� R ýø¤ ý¤�¢Â� ý�Ìê ×þ Û�ØÈ� ��®ø�� F2 ýø¤ n1 ¤¢ n2 ý�ûÅþÂ��õ .12.3.8
C À��î ­Âê .Àª�� (i = 1;2) di �Ü¬�ê-ßþÂµÞî �� [ni; ki] üþ��ø¢ Àî ×þ Ci À��î ­Âê .À�û¢üõ

¤¢ �ÞÜîÀî ×þ ,ÂÎ¨ Âû °��Â��� ,ö�µ¨ Âû �î ý¤�Ï�� Àª�� �ûÅþÂ��õ ö� Ûõ�ª R ¥� ý��ä�Þ¹õÂþ¥

Àî ßþ� .´¨� d1d2 �Ü¬�ê-ßþÂµÞî �� Àî [n1n2; k1k2] ×þ C À�û¢ ö�È÷ .´¨� ,C2 ¤¢ °��Â��� ,C1
.¢�ªüõ ùÀ�õ�÷ C2 ø C1 Ý�ÖµÆõ �Â®Û¬��

:Àª�� Âþ¥ �¤�¬�� Àó�õ ÅþÂ��õ �� [10;5] üþ��ø¢ Àî ×þ C À��î ­Âê .13.3.8

G =

0
BBBBBBB@

1 0 0 0 0 0 0 0 1 1

0 1 0 0 0 0 1 1 0 0

0 0 1 0 0 1 0 1 0 0

0 0 0 1 0 1 1 0 0 0

0 0 0 0 1 1 1 1 0 0

1
CCCCCCCA
:

c ý�µØþ �ÞÜîÀî ×þ x üµê�þ¤¢ �ÞÜî Âû ý�Â� :´¨� Âþ¥ ý��ãõ �� ÂþÁ��ÈðÀî �µØþ ¤�Ï�� C À�û¢ ö�È÷

.´¨� ßþÂµÞî d(x; c) �î ý¤�Ï�� ¢¤�¢ ¢��ø

ñ�Ï .À��î ÓþÂã� Âþ¥ �¤�¬�� �¤ d �Ü¬�ê �� ü¨�õ�ì °��Â� �� üþ��ø¢ ý�ûÀî ßþÂ�×��î .14.3.8

áøÂª ,d ö¥ø � � c1 = (1; � � � ;1;0; � � � ;0) ø c0 = 0 ��ÞÜîÀî � � .´Æ� ÷ É¿Èõ �Àµ �� ¤¢ �ÞÜî

ü¨�õ�ì °��Â� ¤¢ �î À��î ��¿µ÷� ý¤�Ï �¤ cl ù�ðö� ,À�ª�� ùÀª ��¿µ÷� cl�1, � � � ,c1 ,c0 Âð� .À�þ�Þ÷
l ¥� Å� .(0 � i � l � 1) ,d(ci; cl) � d (´¨� ßØÞõ �î �¹÷��� ²� ´Þ¨ ¤¢ �û1 ��) ø Àþ� �Àµ�� ¤¢

.¢�ªüõ ÓþÂã� ,´¨� ù¢�¢  ¤ 1 ý�ûÉµ¿õ �î üµÞÆì ñ�Ï �¤�¬�� Àî ñ�Ï ,�±�Âõ

!´¨� üÎ¡ ,ü¨�õ�ì °��Â� �� Àî ßþÂ�×��î ,À÷Àª ��¿µ÷� ¤�¢Â� 2k �îö� ¥� Å� À�û¢ ö�È÷ .Óó�

°ÜÎõ ßþ� .À�û¢üõ  ¤ ,ü¨�õ�ì °��Â� �� ý�ûÀî ßþÂ�×��î ö��õ¤¢ Ù��Þû ý�ûÀî ,d = 3 ý�Â� .�

.À�þ�Þ÷ ��±�� �¤

.¢¤�À÷ ¢��ø ýÀî [15;8;5] º�û �î À�û¢ ö�È÷ .15.3.8

À�ó�� ÀîÂþ¥ ø ´¨� 5 ö¥ø �� ÂÎ¨ ×þ �� Àó�õ ÅþÂ��õ ×þ ý�¤�¢ ýÀî ß��� �î À�û¢ ö�È÷ :üþ�Þ�û�¤

.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �ûÂÎ¨ Âþ�¨ Í¨�� ùÀª
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��¡ ý�ûÀî ü¡Â�

�ûÝ�Þã� ø ¢¤�õ�¢�û ý�ûÀî 4.1

�� �¤ �1 ,�Hn ø Hn ¤¢ .Àª�� (À���±� �¤ 5.1.3 ÓþÂã�) n �±�Âõ ¢¤�õ�¢�û ÅþÂ��õ ×þ Hn À��î ­Âê
¤¢ ÂÎ¨ ø¢ Âû �î �¹÷� ¥� .À�µÆû Fn

2
¤¢ ü��ÞÜî �î Ýþ¤�¢ ÂÎ¨ 2n ,©ø¤ ßþ� ¤¢ .Ý��îüõ ßþÃðý�� 0

ßþ� ,n = 8 ý�Â� .Ýþ��µ¡�¨ (n;2n; 1
2
n) Àî ×þ ,À�µÆû �ø�Ôµõ �ûö�Øõ ¥� üÞ�÷ ¤¢ ¢¤�õ�¢�û ÅþÂ��õ

¤¢ �î 1969 Â�þ¤�õ ¤¢ �î ´¨� ö�Þû Àî ßþ� n = 32 ý�Â� .´¨� �µê�þ©ÂµÆð Ù��Þû Àî ×þ Àî
.À÷�ªüõ ùÀ�õ�÷ ¢¤�õ�¢�û ý�ûÀî ,�ûÀî ßþ� ,üÜî ¤�Ï�� .´ê¤ ¤�î�� ,Àª ö��� 2.1 Ç¿�

.À�îüõ áøÂª (À���±� �¤ 8.1.3 ��Ìì) n �±�Âõ ¥� S üó�� ÅþÂ��õ �� ,���Èõ ý¤�µ¡�¨ ©ø¤ ×þ
8.1.3 ��Ìì ¥� .Ý þ¥�¨üõ �¤ 1

2
(�S + I + J) ø 1

2
(S + I + J) ý�ûÂÎ¨ ,1 ,0 ��ÞÜîÀî � � C Àî

ø n � 1 mod 4 Âð� d = 1

2
(n� 1) ö� ¤¢ �î ´¨� Àî (n;2(n+ 1); d) Àî ×þ C �î ¢�ªüõ �¹�µ÷
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:´¨� Âþ¥ ÅþÂ��õ ý�ûÂÎ¨ Ûõ�ª Àî ßþ� ,n = 9´ó�� ¤¢ .n � 3 mod 4 Âð� d = 1

2
(n� 3)

0
BBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

J P2 P

P J P2

P2 P J

I J � P2 J � P

J � P I J � P2

J � P2 J � P I

1 1 1 1 1 1 1 1 1

1
CCCCCCCCCCCCCCCCA

; (1)

ø À�µÆû 3 ¤¢ 3 ,J ø I ö� ¤¢ �î

P =

0
BB@
0 1 0

0 0 1

1 0 0

1
CCA :

üÜcðe üþ��ø¢ Àî 4.2

.Àª� �üõ G23 1üÜð Àî � � éøÂã õ ü þ� �ø¢ Àî ,(ü þ� �ø¢) ý�ûÀî üõ�Þ � ö� � õ ¤¢ Àî ß þÂ �¤�úÈõ
«��¡ ¥� ù���î ý�û��±�� �� ø �±þ¥ �f õ�î �ú÷� ¥� ü¡Â� �î ¢¤�¢ ¢��ø Àî ßþ� ¥� ý¢�þ¥ ¤��Æ� ý�û¤�µ¡�¨
ßþ� ¥� üÞî ¢�Àã� ø ´¨�µØþ ,�µê�þ©ÂµÆð üþ��ø¢ üÜð Àî ,G24 �î ¢�Þ÷ Ý�û��¡ ��±�� .Àª��üõ Àî ßþ�
,�µê�þ©ÂµÆð Àî üµ¿þ¤¢�¡ ùøÂð �î ÝþÂ�ðüõ �¹�µ÷ ¢�ªüõ ��±�� �»÷� ¥� .Ý��îüõ ¤øÂõ �¤ �û¤�µ¡�¨

.´¨�µØþ Ã�÷ G23 Àî ,ßþ�Â���� ;Àª��üõ ýÀãµõ

¢�¢ ö�È ÷ ö�� �üõ ü ÷�¨�� � .Ý þÂ � ðüõ ÂÑ ÷¤¢ �¤ 2 � (11;6;3) �ÂÏ ×þ ¥� N á� ìø ÅþÂ �� õ
F2 ¤¢ üþ�û�þ�¤¢ �� üÆþÂ��õ ö���ä �� �¤ N .NNT = 3I + 3J Ýþ¤�¢ .´¨�µØþ �ÂÏ ßþ� �î (üµ¨¢)
�� x ÂÔ¬�÷ ¤�¢Â� �ú�� ø Àª��üõ 10 �±�¤ ý�¤�¢ N ,ßþ�Â���� ;NNT = I + J �¤�¬ßþ� ¤¢ ;ÀþÂ�Ú� ÂÑ÷¤¢
ö¥ø ý�¤�¢ N ý�ûÂÎ¨ üõ�Þ� �� ¢¢Âðüõ ¶ä�� ��®ø�� �ÂÏ ßþ� «��¡ .Àª��üõ 1 �� Â��Â� xN = 0

�¨ á�Þ¹õ �î Ý�÷�¢üõ ,ö�Â�ùø�ä .Àª�� 6 ö¥ø ý�¤�¢ Ã�÷ N Ãþ�Þµõ ÂÎ¨ ø¢ Âû á�Þ¹õ �îßþ� ø À�ª�� 6
.´Æ�÷ 0 �� Â��Â� N ÂÎ¨ ¤�ú� �þ

¤¢ �î Àª�� G := (I12P ) Í¨�� ùÀª ù¢�¢ (F2 ýø¤) 24 ¤¢ 12 ÅþÂ��õ G À��î ­Âê ,�õ�¢� ¤¢

1 Golay code
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:ö�

P :=

0
BBBBB@

0 1 � � � 1

1

... N

1

1
CCCCCA : (2)

°ÜÎõ ßþ� .´¨� ÂÔ¬ üÜ¡�¢ �Â® ý�¤�¢ G ÂÎ¨ ø¢ Âû .¢¤�¢ 0 �� Â��Â� ü÷¥ø ,4 �÷�Þ�� ¤¢ G ÂÎ¨ Âû
.(�ÂÖµ¨� �� ��±��) ¢¢Âð ÂÔ¬ �� Â��Â� ,4 �÷�Þ�� ¤¢ G ý�ûÂÎ¨ ¥� üÎ¡ °�îÂ� Âû ö¥ø �� ¢¢Âðüõ ¶ä��
Â��Â� Ûì�À� G ý�ûÂÎ¨ ¥� ¢�Àã� Âû ¥� üÎ¡ °�îÂ� ×þ �î Àû¢üõ ö�È÷ N ù¤��¤¢ ùÀª ô�¹÷� ��Àû�Èõ
ö� ¥� �Ôó�õ Âû éÁ� �� .À�õ��� G24 �¤ ö� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ G Í¨�� ùÀª À�ó�� üþ��ø¢ Àî .Àª��üõ 8 ��
,Àª�� ÂµÈ�� À÷���üÞ÷ �Ü¬�ê ßþ� .´ê�þ �¤ 7 Ûì�À� �Ü¬�ê-ßþÂµÞî �� [23;12] üþ��ø¢ Àî ×þ ö���üõ
!´¨� Ûõ�î Àî ×þ [23;12;7] Àî Àû¢üõ ö�È÷ âì�ø ¤¢ �î ´¨� ¤�ÂìÂ� e = 3 �� 6.3.1 ¯Âª �î �Â�
ý¤�Áð¢�Þ÷ ßþ� ©ÂþÁ� �� �¤ ö� üþ�µØþ ,Àª ö��� ��� ¤¢ �î ¤�Ïö�Þû) ;Ý�û¢üõ ö�È÷ G23 �� �¤ Àî ßþ�

.(¢�Þ÷ Ý�û��¡ ��±��

.À�û¢üõ �ÂÏ 5� (24;8;1)×þ Û�ØÈ� G24 ¤¢ 8 ö¥ø �� ��ÞÜîÀî .1.4.2 ��Ìì

×þ ü÷¥ø ùÀ ÷¤� Þª � î ¢�¢ ö�È ÷ ö�� �üõ ,©¤�Þª Â � ü � µ ± õ ö�¨� ¶½� ×þ ¥� ù¢� Ô µ ¨� � � .��±��

,A7 = A16 = 253 ,A0 = A23 = 1 Ýþ¤�¢ ,âì�ø ¤¢ .¢�ªüõ ß��ã � � µØ þ ¤�Ï�� 0 Ûõ�ª Ûõ�î Àî

º�û �î ´¨� 8 ö¥ø �� �ÞÜî 759 ý�¤�¢ G24 ,ßþ�Â���� ;A11 = A12 = 1288 ,A8 = A15 = 506

Â Ú þ¢× þ � � �� Þ Ü î ß þ� ,ß þ�Â �� � � ;À ÷¤�À ÷ 2ü ÷� ª� �Ý û ,ö� Ø õ ¤� ú � ¥� Â µ È � � ¤¢ � ú ÷� ¥� ü þ� � ø¢

� .À�÷�ª��üõ �¤ üþ��¸�� 759 � �8
5

�
=
�
24

5

�

,0 2 C ø Àª�� 8 �Ü¬�ê-ßþÂµÞî ø jcj = 212 � � ,24 ñ�Ï �� üþ��ø¢ Àî ×þ C Âð� .2.4.2 ��Ìì
.Àª��üõ ¥¤�Ýû G24 �� C ù�ðö�

.��±��

,°ÜÎõ ßþ� ��±�� ý�Â� .´¨� üÎ¡ Àî ×þ C ¢�¢ ö�È÷ Àþ�� �î ´¨� ßþ� ��±�� ÛØÈõ ´ÞÆì (1

�� 7 �Ü¬�ê-ßþÂµÞî ø 23 ñ�Ï �� C 0 Àî ,C Àî ý�ûÉµ¿õ ¥� ×þ Âû éÁ� �î À��îüõ ùÀû�Èõ

��Ìì ��±�� À�÷�Þû ö� ü÷¥ø ùÀ÷¤�Þª ø ´¨� Ûõ�î Àî ßþ� ,ßþ�Â���� ;Àþ�Þ÷üõ À�ó�� �¤ jc0 j = 212

2 overlapping
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,À÷¢Âð éÁ� ´�ãì�õ 24 ¥� ×þ ô�Àî �î ¢¤�À÷ üµ�Þû� ´ó�� ßþ� ¤¢ �î ´�ãì�ø ßþ� ¥� .´¨� Û±ì

,ßþ�Â�ùø�ä .À�µÆû 24 �þ 16 ,12 ,8 ,0 ö¥ø ý�¤�¢ C Àî ¤¢ ��ÞÜîÀî üõ�Þ� �î ¢¢Âðüõ �¹�µ÷

ö�È÷ ,C ��ÞÜî üõ�Þ� �� C ¥� ´��� �ÞÜîÀî ×þ ö¢�Þ÷ �ê�®� ¥� Û¬�� ,Àî Û¬� ¤¢ Â��ç� ×þ

16 ,12 ,8 ,0 �� Â��Â� Ã�÷ C ¥� �ÞÜî ø¢ Âû ß�� �Ü¬�ê �î ÝþÂ�Ú� �¹�µ÷ Ý�÷���üõ �î Àû¢üõ

Âû ,´¨� ÂÔ¬ �� Â��Â� ,4 �÷�Þ�� ¤¢ �û�Ü¬�ê üõ�Þ� ø �ûö¥ø üõ�Þ� �î �¹÷� ¥� .Àª��üõ 24 �þ

üÎ¡ Àî ×þ Û�ØÈ� C ��ÞÜîÀî ,ßþ�Â���� ;À�ª��üõ ÂÔ¬ üÜ¡�¢ �Â® ý�¤�¢ ý��ÞÜîÀî ø¢

.Àª�� C ö�Þû Àþ�� üÎ¡ Àî ßþ� �î Àû¢üõ �¹�µ÷ °ÜÎõ ßþ� .Àª��üõ Àõ�ãµõ¢�¡ �î À�û¢üõ

!´¨� ö�ðø¢¢�¡ üÎ¡ Àî ×þ C ,ÂÚþ¢ �¤�±ä��

Û�ØÈ� �¤ C Àî ¥� G Àó�õ ÅþÂ��õ ,ñø� ÂÎ¨ ö���ä �� 12 ö¥ø � � �ÞÜî ×þ ßµêÂð ÂÑ÷¤¢ � � (2

:Ýþ¤�¢ �ûö�Øõ ´Èðý�� ´½� .Ý�û¢üõ

G =

 
1 � � � 1 0 � � � 0

A B

!
:

,ßþ�Â���� ;Àª�� ÂÔ¬ Óó�¿õ �ø¥ ö¥ø ý�¤�¢ Àþ�� B ý�ûÂÎ¨ ¥� üÎ¡ °�îÂ� Âû �î Ý�÷�¢üõ

;´¨� �ø¥ ö¥ø [12;11;2] Àî ×þ B Í¨�� ùÀª À�ó�� Àî �¹�µ÷ ¤¢ .´¨� 11 �±�¤ ý�¤�¢ B

ö� ¤��î ¤¢ 1 Â¬��ä �� ö�µ¨ ×þ �î ´¨� I11 ÅþÂ��õ B �î Ý��î ­Âê ´¨� ßØÞõ ,ßþ�Â����

�¹� µ ÷ �¤ (I12 P ) ÛØª �� G0 Àó�õ ÅþÂ �� õ ,G ý�ûö�µ¨ ¥� üõø¢ ´Èðý�� .´¨� ùÀõ�

�� ?Ý�÷�¢üõ �� N ÅþÂ��õ ¥� �õ ´ó�� ßþ� ¤¢ .¢¤�¢ 2 À�÷�Þû ü÷�ÆØþ ÛØª P ö� ¤¢ �î Àû¢üõ

Ý����üõ ,���Èõ ÕþÂÏ �� .(À��î ù�Ú÷ G0 ÂÎ¨ ß�óø� ��) Àª�� 6 ö¥ø ý�¤�¢ Àþ�� N ÂÎ¨ Âû ,��®ø
�ÂÏ ×þ á�ìø ÅþÂ��õ N �� ¢�ªüõ ¶ä�� ßþ� .´¨� 6 ö¥ø ý�¤�¢ N ÂÎ¨ ø¢ Âû á�Þ¹õ �î

.´¨� G24 ¥ ¤�Ýû C ,ßþ�Â���� ;Àª�� 2� (11;6;3) (!ý�µØþ)

�

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ Çþ�Þ÷ �� [7;4] Ù��Þû Àî H .´¨� ùÀª ù¢�¢ 3ßþ¤�� Í¨�� G24 ¥� Âþ¥ ¤�µ¡�¨
ßþ� �î À��î ´ì¢) ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (1 1 0 1 0 0 0) ¤�¢Â� ý¤ø¢ ´Ô�ª ´Ôû ø 0 ¤�¢Â�
ÂÑ÷¤¢ �¤ ��ÞÜî ßþ� ¥� ÛÞØõ ´Èû Å³¨ .(À�û¢üõ Û�ØÈ� �¤ PG(2;2) á�ìø ÅþÂ��õ ,¤�¢Â� ´Ôû
��ÞÜî ¤¢ �ûÛ±Þ¨ °��Â� ö¢�Þ÷ §�Øãõ �� H� À��î ­Âê .À�û¢üõ �¤ H Û�ØÈ� ÂÚþÀØþ �� �ú�þ� .ÀþÂ�Ú�
H \H� = f0;1g´�¬�¡ �� [8;4] ý�ûÀî H� ø H �î Ý����üõ ,ü¨¤Â� ×þ �� .Àª�� ùÀõ� ´¨¢�� H

.À�µÆû 4 �Ü¬�ê-ßþÂµÞî �� ö�ðø¢¢�¡ ý�ûÀî H� ø H ý�ûÀî �î Ý�÷�¢üõ .À�µÆû
3 R. J. Turyn
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:Ý�û¢üõ Û�ØÈ� ,Âþ¥ �¤�¬�� �ûÀî öÀ÷�±Æ� ¥� ù¢�Ôµ¨� �� �¤ 24 �ÞÜî ñ�Ï �� C Àî ñ��

C := f(a+ x;b+ x;a+ b+ x) ja 2 H ;b 2 H ; x 2 H �g:

Ý����üõ .À��î Â��ç� H� �þ�� ×þ Â¬��ä ö��õ ¤¢ x ø H �þ�� ×þ Â¬��ä ö��õ ¤¢ b ø a Ý�û¢üõ ù¥���
Àî ×þ C ,ßþ�Â �� � � ;À�û¢üõ C Àî ý�Â� �þ� � ×þ Û�ØÈ� (x;x;x) ,(0;b;b) ,(a;0;a) ��ÞÜî �î
ö�ðø¢¢�¡ C ü�ãþ ;ßþ� ø À�µÆû Àõ�ãµõ C �þ�� Â¬��ä ¥� ¤�¢Â� (�Ã¹õ �fõøÃó �÷) ø¢ Âû .Àª��üõ [24;12]
C ¤¢ �ÞÜî Âû ý�Â� �Î��¤ ßþ� ,À�ª��üõ 4 Â� ÂþÁ�Ç¿� ü÷¥ø ý�¤�¢ �þ�� ý�û¤�¢Â� üõ�Þ� ö�� .´¨�
,a + x �Ôó�õ �¨ Âû ö�� ?Àª�� 8 ¥� ÂµÞî ö¥ø ý�¤�¢ À÷���üõ c 2 C �ÞÜî ×þ �þ� .Àª��üõ ¤�ÂìÂ�
ýø¤ Â� �õ ùÀû�Èõ .Àª�� 0 �� Â��Â� Àþ�� �ú÷� ¥� üØþ ,À�ª��üõ �ø¥ ö¥ø ý�¤�¢ �¤�Øª� a+ b+ x ,b+ x

Ý���î ­Âê ´�Üî ¥� ßµ¨�î öøÀ� .x = 1 �þ x = 0 �î ¢¢Âðüõ �¹�µ÷ ßþ� �� Â¹�õ H� ø H í�Âµª�
.c = 0 �î ¢�ªüõ �¹�µ÷ ,À�ª��üõ 8 �þ 4 ,0 ö¥ø ý�¤�¢ H ��ÞÜî ö�� .x = 0

.C = G24 ,ßþ�Â���� ;´¨� [24;12;8] Àî ×þ C �î Ýþ�ù¢�¢ ö�È÷ �õ
À��î ­Âê ß���Ýû .F4 = f0;1; !; !g À��î ­Âê .´¨� ùÀª ù¢�¢ 4ý�÷�î Í¨�� ýÀã� ¤�µ¡�¨
.f(x) := ax2+ bx+ c ö� ¤¢ �î Àª�� (a; b; c; f(1); f(!); f(!)) ��ÞÜîÀî �� F4 ýø¤ Â� [6;3] Àî ,C
ü÷�¨� ¤�î ,Àª��üÞ÷ 5 ö¥ø �� �ÞÜî º�û Ûõ�ª ø ´¨� 4 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C �îßþ� ö¢�¢ ö�È÷

.´¨� éøÂãõ 5üþ��Çª Àî ô�÷ �� C Àî .´¨�
6 ¤¢ 4 ý�ûÅþÂ��õ �� ö� ��ÞÜî �î ý¤�Ï�� Àª�� 24 ñ�Ï �� üþ��ø¢ Àî ×þ G À��î ­Âê ñ��
×þ .Ý�û¢üõ Çþ�Þ÷ a! ø a! ,a1 ,a0 �� �¤ ýA ÅþÂ��õ ß��� ÂÎ¨ ¤�ú� .À÷�ª ù¢�¢ Çþ�Þ÷ A üþ��ø¢

:À�ª�� ¤�ÂìÂ� Âþ¥ ¯Âª ø¢ Âð� �ú�� ø Âð� ´¨� G �� ÕÜãµõ AÅþÂ��õ

.Àª�� a0 ñø� ÂÎ¨ À�÷�Þû ü÷¥��� ý�¤�¢ A ö�µ¨ Âû (1

.a1 + !a! + !a! 2 C (2

.À��îüõ ÓþÂã� üÎ¡ Àî ×þ ��®ø�� Íþ�Âª ßþ�
A ù�ðö� ,Àª�±÷ ÂÔ¬ �� Â��Â� (2) �Î��¤ ¤¢ ¢���õ �ÞÜîÀî ø Àª�� �ø¥ ö¥��� ý�¤�¢ A ñø� ÂÎ¨ Âð�
¥� .´¨� 8 ýø�Æõ �þ Â�ï¤Ã� Àî ö¥ø ü�ãþ ;Àª��üõ 2 ýø�Æõ �þ ÂµÈ�� ö¥ø �� ö�µ¨ 4 Ûì�À� ý¤�¢
ý�¤�¢ A �þ ´¨� ÂÔ¬ �ÞÜî �� Â��Â� A �þ ù�ðö� ,Àª�� ÂÔ¬ �� Â��Â� (2) ¤¢ ¢���õ �ÞÜîÀî Âð� ,ÂÚþ¢ éÂÏ
¢Âê ö¥��� ý�¤�¢ A ñø� ÂÎ¨ Âð� .´¨� 8 Ûì�À� ,üÜî ö¥ø �f¢À¹õ �î ´¨� 4 ö¥ø �� ö�µ¨ ø¢ Ûì�À�
�Âþ¥ ,À�ª�� 1 üÚÞû À�÷���üÞ÷ �ûö¥ø ßþ� .À�ª��üõ ¢Âê ö¥ø ý�¤�¢ A ý�ûö�µ¨ üõ�Þ� ù�ðö� ,Àª��
4 J. H. Conway
5 hexacode
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ý�¤�¢ G �î Ýþ�ù¢�¢ ö�È÷ .Àª�� ¢Âê ö¥ø ý�¤�¢ (2) ¯Âª ¤¢ ¢���õ C �ÞÜîÀî �î ¢¢Âðüõ ¶ä�� ßþ�
Àã� ý�¤�¢ C Àî ø À�ª�� ¤�ÂìÂ� (2) ø (1) Íþ�Âª Âð� �î °ÜÎõ ßþ� ö¢�¢ ö�È÷ .´¨� 8 �Ü¬�ê-ßþÂµÞî
ý�ûÅþÂ��õ ,ßþ�Â���� ;¢¢Âðüõ ¤�Áð�ø ùÀ�÷��¡ �� ßþÂÞ� �¤�¬�� ,´¨� 12 Àã� ý�¤�¢ G ù�Ú÷� ,Àª�� 3

.À�û¢üõ Û�ØÈ� �¤ G24 Àî ,A

×þ �� ýÀî ü�ãþ ;´ª�¢ Ý�û��¡ ý¤ø¢ Àî ×þ ö���ä�� �¤ G23 ¥� ýÂÚþ¢ ¤�µ¡�¨ ,6.9 Ç¿� ¤¢
ýÀãµõ G24 üµ¿þ¤¢�¡ ùøÂð �î À�û¢üõ ö�È÷ ÂÚþÀØþ �� �û¤�µ¡�¨ ßþ� üõ�Þ� .23 �±�Âõ ¥� üµ¿þÂÞû

.´¨�µØþ Ã�÷ G23 ,ßþ�Â���� ;(´¨� M24
6��µõ ùøÂð ö� ;ýÀãµõ-5 âì�ø ¤¢) ´¨�

�µê�þ©ÂµÆð üþ��ø¢ üÜð Àî ,Ã�÷ k = 12 ø d = 8 �� 14.3.8 ßþÂÞ� ¤�µ¡�¨ �î Ý��îüõ ý¤ø�¢�þ
.À�îüõ À�ó�� �¤ G24

À��î ­Âê .´¨� 1.4.2��Ìì Â� ü�µ±õ 3.4 Ç¿� ¥� â�¨�� ×þ G24 ý�Â� Âþ¥ üþ�ÈðÀî Ýµþ¤�Úó�
ö�Øõ ÝþÂ�ð ,­øÂÔõ ö�Øõ ×þ ¤¢ 1 ×þ �� À�ª�� G24 ¥� 8 ö¥ø �� �ÞÜîÀî 253 ,1 � i � 253 ,yi
G24 �î �¤ ´�ãì�ø ßþ� �õ �¹�þ� ¤¢ ;ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ,1 � i � 253 ,< x; yi > ý�ûö¥���ü¨¤Â� .1
�¹�µ÷ 2 ��Ìì ¥� .´¨�Î¡ 4 Â·î�À� Ûõ�ª ø ùÀª ´ê�þ¤¢ x À��î ­Âê .ÝþÂ�üõ ¤�î�� ´¨� ö�ðø¢¢�¡

:´¨� Âþ¥ ñøÀ� �¤�¬ �� ,À÷�ªüõ ¢¤ �î üþ�ûö¥���ü¨¤Â� ¢�Àã� �î ¢�ªüõ

´¨¤¢ x1 ´¨¤¢�÷ x1
t = 1 77 253

2 112 176

3 125 141

4 128 128

�î Àû¢üõ ö�È÷ t = 4 �� ÂÒ��µõ Í¡ .Ý��î ¼�½Ê� �¤ x1 Û±Þ¨ Ý�÷���üõ t � 3´ó�� ¤¢ ,ßþ�Â����
.´Æ�÷ �Î¡ 4 ùÀ��î¼�½Ê� �õ� ,´¨� �Î¡ 4 ùÀ�û¢É�¿È� G24

�î üõ�Ú�û ,Ýþ¢Âî Ó�¬�� 3.2 Ç¿� ¤¢ �õ �î ü÷�ðø¢¢�¡ ý�ûÀî ý�Â� ©ø¤ ßþ� �î Ý��îüõ ´ì¢
ö¥���ü¨¤Â� 26� 12 = 312 Â·î�À� �±¨�½õ Ûõ�ª ,¢¢Âðüõ ñ�Þä� �µê�þ©ÂµÆð üþ��ø¢ üÜð Àî Â�

.(t � 3 Âð�) À�îüõ À�ó�� �¤ �Î¡ ¤�¢Â� ý�ûÉµ¿õ üõ�Þ� ø ´¨�

6 Mathieu



68

üþ���¨ üÜð Àî 4.3

:ü�ãþ ;Àª�� 5.1.3 ¤¢ ùÀª ÓþÂã� 5 �±�Âõ üó�� ÅþÂ��õ S5 À��î ­Âê

S5 =

0
BBBBBBB@

0 + � � +

+ 0 + � �
� + 0 + �
� � + 0 +

+ � � + 0

1
CCCCCCCA
:

:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ Àó�õ ÅþÂ��õ Í¨�� ùÀª ÓþÂã� C üþ���¨ [11;6] Àî

G =

0
BBBBB@

1 1 1 1 1

I6 S5

1
CCCCCA

ü õ� Þ � ,ß þ�Â �� � � ;´ ¨� ö� ðø¢¢� ¡ C � î ¢� ªü õ �¹ � µ ÷ 8.1.3 ¥� .´¨� [11;6] À î × þ C À î
ö� µ ¨ ö¢� Þ ÷ � ê� ®� � � C ý�Â � G À ó� õ Å þÂ �� õ .À � µ Æ û 3 Â � Â þÁ �Ç¿ � ö¥ø ý�¤�¢ C �� Þ Ü î
¥� üÎ¡ °�îÂ� ×þ .´¨� 6 ö¥ø ý�¤�¢ G ÂÎ¨ Âû .Àþ�üõ ´¨¢�� G �� (0;�1;�1;�1;�1;�1)T

ÂÔ¬ ø¢ �fÖ�ì¢ ý�¤�¢ G ÂÎ¨ ø¢ ¥� üÎ¡ °�îÂ� ×þ ,ßþ�Â���� ,´¨� 2+ 2 Ûì�À� ö¥ø ý�¤�¢ G ÂÎ¨ ø¢
3+ 1 Ûì�À� ö¥ø ý�¤�¢ G ÂÎ¨ �¨ ¥� üÎ¡ °�îÂ� ×þ �î ¢�ªüõ ¶ä�� ßþ� ø ´¨� Â¡� ö�Øõ 6 ¤¢
Àî ×þ C �î Àû¢üõ �¹�µ÷ ßþ� .´¨� 6 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C ,ßþ�Â���� ;6 Ûì�À� ö¥ø ü�ãþ ;¢¢Âð
ßþ� .´¨� Ûõ�î Àî ×þ C �î ¢�ªüõ �¹�µ÷ Ýû jB2(x) j =

2P
i=0

�
11

i

�
2i = 35 ¥� .´¨� (11;36;5)

¥ ¤�Ýû C �� (11;36;5) Àî Âû �î ´¨� ùÀª ù¢�¢ ö�È÷ .´¨� éøÂãõ 7üþ���¨ üÜð Àî ×þ ö���ä�� Àî
üþ��ø¢ üÜð Àî ý�Â� �õ �î �»÷� Â�Ñ÷ ,Àî ßþ� üþ�µØþ ý�Â� ý�ù¢�¨ ��±�� .([46] â�Âõ .í.¤) ´¨�

.´¨� ùÀÈ÷ ´ê�þ ¥��û ,Ýþ¢�¢ ���¤�

ÂÚþ¢ ý�ûÀî ¥� �ûÀî ßµ¡�¨ 4.4

¤¢ .À÷�ùÀª �µ¡�¨ üÜ±ì ùÀª �µ¡�¨ ý�ûÀî ¤¢ (�ø�Ôµõ ý�û©ø¤ ��) ýÂ��ç� �� ��¡ ý�ûÀî ¥� ý¤��Æ�
�� Àî ×þ â�¨�� ü�ãþ ;Àª üêÂãõ 6.3.2 ÓþÂã� ¤¢ ©ø¤ ß�óø� .Ýþ¤ø�üõ ñ�·õ ßþÀ�� ,Ç¿� ßþ�
4.2 Ç¿� ¤¢ �¤ ö� �õ �î ,§�Øãõ À�þ�Âê .¢�� üÜî ö¥���ü¨¤Â� ô�÷ �� üê�®� Û±Þ¨ ×þ ö¢�Þ÷ �ê�®�
�� Âð� .´¨� éøÂãõ Àî ×þ ö¢�Þ÷Â»�� �� ,Ýþ¤ø� ´¨¢ �� ö� â�¨�� ¥� �¤ üþ��ø¢ üÜð Àî �� Ýþ¢Â� ¤�î ��
7 ternary Golay code
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ü�ãþ ;Ý��î Â»�� �¤ ö� ø ÝþÂ�Ú� ÂÑ÷¤¢ �¤ 1 �Î��¤ ¤¢ ¢���õ ÅþÂ��õ �� (9;20;4) Àî ÂÚþ¢ üó�·õ ö���ä
Àþ¢ Ý�û��¡ Àã� Ç¿� ¤¢ .Ýþ¤ø�üõ ´¨¢ �� (8;20;3) Àî ×þ ,Ý��î éÁ� �¤ �ÞÜî Âû ¤¢ Â¡� Û±Þ¨
üõ�Þ� ö¢�¢¤�Âì �� À÷���üõ ¥¤�Ýû Àî ×þ ß���Ýû �î Ýþ¤�¢ ���� .´¨� ü��¡ Àî Û¬� ¤¢ Àî ßþ� �î

.Àþ� ´¨¢�� 1 ø 0 ù�ÂÞû�� 10101010 ø 11100100 ,11010000��ÞÜî ý�û´Èðý��
�� �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ C ¥� ��ÞÜîÀî üõ�Þ� �¹�þ� ¤¢ .Àª��üõ C Àî 8ö¢�Þ÷ ù���î ,ô�¨ ©ø¤
��ÞÜîÀî ¢�Àã� ø ñ�Ï ,©ø¤ ßþ� .Ý��îüõ éÁ� �¤ Û±Þ¨ ßþ� �õ�¢� ¤¢ ø À�ª�� ùÀª Ýµ¡ ü÷�ÆØþ Û±Þ¨
�� Â��Â� ùÀª éÁ� Û±Þ¨ Âð� �î À��î ´ì¢ .´ª�¢ Àû��¿÷ ýÂµÞî �Ü¬�ê-ßþÂµÞî �õ� ,Àû¢üõ Çû�î �¤

.(ñ�Þãõ ¤�Ï��) Àû¢üõ Â��ç� üÎ¡Â�è Àî ×þ �� �¤ üÎ¡ Àî ×þ ©ø¤ ßþ� Àª�±÷ ÂÔ¬
�µê�þ©ÂµÆð üþ��ø¢ üÜð Àî ý�û¤�µ¡�¨ ¥� üØþ ¥� .Ýþ¥�À��� üû�Ú÷ Â�ùÀ�»�� üÞî üªø¤ �� À�þ���
ö�Øõ ´Èû �î ´¨� �ÞÜî 32 �� ýÀîÂþ¥ Ûõ�ª G24 �î ¢�Þ÷ ùÀû�Èõ ö���üõ �f¤�ê 4.2 Ç¿� ¤¢ G24
c7 �� c1 ý�ûÛ±Þ¨ ¥� üØþ �fÖ�ì¢ ø c8 = 1 Ý�û¢ ¤�Âì Âð� ,���Èõ ¤�Ï�� .´¨� ÂÔ¬ �� Â��Â� �ú÷� ñø�
üõ�Þ� ¤¢ ¤�î ßþ� ô�¹÷� �� .Ýþ�ù¢�Þ÷ ´ê�þ (c1; c2; � � � ; c24) �ÞÜî 32 �� ýÀîÂþ¥ ù�ðö� ,Àª�� 1 �� Â��Â�
¥� ö�Øõ 2 Â·î�À� ¤¢ �ú÷� ý��ø¢ Âû �î ´�¬�¡ ßþ� �� G24 �b ÞÜî 256 ¥� ý��ä�Þ¹õÂþ¥ ,ßØÞõ ����
�¹�µ÷ .Ý��îüõ éÁ� �¤ ��ÞÜî ßþ� ¥� ñø� Û±Þ¨ ´Èû ñ�� .Ýþ¤�¢ ,À�ª��üõ �ø�Ôµõ ñø� ý�� 8 ö��õ
ùÀ�õ�÷ 10ßÆ����¤- 9ôøÂµ¨�¢¤�÷ Àî Àî ßþ� .´¨� üÎ¡Â�è �î ´¨� (16;256;6) üþ��ø¢ Àî ×þ
�õ Âð� .Ý�þ�Þ÷üõ ü¨¤Â� 7.4 Ç¿� ¤¢ �î ´¨� üû��µõ�÷ �ó�±÷¢ ×þ ö��õ ¤¢ Àî ß�óø� ,Àî ßþ� .¢�ªüõ
Y �� �¤ ö� �î Àª��üõ (13;64;5) Àî ×þ �¹�µ÷ ,Ý��î Â»�� ¤��×þ Å³¨ ø Ý�þ�Þ÷ ù���î ¤��ø¢ �¤ Àî ßþ�
�îßþ� ø ´¨�µØþ Y �î ùÀª ù¢�¢ ö�È÷ .¢�� Àû��¡ Àã� ÛÊê ¤¢ üÞúõ ñ�·õ Àî ßþ� .Ý�û¢üõ Çþ�Þ÷
Àî ø¢ ßþ� .([26] â�Âõ ,1977 11Ãó� ��ð) ¢¤�¢ ¢��ø ßØÞõ �¹�µ÷ ø¢ ù�ðö� ,Ý�þ�Þ÷ ù� ��î �¤ Y Âð�

.7.4.8 �ó�Æõ ¤¢ ¢���õ Àî ø 12Âó¢�÷ Àî �� éøÂãõ Àî :¥� À÷��¤�±ä
Ci À��î ­Âê .´¨� éøÂãõ ¤�µ¡�¨�(u;u+ v) �¤�¬�� üÜð üþ��ø¢ Àî ¤�µ¡�¨ �� ���Èõ ý¤�µ¡�¨

:À��î ÓþÂã� ;(i = 1;2) Àª�� (n;Mi; di) üþ��ø¢ Àî ×þ

C := f(u;u+ v) ju 2 C1;v 2 C2g: (3)

ö¢�¢ ö� È ÷ ý�Â � .d = minf2d1; d2g ö� ¤¢ � î ´ ¨� (2n;M1M2; d) À î × þ C �¤� ¬ß þ� ¤¢
ø v1 = v2 Â ð� .À þÂ � Ú � Â Ñ ÷¤¢ �¤ (u2;u2 + v2) ø (u1;u1 + v1) � Þ Ü îÀ î ø¢ ,° Ü Î õ ß þ�
8 shortening
9 Nordstrom
10Robinson
11J.-M.Goethals
12Nadler
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� � Â ��Â � � Ü¬� ê ß þ� ù� ðö� ,v1 6= v2 Â ð� .´¨� 2d1 � � Â ��Â � Û ì�À� � ú ÷� � Ü¬� ê ù� ðö� ,u1 6= u2

Â��Â� Ûì�À� ü�ãþ ;´¨� ÂµÈ�� w(v1 � v2) ¥� ��®ø�� �î ´¨� w(u1 �u2) +w(u1 �u2+ v1 � v2)

�� Àî ,C1 ý�Â� ø ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ��� ¤¢ ùÀª�µ¡�¨ (8;20;3) Àî ,C2 ý�Â� ñ�·õ ö���ä�� .´¨� d2
ñ�� �� �� .Àû¢üõ �¹�µ÷ �¤ (16;5 � 29;3) Àî ×þ ¤�µ¡�¨ ßþ� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ [8;7] �ø¥ ö¥ø

.´¨� ùÀÈ÷ �µ¡��ªM > 5 � 29 �� (16;M;3) Àî º�û
([34] â�Âõ 1973) 14é���µ¨� ø 13�ÂÚÜû Í¨�� Âþ¥ ùÀþ� ýÂ�ð¤�î �� �� ��¡ ý�ûÀî ¥� ý¤��Æ�
C Ý��î ­Âê ´¨� ßØÞõ .Àª�� d �Ü¬�ê-ßþÂµÞî �� üþ��ø¢ [n; k] Àî ×þ C À��î ­Âê .À÷Àª �µ¡�¨

:�f ·õ ;Àª�� ö� ñø� ÂÎ¨ ö���ä�� d ö¥ø �� �ÞÜî ×þ �� G Àó�õ ÅþÂ��õ ý�¤�¢

G =

 
1 1 � � � 1 0 0 � � � 0

G1 G2

!
:

15ùÀ÷�õüì�� Àî �¤ ö� �õ �î Àª�� G2 Í¨�� ùÀªÀ�ó�� ,[n� d; k � 1] Àî �Ü¬�ê-ßþÂµÞî d0 À��î ­Âê
�ÞÜîÀî ø¢ ,ùÀ÷�õüì�� Àî ¥� �ÞÜîÀî Âû �� ÂÒ��µõ �î Ý����üõ G ¥� .(G ÂÎ¨ ß�óø� �� ´±Æ÷) Ý�õ�÷üõ
,ßþ�Â���� ;´¨� 1

2
d ýø�Æõ �þ ÂµÞî ö¥ø ý�¤�¢ ñø� ö�Øõ d ¤¢ �ú÷� ¥� üØþ Ûì�À� �î À÷¤�¢ ¢��ø C ¥�

Â ó¢� ÷ Àî ý�ûÂµõ�¤� � � � üÎ¡ Àî ×þ �î Ý�û¢üõ ö�È÷ �¹� þ� ¤¢ ,©ø¤ ßþ� ¼þÂÈ� ý�Â � .d0 � 1

2
d

¢�� Àû��¡ ��� �¤�¬�� G Àó�õ ÅþÂ��õ ×þ ý�¤�¢ ù�ðö� ,Àª�� ¢���õ ýÀî ß��� Âð� .¢¤�À÷ ¢��ø
Ù��Þû Àî ×þ ùÀ÷�õüì�� Àî ,ßþ�Â���� ;À�îüõ À�ó�� �¤ d0 � 3 �Ü¬�ê �� [7;4] Àî ×þ G2 ö� ¤¢ �î
Àû��¡ 2 ö¥ø �� ÂÎ¨ ¤�ú� G1 ,ßþ�Â��� � ;ÝþÂ�Ú� ÂÑ÷¤¢ 3 ö¥ø �� ÂÎ¨ ¤�ú� �¤ G2 Ý�÷���üõ .´¨�
ý�Â� üµ� .À÷�ªüÞ÷ d = 5 �� Â¹�õ Ýû �ú÷� �î À÷�õüõ üì� � ü¨¤Â� ý�Â� ÂÚþ¢ ö�Øõ� À�� .¢��
�� ¤�µ¡�¨ ×þ ,ñ�·õ ý�Â� ;Àª��üõ ÛØÈõ �f õ�î ,��¡ ý�ûÀî ßµê�þ °Üè� ,×��î ýÂµõ�¤�� Âþ¢�Öõ
ù¢�Þ÷ À�ó�� M = 38 �� (10;M;4) Àî ×þ (7 Ç¿� ,2 ÛÊê ,[46] â�Âõ .í.¤) ÂµÈ�� üðÀ�»��
â�Âõ ;1978) 16´Æ� .¢�ª Âµú� À÷���üÞ÷ Àî ßþ� �î ¢�� ßþ� Â� ùÀ�Öä ,ü÷��Ï ö�õ¥ �Àõ¤¢ ø ´¨�
¤¢ �î Àþ¢ Ý�û��¡ ,Àã� ÛÊê ¤¢ .Ýþ¥�¢Â�üõ ö� �Âª�� Âþ¥ ¤¢ �î ¢�Þ÷ �À�� �¤ (10;40;4) Àî ×þ ([8]
Àó�õ ÅþÂ��õ �� [5;3] Àî ×þ �î �¤ C1 Àî !´¨� Àî ßþÂµú� âì�ø ¤¢ Àî ßþ� ,d = 4 ,n = 10´ó��

�� C2 [10;3] Àî ×þ ,��ÞÜîÀî üõ�Þ� ö¢Âî Â��Â� ø¢ �� .ÀþÂ�Ú� ÂÑ÷¤¢ ,´¨�

0
BB@
1 0 0 0 1

0 1 0 1 1

0 0 1 1 0

1
CCA

Àî .À�þ�Þ÷ �ê�®� C2 ��ÞÜî üõ�Þ� �� �¤ ( 10000 00100 ) ñ�� .Ýþ¤�¢ �¤ d = 4 �Ü¬�ê-ßþÂµÞî
ý�ûö�Øõ ,10 �� 1 ¥� �ûö�Øõ ý¤�Áðù¤�Þª �� .Àª��üÞ÷ Ýû 0 ¤�¢Â� Ûõ�ª ø ´Æ�÷ üÎ¡ ÂÚþ¢ ,ÀþÀ�
13H. J. Helgert
14R. D. Stina�
15residual code
16M. R. Best
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(1 2 3 4 5)(6 7 8 9 10) Í¨�� ùÀªÀ�ó�� S10 ùøÂðÂþ¥ ¥� ýÂ¬��ä �� �¤ ��ÞÜîÀî
.´¨� 4 �� Â��Â� ö� �Ü¬�ê-ßþÂµÞî ¢�ªüõ ´��� �î ¢¤�¢ �ÞÜîÀî 40 Àî ßþ� .Ý�û¢üõ ´Èðý��

Ýû�� üªø¤ �� �ûÀî ßþ� .À÷ø ¤üõ ¤�î�� Àî ø¢ ,(ù¢ÂÈê ×Æþ¢ Â�Ñ÷) ü�ê ý�û¢Â�¤�î ¥� ý¤��Æ� ¤¢
ý�û�Î¡ ,��ìø� ¥� ý¤��Æ� .´¨� üûøÂð ý�û�Î¡ �� �Ü��Öõ �õ éÀû ,��ìø� ü¡Â� .À��îüõ ý¤�ØÞû

.¢�ª ¼�½Ê� À÷���üõ ,¢ø¤üõ ¤�Ñµ÷� �Ü¬�ê-ßþÂµÞî ¥� �»÷� �� ´±Æ÷ ýÂµÈ��

ß��� �� À�þ��� .ÝþÀþ¢ �¤ Ý�ÖµÆõ �Â® Àî ×þ ü�ãþ ;12.3.7 �ó�Æõ ¤¢ �¤ �ûÀî ý¤�ØÞû ¥� üó�·õ
Ù��Þû Àî ×þ �� [8;4;4] �µê�þ©ÂµÆðÙ��Þû Àî ×þ �Â®Û¬�� .Ýþ¤�À��� ýÂÚþ¢ ù�Ú÷ ýÀî
ñ�� .À�î ¼�½Ê� À÷���üõ �¤ �Î¡ 7 �� �Â®Û¬�� ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ [16;11;4] �µê�þ©ÂµÆð
�� ÂÎ¨ 8 ,Àª�� �Î¡ öøÀ� ÂÎ¨ ¸�� ý�¤�¢ ,8 ¤¢ 16 ÅþÂ��õ ×þ ü�ãþ ,üµê�þ¤¢ �ÞÜî ×þ À��î ­Âê
�î ý¤�Ï�� Ý�µª�¢ �¤ ö� ¤�Ñµ÷� �î �»÷� Â��Â� ø¢ ,Ýþ¤�¢ �Î¡ 14 �õ .�Î¡ ø¢ �� ÂÎ¨ �¨ ø �Î¡ ×þ
�¨ ø ¢�ªüõ ¼�½Ê� �� ù¢Ã�¨ ,Ý��îüõ üþ�ÈðÀî �¤ �ûÂÎ¨ �õ �î üõ�Ú�û ,�õ� .Ý��î ��¬� �¤ ö� Ý�÷��µ�
�õ �î üõ�Ú�û .À÷�ùÀª í�� �ûÂÎ¨ ßþ� �î Ý��îüõ ô�ä� ñ�� .¢�ªüõ ù¢�¢ É�¿È� ö� ý�ûÀ� ¥� ��
ùÀªí�� �¨ ý�¤�¢ �ú÷� üõ�Þ� �õ� ,Àª Ý�û��¿÷ ø ¤��ø ¤ ¤�¢�Î¡ ��ÞÜî �� ,Ý��îüõ üþ�ÈðÀî �¤ �ûö�µ¨
¤¢ .Ý�þ�Þ÷ ��¬� �¤ �ûùÀªí�� ßþ� Ý�÷���üõ ,´¨� 4 �Ü¬�ê ý�¤�¢ ü÷�µ¨ Àî �î �¹÷� ¥� .À�ª��üõ

.À÷�ùÀª ¼�½Ê� �Î¡ 14 üõ�Þ� ,ö�þ��

,ù¢ÂÈê ×Æþ¢ ×þ ¤¢ .À÷Â�üõ ¤�î�� ùÀþ� ßþ� ýø¤ Â� �¤ ü��Â��ç� ,À÷¤�¢ ¢Â�¤�î ÛÞä ¤¢ �î üþ�ûÀî
×þ Â·î�À� �� ��ÞÜî �ú�� �ÈðÀî ,�ú÷� ¥� üØþ ý�Â� .À��îüõ ý¤�ØÞû Ýû �� ,5 �Ü¬�ê �� ×þ Âû ,Àî ø¢
¢�ªüõ ´��� ,ö�þ�� ¤¢ .´¨� ùÀª í�� ,�ÞÜî �î ¢�ªüõ ô�ä� ,�¤�¬ßþ� Â�è¤¢ ;À�îüõ ¼�½Ê� �¤ �Î¡

.À��þüõ Çþ�Ãê� ¤�îÝû Àî �ø¥ ßþ� üþ�¤�î �î

1954 ñ�¨ ¤¢ 17§��ó� Í¨�� �î �¤ üþ�ûÀî ¥� ý��ó�±÷¢ �� Ý�û¢üõ Ý�Þã� �¤ ��� ¤¢ ùÀªö��� ñ�·õ
­Âê .Ý��îüõ áøÂª n1 = 2m ñ�Ï �� C1 �µê�þ©ÂµÆð Ù��Þû Àî �� .Ý�þ�Þ÷ üêÂãõ À÷�ùÀª ÓþÂã�
.n1p < 1

2
ö�¤¢ �î À÷��µê¤ ¤�î�� p ý�Î¡ ñ�Þµ�� �� ö¤�Öµõ üþ��ø¢ ñ�÷�î ×þ ýø¤ Â� �ûÀî ßþ� À��î

V2 ø V1 := C1 À��î ÓþÂã� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ 2m+1 ñ�Ï �� �µê� þ©ÂµÆðÙ��Þû Àî ,C2 ý�Â�
Vi+1 ù�ðö� ,Àª�� ùÀª ÓþÂã� Vi Âð� :Ý�û¢üõ �õ�¢� �¤ ©ø¤ ßþ� .Àª�� C2 ø C1 Ý�ÖµÆõ �Â®Û¬��
Àã� ø ni �� �¤ Vi ñ�Ï .Àª��üõ 2m+i ñ�Ï �� Ci+1 �µê�þ©ÂµÆð Ù��Þû Àî ø Vi Ý�ÖµÆõ �Â®Û¬��
üþ�ÈðÀî ¥� Å� Vi ��ÞÜî ¤¢ í�Ü� Âû ¤¢ �Î¡ Í¨�µõ ¢�Àã� �¤ Ei ,ô�¹÷�Â¨ .Ý�û¢üõ Çþ�Þ÷ ki �� �¤ ö�

.À�û¢ ¤�Âì

17P. Elias
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:Ýþ¤�¢ ,ÓþÂã� ¥�

ni+1 = ni � 2m+i;

ki+1 = ki � (2m+i �m� i� 1);

ßþ� ý�¤�¢ � ûÀî ß þ� ,ß þ�Â �� � � ;E1 � (n1p)
2 � 1

4
ø Ei+1 � E2

i ¢�ªüõ �¹� µ ÷ 4.3.3 ñ� · õ ¥� ø
.À�îüõ Û�õ ÂÔ¬ �� Ei ,i!1 üµìø �î À�ª��üõ ´�¬�¡

:Ýþ¤�¢ ki ø ni ý�Â� üµÈð¥�� �Î��¤ ¥�

ni = 2
mi+1

2
i(i�1) ; ki = ni

i�1Y
j=0

(1� m+ j + 1

2m+j
):

:ù�ðö� ,Àª�� Vi  Â÷ Çþ�Þ÷ Ri Âð� ,ßþ�Â����

Ri !
1Y
j=0

(1� m+ j + 1

2m+j
)

�ú÷�  Â÷ ,À�îüõ Û�õ1 �� �ú÷� ñ�Ï �î ´ª�¢ Ý�û��¡ �¤ �ûÀî ¥� ý��ó�±÷¢ ,ßþ�Â���� ;i!1 �î ü÷�õ¥
�� éøÂãõ ,�ûÀî ßþ� �î Àþ¤�¢ ´ì¢ .À�îüõ Û�õ ÂÔ¬ �� �Î¡ ñ�Þµ�� ¢��ø ßþ� �� ø À�îüÞ÷ Û�õ ÂÔ¬ ��

.i!1 üµìø di=ni ! 0 ,ßþ�Â���� ;À�µÆû di = 4i �Ü¬�ê-ßþÂµÞî ý�¤�¢ ,§��ó� ý�ûÀî

Âó�õ-Àþ¤ ý�ûÀî 4.5

Í¨�� ¤�� ß�óø� ý�Â� �ûÀî ßþ� .Ý��îüõ Ó�¬�� �¤ üû��µõ �¨À�û �� Í±�Âõ üþ��ø¢ ý�ûÀî ¥� ý��µ¨¢ ñ��
Û±ì ý�ûÛÊê ¤¢ �î üþ�ûÀî ù¥�À÷� �� �ûÀî ßþ� .À÷�ùÀª ù¢Â� ¤�î�� (1954) 19Àþ¤ ø (1954) 18Âó�õ
�ú÷� üþ�ÈðÀî �î À�µÆû ´þÃõ ßþ� ý�¤�¢ �ú÷� ,ÛÞä ¤¢ �õ� ,À�ª��üÞ÷ ��¡ ,À÷Àª âì�ø ¶½� ¢¤�õ

.(À���±� �¤ 3.4 Ç¿�) ´¨� ´þÂ·î� ÕÎ�õ �� üþ�ÈðÀî ¥� üã�¨�� ,©ø¤ ßþ� .Àª��üõ ö�¨�
¶½� �� ¢�Þ÷ Ý�û��¡ üã¨ .¢¤�¢ ¢��ø Âó�õ-Àþ¤ ý�ûÀî ��ÞÜîÀî Çþ�Þ÷ ý�Â� ©ø¤ ßþÀ��
ý�Â� .À�µÆû ¯�±�¤� ¤¢ Ýû �� �ø�Ôµõ ý�ûù�ðÀþ¢ �÷�Ú� Àû¢üõ ö�È÷ �î Ý�û¢ ���¤� �¤ ý���¤��×þ
20§�î�ó) ¢¢Âðüõ ¥�� Ç�� öÂì ×þ �� ö� ´õÀì �î Ýþ¤�¢ ¥��÷ ¢�Àä� �þÂÑ÷ ¥� ý���Ìì �� ,ý¥�¨ù¢�õ�

.((1878)

18D. E. Muller
19I. S. Reed
20Lucas
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:À�û¢ ¤�Âì ø Àª�� ñø� ¢Àä ×þ p À��î ­Âê .1.4.5 ��Ìì

n =
lX

i=0

nip
i; k =

lX
i=0

kip
i

:�¤�¬ßþ� ¤¢ ;0 � ki � p� 1 ø 0 � ni � p� 1 ü�ãþ ;À�ª�� p �þ��¤¢ k ø n ý�ûÇþ�Þ÷ 
n

k

!
�

lY
i=0

 
ni
ki

!
mod p:

:ù�ðö� ,0 � r < p Âð� .(1+ x)p � 1+ xp mod p �î Ý��îüõ ù¢�Ôµ¨� ´�ãì�ø ßþ� ¥� .��±��

(1+ x)ap+r � (1+ xp)a(1+ x)r mod p:

:Ýþ¤�¢ éÂÏø¢ ¤¢ ,0 � s < p ö� ¤¢ �î ,xbp+s °þ�Â® �Æþ�Öõ �� 
ap+ r

bp+ s

!
�
 
a

b

! 
r

s

!
mod p:

� .¢�ªüõ ´��� �ÂÖµ¨� �� �¹�µ÷ ñ��

ý�Â� .q = 2r À��î ­Âê .´¨� ý¥�¨ù¢�õ� ×þ Ã�÷ �ûý��ÜÞ�À�� ö¥ø ýø¤ Â� Âþ¥ ��Ìì ß���Ýû
­Âê .Àª��üõ p(x) ÍÆ� ¤¢ ÂÔ¬�÷ °þ�Â® ¢�Àã� w(p(x)) Ù��Þû ö¥ø p(x) 2 Fq [x] ý��ÜÞ�À��

.À�µÆû Fq [x] ¥� �þ�� ×þ ,i � 0 ,(x+ c)i ý�ûý��ÜÞ�À�� .c 6= 0 ,c 2 Fq À��î

ø bl 6= 0 ö� ¤¢ �î p(x) =
lP

i=0

bi(x + c)i À��î ­Âê .([49] â�Âõ ,1973 21üÆõ) .2.4.5 ��Ìì

:ßþ�Â���� ;bi 6= 0 �î ý¤�Ï�� Àª�� i ÅþÀ÷� ßþÂ�×��î i0

w(p(x)) � w((x + c)i0):

´¨¤¢ l < 2n ý�Â� ��Ìì À��î ­Âê .ÝþÂ�üõ ¤�î�� �¤ �ÂÖµ¨� .´¨� ¼®�ø ��±�� l = 0 ý�Â� .��±��
:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;2n � l < 2n+1 À�û¢ ¤�Âì ñ�� .´¨�

P (x) =
2n�1P
i=0

bi(x+ c)i +
lP

i=2n
bi(x+ c)i

= P1(x) + (x+ c)2
n
P2(x) = (P1(x) + c2

n
P2(x)) + x2

n
P2(x);

�¤ Âþ¥ ´ó�� ø¢ .´¨� ë¢�¬ �ú÷� ¢¤�õ ¤¢ ��Ìì �î À�µÆû üþ�ûý��ÜÞ�À�� P2(x) ø P1(x) ö� ¤¢ �î

:ÝþÂ�ðüõ ÂÑ÷¤¢
21Massey
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:Ýþ¤�¢ i0 � 2n ö�� ø w(P (x)) = 2w(P2(x)) ù�ðö� ,P1(x) = 0 Âð� (1

w((x+ c)i0) = w((x2
n

+ c2
n

)(x+ c)i0�2
n

) = 2w((x+ c)i0�2
n

);

.¢�ªüõ ´��� �ä¢� �î

×þ ,À�îüõ éÁ� �¤ P1(x) ¤¢ �ÜÞ� ×þ �î c2nP2(x) �ÜÞ� Âû ý�Â� ù�ðö� ,P1(x) 6= 0 Âð� (2

¥� �¹�µ÷ ßþ� ø w(P (x)) � w(P1(x)) ,ßþ�Â���� ;¢�ªüÞ÷ éÁ� �î Ýþ¤�¢ �¤ x2
n
P2(x) ¤¢ �ÜÞ�

.¢�ªüõ �¹�µ÷ �ÂÖµ¨� ­Âê

�

:¥� À��¤�±ä ,Ý�þ�Þ÷üõ üêÂãõ �¤ �ú÷� �¹�þ� ¤¢ �î Âó�õ-Àþ¤ ý�ûÀî ��ÞÜîÀî Çþ�Þ÷ �¨
;AG(m;2) ¤¢ üþ�û�ä�Þ¹õ �Ê¿Èõ â���� .Óó�

;�ûý��ÜÞ�À�� üþ��ø¢ ý�ûÍÆ� °þ�Â® .�
.À÷�ùÀª �µêÂð Fm

2
ýø¤ üÖÎ�õ â��� ×þ Í¨�� �î ýÂþ¢�Öõ ´Æ�ó .�

Fm
2
ü�ãþ ;ÀþÂ�Ú� ÂÑ÷¤¢ �¤ AG(m;2) ¯�Ö÷ .Ý��îüõ ö��� �¤ Óþ¤�ã� ø �ûý¤�Áð¢�Þ÷ ü¡Â� �Àµ��¤¢

j üþ��ø¢ Çþ�Þ÷ À��î ­Âê .um�1 ,... ,u1 ,u0 Â¬��ä �� ¢¤�À÷�µ¨� �þ�� ø ü÷�µ¨ ý�û¤�¢Â� ö���ä��
.Àª�� ,0 � j < 2m ,j =

m�1P
i=0

�ij2
i �¤�¬��

�� ¯�Ö÷ üõ�Þ� ø Àû¢üõ Çþ�Þ÷ �¤ AG(m;2) ¥� �ÎÖ÷ ×þ ßþ� .xj :=
m�1P
i=0

�ijui Ý��îüõ ÓþÂã�
Ý�Æþ�÷üõ .Àª�� ,0 � j < 2m ,xj ý�ûö�µ¨ �� üÆþÂ��õ E À��î ­Âê .À÷�ùÀõ� ´¨¢ �� �¤�¬ ßþ�
ü÷�µ¨ ý�û¤�¢Â� �¤�¬�� �î ´¨� AG(m;2) ¯�Ö÷ ¥� üµÆ�ó ,E À�÷�õ n ¤¢ m ÅþÂ��õ .n := 2m

.À÷�ùÀª �µª�÷

.3.4.5 ÓþÂã�

ß � ê� ý�Ì ê × þ ,0 � i < m Â û ý�Â � ,Ai ü � ã þ ;A � i := fxj 2 AG(m;2) j �ij = 1g (1
.(�½Ô¬Â�� ×þ) ´¨� ýÀã��(m� 1)

�f �Þãõ ;´¨� Fn
2
¤¢ �ÞÜî ×þ vi ¤�¢Â� .Ai �Ê¿Èõ â��� ü�ãþ ;´¨� E ÂÎ¨ ß�õ�i � � Â��Â� vi (2

;AG(m;2) �Ê¿Èõ â��� ý�Â� 1 := (1;1; :::;1) Ý�Æþ�÷üõ

:Ýþ¤�¢ ù�ðö� ,À�ª�� Fn
2
¤¢ ü��ÞÜî b = (b0; b1; :::; bn�1) ø a = (a0; a1; :::; an�1) Âð� (3

ab := (a0b0; a1b1; :::; an�1bn�1):
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:Ý��îüõ ÓþÂã� ù�ðö� ,S � f0;1; :::;m � 1g Âð� (4

C(S) := fj =
m�1X
i=0

�ij2
i j i 62 S =) �ij = 0(0 � i < m)g:

:Âð� .�il = 0 ö� ¤¢ �î À�ª�� i ¥� ýÂþ¢�Öõ is ,� � � ,i1 ø l =
m�1P
i=0

�ij2
i À��î ­Âê .4.4.5 Ýó

vi1vi2 � � � vis = (al;0; al;1; � � � ; al;n�1);

:ù�ðö�

(x+ 1)l =
n�1X
j=0

al;jx
n�1�j:

.(´¨� ùÀª ÓþÂã� 1 �� Â��Â� ,(s = 0) üÜõ�ä º�û öøÀ� �Â®Û¬�� ×þ ,ñ�Þãõ¤�Ï�� ,�¹�þ�¤¢)

�ij = 1 Âð� �ú�� ø Âð� ´¨� 1 �� Â��Â� � l
n�1�j

� ý��ÜÞ�ø¢ °þÂ® ,1.4.5 ��Ìì �� ¢��µ¨� �� .��±��

al;j = 1 Ýþ¤�¢ (3) ø (2) ,(1) ý�û´ÞÆì 3.4.5 ÓþÂã� �� ¢��µ¨� �� ß���Ýû .�il = 0 �î i Âû ý�Â�
� .i = i1; � � � ; is ý�Â� �ij = 1 Âð� �ú�� ø Âð�

.¢�Þ÷ Â�ÆÔ� ü¨À�û ¤�Ï�� �¤ vi1 ; � � � ; vis ö���üõ �÷�Ú� �î Àû¢üõ ö�È÷ Âþ¥ °ó�Îõ

:ù�ðö� ,À�ª�� �ø�Ôµõ i1; i2; � � � ; is Âð� .5.4.5 Ýó

.´¨� Ai1 \Ai2 \ � � � \Ais ¼Î¨�(m� s) �Ê¿Èõ â��� vi1vi2 � � � vis (1

.´¨� 2m�s �� Â��Â� Fn
2
¤¢ vi1 � � � vis ¤�¢Â� ¥� w(vi1 � � � vis) ö¥ø (2

:�� ´¨� Â��Â� ,Fn
2
�þ�� ¤�¢Â� ß�õ�j ü�ãþ ,fxjg �Ê¿Èõ â��� (3

ej =
m�1Y
i=0

fvi + (1+ �ij)1g

.À�µÆû Fn
2
¥� �þ�� ×þ (0 � s � m) vi1 � � � vis ý�û¤�¢Â� (4
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.��±��

.´¨� (3)-(1) 3.4.5 ¥� �¹�µ÷ ×þ ´ÞÆì ßþ� (1

.´¨� ¼Î¨�(m� s) ×þ ù¥�À÷� �� Â��Â� ö¥ø ,(1) Í¨�� (2

ö� ÛÞØõ �� �¤ ,vi ü�ãþ ,E ÂÎ¨ ß�õ�i �õ �ij = 0 �î i Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ E ÅþÂ��õ (3
¤�¢Â � ,Ý � � î �Â® �¤ À þÀ� ÅþÂ �� õ ý�ûÂÎ¨ Â ð� �¤�¬ßþ� ¤¢ ;Ý � � îüõ ß þÃ ðý�� 1 + vi

 ¤ ¤��×þ �ú�� ßØÞõ ý�ûö�µ¨ üõ�Þ� ö�� ,¢�� Àû��¡ j ö�Øõ ¤¢ �ú�� 1 �þ�¤¢ Ûõ�ª �Â®Û¬��
14 = 0+2+22 +23 ö�� .ÀþÂ�Ú� ÂÑ÷¤¢ Âþ¥ ñøÀ� ¤¢ �¤ fx14g ñ�·õ ×þ ö���ä�� .À�û¢üõ
ÂÒ��µõ ÂÎ¨ �õ ,ñøÀ� ßþ� ¤¢ ,ßþ�Â���� ;(j = 14 �¹�þ�¤¢) i = 0 Âð� �ú�� 1+ �ij = 1 �î Ý����üõ
ý¤�¢Â� �î Ý� �� � � �¤ (v0 + 1) v1 v2 v3 � � Ý��îüõ �Â® Å³¨ ø Ý��îüõ ÛÞØõ �¤ v0 � �

.´¨� ö�Øõ ß�Þû¢¤�ú� ¤¢ 1 ×þ �ú�� ý�¤�¢ �î ´¨� ýÂÎ¨

�î �¹÷� ¥� .Àþ�üõ ´¨¢�� (3) ¥� �¹�µ÷ ßþ� .À÷¤�¢ ¢��ø vi1 � � � vis ¤�¢Â�
mP
s=0

�m
s

�
= 2m = n (4

.ÝþÂ� ¤�î�� Ã�÷ �¤ 4.4.5 Ýó Ý�÷���üõ ,À�µÆû ÛÖµÆõ (x+ 1)l ý�ûý��ÜÞ�À��

�

;´¨� l = 15� 20 � 22 = 10 � � ÂÒ��µõ v0v2 ,ñ�·õ ý�Â� ;À�îüõ ¼þÂÈ� �¤ 4.4.5 Ýó Âþ¥ ñøÀ�
.(x+ 1)10 = x10 + x8 + x2 + 1 ,ßþ�Â����

vi1 vi2 � � � vis �û�Ôó�õ = (x+ 1)l °þ�Â® l = n� 1�P2is

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 15 = 1111

v0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 14 = 1110

v1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 13 = 1101

v2 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 11 = 1011

v3 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 7 = 0111

v0 v1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 12 = 1100

v0 v2 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 10 = 1010

v0 v3 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 6 = 0110

v1 v2 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 9 = 1001

v1 v3 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 5 = 0101

v2 v3 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 3 = 0011

v0 v1 v2 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 8 = 1000

v0 v1 v3 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 4 = 0100

v0 v2 v3 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 2 = 0010

v1 v2 v3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 = 0001

v0 v1 v2 v3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 = 0000
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� � vi1 � � � vis ý�û¤�¢Â� ý�¤�¢ �î n = 2m ñ�Ï �� üÎ¡ Àî .0 � r < m À��î ­Âê .6.4.5 ÓþÂã�
¢�Þ÷ � � ;Àî RM) ¢�ªüõ ùÀ�õ� ÷ Â ó�õ-Àþ¤ üþ� �ø¢ Àî �± �Âõ ß�õ�r ,´¨� �þ� � ö���ä�� Ûõ�ä s � r

.(R(r;m)

ü Ö Î � õ â �� � � î Ý � � � �ü õ (1) ´ ÞÆ ì 5.4.5 Ý ó ¥� .´ ¨� ¤�Â Ø � À î R(0;m) «�¡ ´ ó� �
Âð� �ú�� ø Âð� ´¨� 1 ¤�ÀÖõ ý�¤�¢ Fm

2
�î À�îüõ ´��� ,x = (x0; � � � ; xm�1) ö� ¤¢ �î xi1xi2 � � � xis

üþ�ûý��ÜÞ�À�� Í¨�� ùÀª ù¢�¢ Âþ¢�Öõ �� üþ�û�ó�± ÷¢ Ûõ�ª R(r;m) ,ßþ�Â��� � .x 2 Ai1 \ � � �Ais

.´¨� r Â·î�À� ��¤¢ �� x0; � � � ; xm�1 °Æ�Â�

.´¨� 2m�r �Ü¬�ê-ßþÂµÞî ý�¤�¢ R(r;m) .7.4.5 ��Ìì

�� ø ´¨� 2m�r �� Â��Â� Â·î�À� �Ü¬�ê-ßþÂµÞî ,5.4.5 Ýó ¥� (2) ´ÞÆì ø ÓþÂã� ¥� ù¢�Ôµ¨� �� .��±��

� .(À���±� �¤ 9.4.8 �ó�Æõ Ã�÷) ´¨� 2m�r �� Â��Â� Ûì�À� 2.4.5 ��Ìì ø 4.4.5 Ýó ¥� ù¢�Ôµ¨�

.´¨� R(m� r � 1;m) �� Â��Â� R(r;m) ö�ðø¢ .8.4.5 ��Ìì

.��±��

1+
�m
1

�
+ � � � + �mr � �� Â��Â� R(r;m) Àã� ,vi1 � � � vis ý�û¤�¢Â� ñ�Öµ¨� ø ÓþÂã� ¥� ù¢�Ôµ¨� �� (1

.dimR(r;m) + dimR(m� r � 1;m) = n ,ßþ�Â���� ;´¨�

;À�ª�� R(m � r � 1;m) ø R(r;m) �þ�� ý�û¤�¢Â� °��Â��� vj1 � � � vjt ø vi1 � � � vis À��î ­Âê (2

Àû��¡ vk1 � � � vku ôÂê �� �þ�� ø¢ ßþ� ý�û¤�¢Â� �Â®Û¬�� ,ßþ�Â���� ;s+ t < m �¤�¬ßþ� ¤¢

�ø¥ ö¥ø ý�¤�¢ �Â®Û¬�� ßþ� 5.4.5 Ýó ¥� (2) ´ÞÆì ¥� ù¢�Ôµ¨� � � .u < m ö� ¤¢ �î ¢��

.À�µÆû Àõ�ãµõ ,�þ�� ø¢ ¥� üÜ¬� ý�û¤�¢Â� ü�ãþ ,Àª��üõ

�

.´¨� [n; n�m� 1] �µê�þ©ÂµÆð Ù��Þû Àî ×þ R(m� 2;m) 8.4.5 ýÂ�ð�¹�µ÷
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ö�È÷ ,ñ�� .Ýþ�ù¢�Þ÷ ��¿µ÷� RM Àî ×þ ý�Â� ý��þ�� ö���ä �� �¤ ß�ãõ ��Î¨ ¥� �Ê¿Èõ â���� �õ
.´¨� ü��ãõ RM Àî �� ÕÜãµõ �Ê¿Èõ â��� ,°¨��õ Àã� �� ¼Î¨ Âû ý�Â� �î Ý�û¢üõ

�¤�¬ßþ� ¤¢ ;Àª�� AG(m;2) ¤¢ ¼Î¨-1×þ A ø C = R(m � 1;m) À��î ­Âê .9.4.5 ��Ìì

.Àª��üõ C ¤¢ A �Ê¿Èõ â���

:Ýþ¤�¢ 5.4.5 Ýó ø 3.4.5ÓþÂã� ¥� ù¢�Ôµ¨� �� .Àª�� A �Ê¿Èõ â��� f =
n�1P
j=0

fjej À��î ­Âê .��±��

ej =
mX
s=0

X
(i1; � � � ; is)

j 2 C(i1; � � � ; is)

vi1vi2 � � � vis ;

:ßþ�Â����

f =
mX
s=0

X
(i1;���;is)

(
X

j2C(i1;���;is)
fj)vi1vi2 � � � vis :

:¼Î¨�s ø Aí�Âµª� ¤¢ ¢���õ ¯�Ö÷ ¢�Àã� ,üÜ¡�¢ á�Þ¹õ ,�¹�þ�¤¢

L = fxj 2 AG(m;2) j j 2 C(ii; � � � ; is)g;

´±·õ Àã� �� ß�ê� ý�ÌêÂþ¥ ×þ �þ ø ´¨� üú� �þ L \ A ù�ðö� ,s > m� 1 Âð� .À�îüõ ©¤�Þª �¤
� .´¨� ÂÔ¬ �� Â��Â� üÜ¡�¢ á�Þ¹õ ü�ãþ ;´¨� �ø¥ jL \A j ,´ó�� ø¢ Âû ¤¢ .´¨�

â���� á�Þ¹õ Âð� �ú�� ø Âð� ´¨� R(r;m) �� ÕÜãµõ �ÞÜî ×þ �î Àû¢üõ ö�È÷ ÓþÂã� ø ��Ìì ßþ�
,üÖÎ�õ â���� üÞÜä ��Î¬�¤¢ .Àª�� m� r ýø�Æõ �þ ÂµÈ�� Àã� �� ß�ê� ý�û�ÌêÂþ¥ ¥� �Ê¿Èõ

.´¨� r ýø�Æõ �þ ÂµÞî ��¤¢ �� x0; x1; � � � ; xm�1 °Æ�Â� üþ�ûý��ÜÞ�À�� �ä�Þ¹õ R(r;m)

ÓþÂã� ��ÞÜîÀî ý�ûö�Øõ ýø¤ Â� �û´Èðý�� ýÂ�ð¤�î�� �� �¤ ¥ ¤�Ýû ý�ûÀî ¢�Þ÷ 3.2 Ç¿� ¤¢
�ÞÜîÀî ×þ �� �¤ C ¤¢ ��ÞÜî üõ�Þ� �î � 2 Sn ý�û´Èðý�� ø n ñ�Ï �� C Àî À�þ��� ñ�� .Ýþ¢Âî
ùøÂð �� éøÂãõ �î À�û¢üõ ùøÂð ×þ Û�ØÈ� �û´Èðý�� ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ ,À��îüõ Âþ�Ê� C ¤¢
.Aut(C) = Sn ù�ðö� ,Àª�� ¤�ÂØ� Àî C Âð� ,ñ�·õ ý�Â� ;À�ª��üõ (Aut(G) :¢�Þ÷ ��) C 22üµ¿þ¤¢�¡

.AGL(m;2) � Aut(R(r;m)) .10.4.5 ��Ìì

�� �¤ ¼Î¨�k ×þ AGL(m;2) �î ´¨� ´�ãì�ø ßþ� ø 9.4.5 ��Ìì ¥� ý¤�ê �¹�µ÷ ×þ ßþ� .��±��
� .À�îüõ Âþ�Ê� ¼Î¨�k ×þ
22automorphism group
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¥� üûøÂð ö�� �ä� � AG(m;2) ýø¤ �¤ AGL(m;2) � õ � î Àª� � ��� µ õ À þ� � ùÀ � ÷��¡ 10.4.5 ÂîÁ�
.À÷�ùÀª ©¤�Þª AG(m;2) Â¬��ä Í¨�� �î Ý�µêÂð ÂÑ÷¤¢ ö�Øõ n ý�û´Èðý��

�î Ý� � îüõ ö� � � RM ý�ûÀî ý�Â � üþ�ÈðÀî ©ø¤ ×þ �¬�¡ ¤�Ï� � ,�� � þÃ� � � ßµ¡�¢Â � öøÀ �
â��� ,9.4.5 ø 8.4.5 ��Ìì �Ü�¨ø�� .C = R(r;m) À��î ­Âê .´¨� üÖÎ�õ üþ�ÈðÀî ¥� üªÂµÆð
¼Î¨�r ×þ ý�Â� .´¨� C ý�Â� ö¥���ü¨¤Â� ¤�¢Â� ×þ AG(m;2) ¤¢ ü½Î¨�(r+ 1) Âû �Ê¿Èõ
ÕÜãµõ ,Àª�±÷ A ¤¢ �î ý��ÎÖ÷ .¢¤�¢ ¢��ø A Ûõ�ª �Ã¹õ ¼Î¨�(r + 1) ,2m�r � 1 ¢�Àã� ,A ùÀª ù¢�¢
ø ´¨� A ¥� üÏ�Ö� Ûõ�ª ¼Î¨�(r + 1) ßþ� ¥� ×þÂû .Àª��üõ ¼Î¨�(r + 1) ßþ� ¥� üØþ �fÖ�ì¢ ��

.À�ª�±÷ A ¤¢ �î ´¨� üÏ�Ö÷ ¢�Àã� �� Â��Â� �fÖ�ì¢
2m�r�1 ¥� ÂµÞî Ûõ�ª üµê�þ¤¢ �ÞÜî ×þ À��î ­Âê .Ýþ¥�À��� üû�Ú÷ �ûö¥���ü¨¤Â� �� À�þ��� ,ñ��
ö� ý�Â� ßØÞõ ¼�®�� ø¢ .Àª�� ÍÜè ö¥���ü¨¤Â� r À��î ­Âê .(À���±� �¤ 7.4.5 ��Ìì) Àª�� �Î¡

:¢¤�¢ ¢��ø

Í¨�� ¤�� 2m�r � 1� r ¢�Àã� �� �î Àª�� ù¢�¢  ¤ A ý�ûö�Øõ ¤¢ �Î¡ ý¢Âê ¢�Àã� ´¨� ßØÞõ (1
.Àª�� ùÀª ö�Â±� ,ü¨¤Â� �ä�Þ¹õ ¥� ùÀ÷�õüì�� ý�ûö�Øõ ¤¢ �Î¡ ý¢Âê ¢�Àã�

ý�ûö�Øõ ¤¢ �Î¡ ý¢Âê ¢�Àã� ö¥���ü¨¤Â� �ó¢�ãõ t ¤¢ �õ� ,´¨� �ø¥ A ý�ûö�Øõ ¤¢ �û�Î¡ ¢�Àã� (2
.¢¤�¢ ¢��ø ùÀ÷�õüì��

ñ�Þµ�� ý�¤�¢ (1) �� ´±Æ÷ (2) ù�ðö� ,r < 2m�r�1 Âð� ,üþ�Þ÷´¨¤¢ ßþÂµÈ�� ùÀä�ì ¥� ù¢�Ôµ¨� ��
ö¥��� ßµê�þ �î ´¨��ãõ ö�À� ßþ� .´¨� ýÂµÈ�� ñ�Þµ�� ý�¤�¢ (1) �¤�¬ßþ� Â�è¤¢ ø ´¨� ýÂµÈ��
ö�Þû ,���Èõ üªø¤ ýÂ�ð¤�î�� �� ,ßþ�Â���� ;´¨� ÂþÁ� ö�Øõ� ü½Î¨�r Âû ý�ûö�Øõ ¤¢ �û�Î¡ ¢�Àã�
ßþ� .À÷�ùÀª É¿Èõ �û�Î¡ ,�Ü�Âõ r + 1 ¥� Å� .Â¡� üó� ø ´¨� ¤�ÂìÂ� ��Î¨�(r� 1) ý�Â� ¢¤��õ

.¢�ªüõ ùÀ�õ�÷ 23ý��Ü�Âõ À�� ´þÂ·î� üþ�ÈðÀî ,©ø¤

í�¢Âî ý�ûÀî 4.6

â��Âõ) ¢Âî Ý�û��¡ ü¨¤Â� �¤ 24í�¢Âî ý�ûÀî �� éøÂãõ ,üÎ¡Â�è ý�ûÀî ¥� ü¨�î �¬�¡ ¤�Ï�� �õ
ý�û�ä�Þ¹õÝû ¥� ý¢�Àã� Ûõ�ª ôø¢ �±�Âõ Âó�õ-Àþ¤ Àî ×þ ¥� ýÀîÂþ¥ ,í�¢Âî Àî ×þ .([11] ,[75]
23multistep majority decoding
24Kerdock codes
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ý�û�ä�Þ¹õÝû ¥� üä�Þµ�� ¢�¡ ,R(2;m) �î À��î ´ì¢ .´¨� ö� �� ÂÒ��µõ ñø� �±�Âõ Âó�õ-Àþ¤ Àî
:´¨� Âþ¥ �¤�¬�� ôø¢ ��¤¢ ôÂê ×þ �� ÂÒ��µõ �ä�Þ¹õÝû Âû �î ´¨� R(1;m)

Q(v) :=
X

0�i<j<m
qijvivj : (4)

:�¤�¬�� B �ø��µõ üÎ¡ø¢ ÛØª ×þ ,Q ��ÂÒ��µõ

B(v; w) := Q(v + w)�Q(v)�Q(w) = vBwT ;

¥� ù¢�Ôµ¨� �� .(B = �BT ø üÜ¬� ÂÎì ýø¤ ÂÔ¬) ´¨� ö¤�Öµõ ÅþÂ��õ ×þ B ö� ¤¢ �î ¢¤�¢ ¢��ø
:ÛØª �� À÷���üõ Q ,°¨��õ ß�ê� ÛþÀ±� ×þ ¥� ù¢�Ôµ¨� �� �î ¢�¢ ö�È÷ ö���üõ ù¢�¨ üþ�ÂÖµ¨� ��±�� ×þ

h�1X
i=0

v2iv2i+1 + L(v); (5)

�þ v2h �î Àþ¢ ö���üõ ö� �� üû�Ú÷ �� ,âì�ø ¤¢ .´¨� B �±�¤ 2h ø ´¨� üÎ¡ L ö� ¤¢ �î ¢�ª âì�ø
.L(v) = 0;1

� � Â ��Â � ,
h�1P
i=0

x2ix2i+1 = 0 ö� ¤¢ � î ,(x0; x1; � � � ; x2h�1) 2 F2h
2

¯� Ö ÷ ¢�À ã � .1.4.6 Ýó

.´¨� 22h�1 + 2h�1

¤¢ .¢¤�¢ ¢��ø (x1; � � � ; x2h�1) ý�Â� ��¿µ ÷� 2h ù�ðö� ,x0 = x2 = � � � = x2h�2 = 0 Âð� .��±��

� .´¨� 2h + (2h � 1)2h�1 �� Â��Â� �ûÂÔ¬ ¢�Àã� ,ßþ�Â���� ;¢¤�¢ ¢��ø ��¿µ÷� 2h�1 ,�¤�¬ßþ� Â�è

:Ýþ¤�¢ �¤ Âþ¥ Ýó ,1.4.6 Ýó ø 5 �Î��¤ �� ���� ��

n �±�¤ �� 25üî¢�¨ ôÂê ×þ �� ÂÒ��µõ ôø¢ �±�Âõ ôÂê ×þ Q(v) Âð� .Àª�� �ø¥ m À��î ­Âê .2.4.6 Ýó

ø 2m�1 � 2m=2�1 ö¥ø �� �ÞÜî 2m ý�¤�¢ ,Q(v) Í¨�� ùÀªß��ã� R(1;m) �ä�Þ¹õÝû ù�ðö� ,Àª��

.´¨� 2m�1 + 2m=2�1 ö¥ø �� �ÞÜî 2m

�ä�Þ¹õÝû ù�ðö� ,Àª�� m ¥� ÂµÞî ý��±�¤ ý�¤�¢ Q Âð� �� ¢�ªüõ ¶ä�� °ÜÎõ ßþ� �î À��î ´ì¢)
.(Àª�� ýÂµÞî ö¥ø-ßþÂµÞî ý�¤�¢ ÂÒ��µõ

2m�1 � 2m=2�1 Â·î�À� �Ü¬�ê-ßþÂµÞî �� ýÀî ,R(r;m) ý�û�ä�Þ¹õÝû ¥� üä�Þµ�� ,��®ø��
,Q1 ôø¢ ��¤¢ ý�ûôÂê �� ÂÒ��µõ ý�û�ä�Þ¹õÝû á�Þµ�� ¥� ù¢�Ôµ¨� �� �¤ C Àî Ý�û��¡üõ .¢�� Àû��¡
ý�ûÀî Àþ�� ,Àî ßþ� �Ü¬�ê-ßþÂµÞî ßµê�þ ý�Â� .Ýþ¥�Æ� (Bl ,� � � ,B1 üî¢�¨ ý�ûôÂê ��) Ql ,� � �
25symplectic
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ö¥ø-ßþÂµÞî ø ÝþÂ�Ú� ÂÑ÷¤¢ �¤ (i 6= j) Qi �Qj ý�ûôÂê Í¨�� ùÀª ÓþÂã� ý�û�ä�Þ¹õÝû �� ÂÒ��µõ
�� ÂÒ��µõ Qi �Qj Û®�Ô� Âû �î ´¨� ßþ� Ý���þ ´¨¢ ö� �� Ý�÷���üõ �î üµó�� ßþÂµú� .Ý����� �¤ �ú÷�
�� ÂÒ��µõ üî¢�¨ ý�ûôÂê ö�� .´¨� ¢ÂÔ�õ�÷ üî¢�¨ ôÂê ×þ �î Àª�� ñ�Þ�Æî�õ �±�¤ �� üî¢�¨ ôÂê ×þ
�¹�µ÷ ,À�µÆ�÷ ö�ÆØþ ñø� ÂÎ¨ ý�¤�¢ �ú÷� ý��ø¢ º�û ø À�µÆû ÂÔ¬ ÂÎì �� ö¤�ÖµõÀ® ý�ûÅþÂ��õ

.l � 2m�1 ù�ðö� ,Àª�� 2m�1 � 2m=2�1 �� Â��Â� C ¥� d �Ü¬�ê-ßþÂµÞî Âð� �î ¢�ªüõ

ý¤�Ï�� m ù¥�À÷� �� üî¢�¨ ÅþÂ��õ 2m�1 ¥� �ä�Þ¹õ ×þ .Àª�� �ø¥ m À��î ­Âê .3.4.6 ÓþÂã�

.¢�ªüõ ùÀ�õ�÷ í�¢Âî �ä�Þ¹õ ×þ ´¨� ¢ÂÔ�õ�÷ ,Ãþ�Þµõ �Ìä ø¢ Âû Û®�Ô� �î

í�¢Âî �ä�Þ¹õ ×þ Ql ,� � � ,Q1 ø l = 2m�1 À��î ­Âê .Àª�� �ø¥ m À��î ­Âê .4.4.6 ÓþÂã�

,Qi ý�ûôÂê �� ÂÒ��µõ ,R(1;m) ý�û�ä�Þ¹õÝû Ûõ�ª n = 2m ñ�Ï �� K(m) üÎ¡Â�è Àî .Àª��

.¢�ªüõ ùÀ�õ�÷ í�¢Âî Àî ,1 � i � l

�¨À�û �� ¯��Âõ �î ´¨� üúþÀ�Â�è �ó�Æõ ×þ ,À÷¤�¢ ¢��ø üþ�ûÀî ß��� Û¬�¤¢ �îßþ� ö¢�¢ ö�È÷
üã�Âõ ôÂê Q Âð� .m = 4 À��î ­Âê .Ýþ¤ø�üõ ñ�·õ ×þ �ú� � �õ .´¨� (]11[ â�Âõ .í.¤) Fm

2

ø Âð� Ý�û¢üõ Çþ�Þ÷ fxi; xjg ñ�þ �� x3 ,... ,x0 §��¤ �� é�Âð ×þ �� �¤ Q ù�ðö� ,Àª��
3P
i=0

qijxixj

.qij = 1 Âð� �ú��
Â þ¥ ý�ûé�Âð ¥� üØ þ � � À þ� � é�Â ð ß þ� ù� ðö� ,Àª� � ¢Â Ô � õ� ÷ üî¢�¨ ôÂ ê ×þ � � ÂÒ� � µ õ Q Â ð�

:Àª�� ´¿þ¤×þ

á�÷ é�Âð Çª ¥� .À� �î ÝÑ�õ ý¤ø¢ �¤�¬�� �¤ (14)(23) ø (13)(24) ,(12)(34) ý�û¥�Â ê�
ßþ� �î Àþ¢ ö���üõ ü÷�¨� �� ,ýÂÚþ¢ ¥� �ø¥ ×þ ø �û¥�Âê� ßþ� ¥� �ø¥ ×þ ¥� âÜ® ø¢ ßµêÂð �� ,(2)
��ø¢ Âû (Û®�Ô� �þ) á�Þ¹õ �î À�ª��üõ ´�¬�¡ ßþ� ý�¤�¢ (4) á�÷ é�Âð ø üú� é�Âð ,é�Âð Çª
�¤ (16;28;6) Àî ×þ ¥� �ÞÜî 8 � 25 = 28 ,©ø¤ ßþ� ¤¢ .´¨� ¢ÂÔ�õ�÷ üî¢�¨ ôÂê ×þ �� ÂÒ��µõ

.´¨� 4.4 Ç¿� ¤¢ ßÆ����¤-ôøÂµ¨�¢¤�÷ Àî ö�Þû âì�ø ¤¢ �î ,Ý���þüõ
¤�Ï�� ö� ��ÞÜî ¢�Àã� ,ßþ�Â���� ;´¨� (2m;22m;2m�1 � 2m=2�1) Àî ×þ K(m) ,üÜî ´ó�� ¤¢

.´¨� Â�×��î üÞî ö� �Ü¬�ê-ßþÂµÞî �� Âð� ,´¨� R(1;m) ¥� Â�ï¤Ã� üú��� Û��ì
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�û¢�ú�È�� 4.7

.À��î �ã��Âõ [56] â�Âõ �� ,Â�þ¤�õ ý�ûÂÔ¨ ¤¢ ¢¤�õ�¢�û ý�ûÀî ý�û¢Â�¤�î ù¤��¤¢ ���þÃ� öÀþ¢ ý�Â�
ßµÆ÷�¢ ý�Â� .À÷Àª �µ¡�¨ �õ ¶½� �� �ø�Ôµõ üªø¤ �� 1949 ñ�¨ ¤¢ 26üÜð Í¨�� üÜð ý�ûÀî
28´��óöø ø 27 öøÂÞî ��µî �� �¤ ùÀ�÷��¡ ,���±�îÂ� �þÂÑ÷ �� ö� ¯�±�¤� ßþÀ�� ø �ûÀî ßþ� ù¤��¤¢ ÂµÈ��

.Àþ�Þ÷ ùÀû�Èõ �¤ [19] â�Âõ À÷���üõ Ã�÷ ;Ý�û¢üõ á��¤� [49] â�Âõ �þ [11]
[65] �þ [64] â��Âõ �� ,´¨� ��µî ßþ� 4.4 ÛÊê ù¤��¤¢ ÂµÈ�� °ó�Îõ �� À�õ�ì�ä �î ý�ùÀ�÷��¡
�þ [2] â��Âõ ,RM ý�ûÀî üþ�ÈðÀî ø ý¤�ÁðÀî ù¤��¤¢ ÂµÈ�� °ó�Îõ ßµÆ÷�¢ ý�Â� .¢�ªüõ ù¢�¢ á��¤�

.À���±� �¤ [46]

Û��Æõ 4.8

.´¨� n �±�Âõ ¥� ¢¤�õ�¢�û Àî ×þ R(1;m) Âó�õ-Àþ¤ Àî �î À�û¢ ö�È÷ .n = 2m À��î ­Âê .1.4.8

¥� fx;2xg �ø¥ Âû ý�Â� .´¨� 5 ö¥ø �� �ÞÜî 132 ý�¤�¢ üþ���¨ üÜð Àî �î À�û¢ ö�È÷ .2.4.8

66 ßþ� �î À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ xi 6= 0 �î üþ�ûö�Øõ ¥� ý��ä�Þ¹õÂþ¥ ,5 ö¥ø �� ��ÞÜîÀî

.À�û¢üõ �ÂÏ 4� (11;5;1)×þ Û�ØÈ� �ä�Þ¹õ

ÀþÂ�Ú� ÂÑ÷¤¢ �¤ A ý�ûÂÎ¨ .A = 1

2
(S + I + J) ø Àª�� 11 �±�Âõ üó�� ÅþÂ��õ S À��î ­Âê .3.4.8

�î À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �û¤�¢Â� ßþ� ý�ûÛÞØõ ø A Ãþ�Þµõ ÂÎ¨ ø¢ Âû á�Þ¹õ 55 üõ�Þ� ø

.´¨� (11;132;3) Àî ×þ Û¬��

.Àþ¥�Æ� (17;36;8) Àî ×þ .4.4.8

ÛØª �� A ý�ûÅþÂ��õ Ûõ�ª ùøÂðÂþ¥ Å³¨ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ G24 ¥� 29 ý�c ÷�î ¤� µ¡�¨ .5.4.8
��ÞÜî B ý�ûÅþÂ��õ �î À�û¢ ö�È÷ .´¨� 2 ¤¢ 4 ÅþÂ��õ ×þ B ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (B;B;B)

.À�µÆû [8;4] �µê�þ©ÂµÆð Ù��Þû Àî �� ¥ ¤�Ýû Àî ×þ
26M. J. E. Golay
27P .J. Cameron
28J. H. vanLint
29Conway
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(n;M; d) Àî ×þ ù�ðö� ,Àª�� �µª�¢ ¢��ø �ø¥ d �� (n;M; d) üþ��ø¢ Àî ×þ Âð� À�û¢ ö�È÷ .6.4.8
.Àª��üõ �ø¥ ö� ��ÞÜîÀî üõ�Þ� �î ¢¤�¢ ¢��ø

:À��î ÓþÂã� ;ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 1 À�÷�Þû 3 ù¥�À÷� ¥� P ø J ,I ý�ûÅþÂ��õ .7.4.8

A :=

0
BBBBB@

J � I I I I

I J � I I I

I I J � I I

I I I J � I

1
CCCCCA ; B :=

0
BBBBB@

J P I P2

P J P2 I

I P2 J P

P2 I P J

1
CCCCCA ;

C :=
�
J � I J � I J � I J � I

�
; D :=

0
BBBBB@
000 111 111 111

111 000 111 111

111 111 000 111

111 111 111 000

1
CCCCCA :

.´¨� (12;32;5) Àî ×þ ��ÞÜî D ø C ,B ,A ý�ûÂÎ¨ ø 0 �î À�û¢ ö�È÷

,A := H � I ø À ª� � 1 ÛÊ ê ¤¢ 20 � Î ��¤ ¥� H12 ¢¤� õ�¢� û Å þÂ �� õ H À � � î ­Â ê .8.4.8

.´¨� 9 �Ü¬�ê-ßþÂµÞî �� üþ���¨ [24;12] Àî ×þ Àó�õ ÅþÂ��õ G À�û¢ ö�È÷ .G :=
�
I A

�

,C2 = R(r;m) ø C1 = R(r+1;m) ý�Â� 3 �Î��¤ ¤¢ ¢���õ ¤�µ¡�¨�(u;u+ v) À�û¢ ö�È÷ .9.4.8

��Ìì ý�Â� üõø¢ ��±�� ø ù¢�Þ÷ ù¢�Ôµ¨� °ÜÎõ ßþ� ¥� .À�îüõ �Öó� �¤ C = R(r + 1;m + 1) ¤�µ¡�¨
.Àþ¤ø��� 7.4.5

.10.4.8

�û 0 ü��È÷�� ¥� �î ý¤�¢Â� �¤�¬�� �¤ x� 2 f1;�1gn ¤�¢Â� x 2 Fn
2
ý�Â� .n = 2m À��î ­Âê (1

ùÀª ÀþÀ½� ´ª�Ú÷ ßþ� �î ÝþÀþ¢ 1.4.7 �ó�Æõ ¤¢ .Ý��îüõ ÓþÂã� ,ùÀõ� ´¨¢�� �1 �� x ¤¢

×þ ý�ûÂÎ¨ ai ö� ¤¢ �î Àû¢üõ �¹�µ÷ �¤ �an ø � � � ,�a2 ,�a1 ý�û¤�¢Â� ,R(1;m) ýø¤ Â�
�ÞÜîÀî ù�ðö� ,x 2 Fn

2
Âð� �î À�û¢ ö�È÷ ,°ó�Îõ ßþ� ýÂ�ð¤�î�� �� .À�ª��üõ ¢¤�õ�¢�û ÅþÂ��õ

.d(x; c) � (n�pn)=2 �î ý¤�Ï�� ;¢¤�¢ ¢��ø c 2 R(1;m)

x1x2 + x3x4 + � � � + x2k�1x2k üÖÎ�õ â��� �� ÂÒ��µõR(2;m) ¤¢ ý��ÞÜî x ø m = 2k Âð� (2
�¤�±ä��) d(x; c) � (n �pn)=2 Ýþ¤�¢ c 2 R(1;m) üõ�Þ� ý�Â� �î À�û¢ ö�È÷ ù�ðö� ,Àª��

.(´¨� 22k�1 � 2k�1 �� Â��Â� (1;2k) üÈª�� á�ãª ,ÂÚþ¢
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J ø I ø Àª�� [4;2] üþ���¨ �µê�þ©ÂµÆðÙ��Þû Àî ×þ ö¥���ü¨¤Â� ÅþÂ��õ H À��î ­Âê .11.4.8
:À�û¢ ö�È÷ .À�ª�� 4 �±�Âõ ¥� 1 �fõ�Þ� ÅþÂ��õ ø ü÷�Þû ý�ûÅþÂ��õ °��Â� ��

G :=

 
J + I I I

0 H �H

!
;

üÜð Àî �� ñ¢�ãõ ýÀî ü�ãþ ;ßþ� ø À�îüõ À�ó�� ,´¨� 6 �Ü¬�ê-ßþÂµÞî �� [12;6] Àî ×þ �î �¤ C Àî

.�µê�þ©ÂµÆð üþ���¨



5 ÛÊê

�ûÀî ýø¤ üþ�ûö�Âî

�Â±Ü�ð ö�Âî ;�õÀÖõ 5.1

À� �� ,É¿Èõ �Ü¬�ê-ßþÂµÞî ø ñ�Ï ßµª�¢ ­Âê �� �î ¢�� Ý�û��¡ üþ�ûÀî �� À�õ�ì�ä ,ÛÊê ßþ� ¤¢
ý¤�ÁðÀî �þ ÛÞä ¤¢ ö¢�� ùÀþ�êü� ö�»Þû ü����¨ �� �õ �ì�ä .À�ª�� �ÞÜîÀî ý¢�þ¥ ¢�Àã� ý�¤�¢ ö�Øõ�
ø �µêÂð ÂÑ÷¤¢ �¤ Û±Þ¨ q �� Q �ä�Þ¹õ �±Ôó� ö���ä�� �f¢À¹õ .¢�� Àû��¿÷ üþ�ûÀî ß��� üþ�ÈðÀî ø
��¿µ÷� q Ý��îüõ­Âê .´¨� 3.1 Ç¿� À�÷�Þû �¹�þ� ¤¢ ý¤�Áð¢�Þ÷ .� := (q � 1)=q Ý��îüõ ÓþÂã�
�õ .Ý��îüõ ÓþÂã� d �Ü¬�ê-ßþÂµÞî ø n ñ�Ï �� ýÀî �¤�¬�� �¤ (n; �; d) Àî ×þ Å³¨ ø ´¨� ùÀª
Àî ×þ .Ý�µÆû ,¢Â�ð ¤�Âì � ö�Øõ ¤¢ À÷��µ� �î M ßþÂ�ï¤Ã� ü�ãþ ,�ÞÜîÀî ¢�Àã� ßþÂµÈ�� �� À�õ�ì�ä

.¢�ªüõ ùÀ�õ�÷ ñ�Þ�Æî�õ ,Àª�±÷ (n;M + 1; d) Àî º�û ¤¢ ñ�ÞÈõ �î (n;M; d)

� î ý¤� Ï� � C À î .A(n; d) := maxfM j .À ª� � ¢� �� õ (n;M; d) À î × þg .1.5.1 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ 1���ú� ,jcj = A(n; d)

2.3.8 �ó�Æõ) À÷Â�üõ ¤�î�� d = n� k+1 �� [n; k] ý�ûÀî ý�Â� �¤ \���ú�" �ÜÞ� ,ß�Ôó�õ ¥� ü¡Â�
ý�ûÀî �f �Þãõ .À�µÆû ���ú� (À��î �Æþ�Öõ 1.5.2 ��) 1.5.1 ÓþÂã� Â���� üþ�ûÀî ß��� .(À���±� �¤

.À÷�ªüõ ùÀ�õ�÷ (MDS ý�ûÀî) 2�Ü¬�ê ßþÂµÈ�� �� ÂþÁ�×�ØÔ� ý�ûÀî ,[n; k; n� k + 1]

1 optimal
2 maximum distance separable codes
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.´¨� ùÀª �µêÂð ÂÑ÷¤¢ ý¤�ÁðÀî ü���±�îÂ� �þÂÑ÷ ¤¢ ü¨�¨� ý��ó�Æõ ö���ä�� A(n; d) ¢�Àä� �ãó�Îõ
ý�Î¡ ñ�Þµ�� �� ñ�÷�î ×þ ý�Â� ,Â�Õ�ì¢ ¤�Ï�� �þ ,À�µÆû ü÷��Ï ��¡ ý�ûÀî �î Ý�µ¡�õ� ,2 ÛÊê ¤¢
,��®ø�� .¢�¢ Çû�î ,n ñ�Ï Çþ�Ãê� �� �ûÀî ¥� ý��ó�±÷¢ ùÀû�Èõ �� �¤ �Î¡ ñ�Þµ�� Ý�÷���üõ ,p «�¡
¼�½Ê� �¤ �û�Î¡ ßþ� Ý�û��¡üõ Âð� ,ßþ�Â���� ;´¨� np �� Â��Â� üµê�þ¤¢ �ÞÜî ×þ ý�Î¡ Í¨�µõ ¢�Àã�
Âþ¥ �¤�¬�� �î �(Æ) ¢Àä ´�Þû� ,°ÜÎõ ßþ� .Ý�û¢ Çþ�Ãê� 2np´äÂ¨ �� Ûì�À� �¤ d Àþ�� ,Ý��î

.¢¥�¨üõ ßªø¤ ,¢�ªüõ ÓþÂã�

.2.5.1 ÓþÂã�

�(Æ) := lim sup
n!1

n�1 logq A(n; Æn):

d=n �î Ý��î ñ��¨ Àþ�� ,´ó�� ßþ� ¤¢ .Ýþ¢�Þ÷ �ãó�Îõ �¤ R ùÀª ù¢�¢  Â÷ �� ��¡ ý�ûÀî 2 ÛÊê ¤¢
â��� §�Øãõ �� �õ �î ¢�ªüõ ùÀþ¢ 2.5.1 ÓþÂã� ¥� .(n ¥� üã��� ö���ä��) Àª�� ï¤Ã� À÷���üõ À� �� ��

.Ý�µÆû À�õ�ì�ä �
ü��þ�� ø üþ��� ý�ûö�Âî ü¨¤Â� �� �¹�þ� ¤¢ .À�ª��üÞ÷ ùÀª �µ¡��ª üÜî ´ó�� ¤¢ � ø A â����
,ö¢�¢ ©ÂµÆð ý�û×��Ø� .¢�Þ÷ Ý�û��¡ ü¨¤Â� �¤ A(n; d) «�¡ Âþ¢�Öõ ø �µ¡�¢Â� �ú÷� ýø¢Âû ý�Â�
�¤ Âþ¥ ��Ìì �f¤�ê °ó�Îõ ßþ� .¢�� À�û��¡ À�Ôõ °Üè� (À���±� �¤ 4.4 Ç¿�) ö¢ÂîÂ»�� �þ ö¢�Þ÷ù���î

:À�û¢üõ �¹�µ÷

:Ýþ¤�¢ üþ��ø¢ ý�ûÀî ý�Â� .3.5.1 ��Ìì

A(n;2l � 1) = A(n+ 1;2l)

:Ý��îüõ ÓþÂã� ø Ý��îüõ ý¤ø�¢�þ �¤ 3.1 Ç¿� ¤¢ Br(x) ý�ð ÓþÂã� ,ùÀ�÷��¡ ��

Vq(n; r) := jBr(x) j =
rX

i=0

 
n

i

!
(q � 1)i: (1)

.(À��î �Æþ�Öõ 6.3.1 ¯Âª ��)
â��� .Ýþ¤�¢ �¤ 4.1.4 Í¨�� ùÀª ÓþÂã� ü�øÂµ÷� â��� ¥� üã�¨�� �� ¥��÷ ,� â��� �ãó�Îõ ¤�Ñ�õ ��

:�¤�¬�� ,� := (q � 1)=q �î ,[0; �] ýø¤ Hp ü�øÂµ÷�
Hq(0) := 0;

Hq(x) := x logq(q � 1)� x logq x� (1� x) logq(1� x); 0 < x � � ý�Â�
(2)
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.À��þüõ Çþ�Ãê� 1 �� 0 ¥� ,À�îüõ Â��ç� � �� 0 ¥� x üµìø Hq(x) �î À��î ´ì¢ .¢�ªüõ ÓþÂã�

:�¤�¬ ßþ� ¤¢ .q � 2 ø 0 � � � � À��î ­Âê .4.5.1 Ýó

lim
n!1n�1 logq Vq(n; b�nc) = Hq(�):

:ßþ�Â���� ;´¨� ßþÂ�ï¤Ã� ,1´¨�¤ éÂÏ á�Þ¹õ Â¡� �ÜÞ� ,r = b�nc ý�Â� .��±�� 
n

b�nc

!
(q � 1)b�nc � Vq(n; b�nc) � (1+ b�nc)

 
n

b�nc

!
(q � 1)b�nc:

� .¢¢Âðüõ Û¬�� �¹�µ÷ ,5.1.4 ��Ìì ��±�� À�÷�Þû ßµê¤ Ç�� Å³¨ ø n Â� Ý�ÆÖ� ,Ýµþ¤�Úó ßµêÂð ��

Ý�û��¡ �ÂÎõ �¤ �(Æ) ý�Â� ÂÒ��µõ ö�Âî ø A(n; d) ý�Â� ü��þ�� ö�Âî ×þ ,Ç¿� ßþ� �� ö¢�¢ ö�þ�� ý�Â�
ö�Âî ßþ� �� À÷���üõ �(Æ) �î Àªüõ ¤�Ê� ü÷��Ï ý�û�Àõ ,´¨� ¼®�ø �f±þÂÖ� �¹�µ÷ ßþ� ��Âð� .¢�Þ÷
(q � 49 ý�Â�) �¤ ü��þ�� ö�Âî ßþ� [81] 5×�þ¥ ø 4�ø¢�ø , 3ßÞÆê ,1982 ñ�¨ ¤¢ .Àª�� Â��Â� ß�þ��

.À÷À�È¿� ¢�±ú� ýÂ±� �¨À�û ¥� ù¢�Ôµ¨� ��

:Ýþ¤�¢ ,d � n ø d 2 N ,n 2 N ý�Â� .5.5.1 ��Ìì

A(n; d) � qn=Vq(n; d� 1):

ý��ÞÜî �� ¢�ªüõ ¶ä�� °ÜÎõ ßþ� .Àª�� ñ�Þ�Æî�õ (n;M; d) Àî ×þ ö���ä�� C Àî À��î ­Âê .��±��

�� Bd�1(c) ý�ûý�ð ;ÂÚþ¢ �¤�±ä �� .Àª�� �µª�¢ ¢��ø C ��ÞÜî üõ�Þ� �� d Ûì�À� �Ü¬�ê �� Qn ¤¢

¥� ¥ø�¹µõ ,jcjVq(n; d� 1) ü�ãþ ,ö�÷� \ý�ûÝ¹�" á�Þ¹õ ,ßþ�Â���� ;À�÷�ª��üõ �¤ Qn ý�Ìê ,c 2 C
� .´¨� qn = jQ j n

üð¢�¨ �� À÷���üõ ,´¨� �ÞÜîÀî qn=Vq(n; d � 1) ý�¤�¢ Ûì�À� �î ýÀî �î Àû¢üõ ö�È÷ ��±�� ßþ�
d Ûì�À� �Ü¬�ê ý�¤�¢ �î ýÀþÀ� ��ÞÜî ö¢�Þ÷ �ê�®� üó��µõ ¤�Ï�� Å³¨ ø c0 �ÞÜî Âû ¥� áøÂª ��
º�û ý�¤�¢ ýÀî ß��� .¢�ª �µ¡�¨ ,ñ�Þ�Æî�õ Àî �� öÀ�¨¤ �� À÷�ùÀª ��¿µ÷� Û±ì ¥� �î ü��ÞÜî ��
ö�È÷ Âþ¥ ��Ìì �î ¤�Ïö�Þû ,Àª�� üÎ¡ C �îßþ� ý�Â� ô¥� ¯Âª ,°¹ã� ñ�Þî �� .Àª��üÞ÷ ý¤�µ¡�¨

.Àª��üÞ÷ ü¨�¨� ´þ¢øÀ½õ ×þ ,Àû¢üõ
3 Tsfasman
4 Vl�adut�
5 Zink
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[n; k; d] Àî ×þ ù�ðö� ,À��î ëÀ¬ Vq(n; d � 1) � qn�k+1 �Î��¤ ¤¢ n; d; k 2 N Âð� .6.5.1 ��Ìì
.¢¤�¢ ¢��ø

ö�� .Àª� � [n; k � 1; d] Àî ×þ Ck�1 À� � î ­Âê .´¨� üú þÀ � °ÜÎõ ßþ� k = 0 ý�Â � .��±��
ýø�Æõ �þ ÂµÈ�� �Ü¬�ê �� x 2 Qn �ÞÜî ,ßþ�Â���� ;Àª��üÞ÷ ñ�Þ�Æî�õ Àî ßþ� ,jck�1 jVq(n; d� 1) < qn

.Àª�� fxg ø Ck�1 Í¨�� ùÀª À�ó�� Àî Ck À��î ­Âê .¢¤�¢ ¢��ø Ck�1 ��ÞÜî üõ�Þ� �� ´±Æ÷ d

:�¤�¬ßþ� ¤¢ ;Àª�� Ck ¤¢ �ÞÜîÀî ×þ (0 6= a 2 Q; y 2 Ck�1 ö� ¤¢ �î) z = ax+ y À��î ­Âê

w(z) = w(a�1z) = w(x+ a�1y) = d(x;�a�1y) � d:

�

.À�ª��üõ 6.5.1 ��Ìì ¥� üó�·õ 14.3.8 �ó�Æõ ¤¢ ¢���õ ý�ûÀî

ø V2(13;4) = 1093 Ýþ¤�¢ 1 �Î��¤ ¥� ,ßþ�Â���� ;d = 5 ø n = 13 ,q = 2 À��î ­Âê .7.5.1 ñ�·õ
´÷�Þ® �¤ [13;3;5] Àî ×þ ¢��ø 6.5.1 ��Ìì âì�ø ¤¢ .A(13;5) � b8192=1093c = 8 ø¤ßþ� ¥�
ö¢ÂîÂ»�� ¤���¨ ,7.4.5 ��Ìì ¥� ù¢�Ôµ¨� �� �Âþ¥ ;Àª��üÞ÷ ��¡ üÜ�¡ Àî ×þ ,ßþ� ,��®ø�� .À�îüõ
üÎ¡Â�è Àî ×þ ¥� üµ� 4.4 Ç¿� ¥� Y Àî âì�ø ¤¢ ø Àû¢üõ ´¨¢�� �¤ [13;5;5] Àî ×þ R(1;4)
A(n; d) ýø¤ üþ�ûö�Âî ßµê�þ ý�Â� �¤ ©ø¤ ×þ ñ�·õ ßþ� .(13;64;5) Àî ×þ ¥� ü�ãþ ;´¨� Âµú�

.A(13;5) � 64 �î Ý�÷�¢üõ .��¡ ý�ûÀî ßµ¡�¨ ¥� ù¢�Ôµ¨� �� ü�ãþ ;Àû¢üõ ö�È÷
ñ�� .´¨� éøÂãõ ( 7�õ�ª¤ø-�Â±Ü�ð ö�Âî �þ) 6�Â±Ü�ð ö�Âî �� 5.5.1 ��Ìì ¤¢ ¢���õ ö�Âî

.Ýþ¥�À��� � ý�Â� ÂÒ��µõ ö�Âî �� üû�Ú÷ À�þ���

:ù�ðö� ,0 � Æ� Âð� .( 8ü±÷�¹õ �Â±Ü�ð ö�Âî) .8.5.1 ��Ìì

�(Æ) � 1�Hq(Æ):

:Ýþ¤�¢ 4.5.1 ø 5.5.1 Í��ø ¤ ¥� ù¢�Ôµ¨� �� .��±��

�(Æ) = lim supn!1 n�1 logq A(n; Æn) � limn!1f1� n�1 logq Vq(n; Æn)g

= 1�Hq(Æ)

�

6 Gilbert bound
7 Varshamov
8 Asymptotic Gilbert Bound
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üþ��� ý�ûö�Âî 5.2

�ú÷� ö¢¤ø� ´¨¢�� Õ��� �î Ý��îüõ �ÂÎõ �¤ A(n; d) ý�Â� üþ��� ý�ûö�Âî ¥� ý¢�Àã� ,Ç¿� ßþ� ¤¢
¤¢ �¤ �ú÷� �õ �î À÷¢�Þ÷ À�ó�� �¤ ýÂµú� ý�ûö�Âî ýÂ�ùÀ�»�� ý�û©ø¤ ,1970 �û¢ ¤¢ .Àª��üõ ö�¨�

.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õ 5.3 Ç¿�
ü�ãþ ;Àþ�üõ ´¨¢�� (n� d+1;M;1) Àî ×þ ,¤�� d�1 ù¥�À÷��� (n;M; d) Àî ×þ ö¢ÂîÂ»�� ��
9ö�µÜÚ��¨ ö�Âî �� �î �¤ Âþ¥ ��Ìì ø¤ßþ� ¥� .M � qn�d+1 ,ßþ�Â���� .À�ª��üõ Ãþ�Þµõ ùÀªÂ»�� �ÞÜîM

.Ýþ�ù¢�Þ÷ ´��� ,´¨� éøÂãõ

:Ýþ¤�¢ q � 2 ø q; n; d 2 N ý�Â� .1.5.2 ��Ìì

A(n; d) � qn�d+1:

.k � n� d+ 1 Ýþ¤�¢ Fq ýø¤ [n; k] Àî ×þ ý�Â� 1.5.2 ýÂ�ð�¹�µ÷

.(À���±� �¤ 2.3.8 �ó�Æõ) Ý�õ�÷üõ MDS Àî ×þ �¤ À��þ ´¨¢ ö�Âî ßþ� �� �î ýÀî

.A(13;5) � 512 Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;d = 5 ø n = 13 ,q = 2 À��î ­Âê .2.5.2 ñ�·õ

.´¨� Âþ¥ �¤�¬�� 1.5.2 ��Ìì ü±÷�¹õ ôÂê

.�(Æ) � 1� Æ Ýþ¤�¢ 0 � Æ � 1 ý�Â� .3.5.2 ��Ìì

Û¬�� �ø�Ôµõ �b ÞÜîÀî ø¢ ß�� Í¨�µõ �Ü¬�ê ¥� ßØÞõ ¤�ÀÖõ ßþÂµÈ�� �±¨�½õ �� ,ýÀã� ö�Âî
ßþ� ¥� ö�µ¨ ×þ .Ýþ¥�¨üõ �¤ C ��ÞÜî ¥� üµÆ�ó .Àª�� (n;M; d) Àî ×þ C À��î ­Âê .¢¢Âðüõ
.Àû¢  ¤ ö�µ¨ ßþ� ¤¢ ,0 � j � q � 1 ,¤��mj ,Q Û±Þ¨ ß�õ�j À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ´Æ�ó

ö�� .´¨�
q�1P
j=0

mj(M �mj) �� Â��Â� ,�ø�Ôµõ �c �ÞÜîÀî �ø¥ üc õ�Þ� �Ü¬�ê á�Þ¹õ ¤¢ ö�µ¨ ßþ� Ýú¨

:Ýþ¤�¢ Ã�¤��ª-üÈî ýø�Æõ�÷ ¥� ,
q�1P
j=0

=M

q�1X
j=0

mj(M �mj) =M2 �
q�1X
j=0

m2
j �M2 � q�1(

q�1X
j=0

mj)
2 = �M2:

:Ýþ¤�¢ ,À÷¤�¢ ¢��ø ��ÞÜîÀî ¥� °�Âõ �ø¥ M(M � 1) ö�� ø ¢¤�¢ ö�µ¨ n �õ ´Æ�ó ö��

M(M � 1)d � n�M2:

.Ýþ�ù¢�Þ÷ ��±�� �¤ 10ß�Ø��� éøÂãõ ö�Âî �õ �¹�þ� ¤¢
9 Singleton bound
10Plotkin
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:Ýþ¤�¢ � = 1� q�1 ø q � 2 ,q; n; d 2 N ý�Â� .4.5.2 ��Ìì

A(n; d) � d
d��n ; d > �n Âð� :

.5.5.2 ñ�·õ

�¤ 4.5.2 ��Ìì Ý�÷��µ� �îßþ� ý�Â� .� = 1

2
�¤�¬ßþ� ¤¢ ;d = 5 ø n = 13 ,q = 2 À��î ­Âê (1

(9;M 0;5) Àî ×þ �� À�þ�Þ÷ ù���î ¤�� ¤�ú� �¤ö� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (13;M;5) Àî ,ÝþÂ�ð ¤�î��
;M 0 � 5=(5 � 41

2
) = 10 Ýþ¤�¢ ß�Ø ��� ö�Âî ¥� ù¢� Ô µ¨� � � .¢¢Âð Û¬�� M 0 � 2�4M � �

´¨¢�� �¤�¬ßþ� �� À÷���üõ Âµú� ö�Âî ×þ .A(13;5) � 160 ü�ãþ ;M � 160 ,ßþ�Â��� �
Å³¨ ø A(13;5) = A(14;6) Ýþ¤ø� ´¨¢�� �� ù¢�Þ÷ ù¢�Ôµ¨� 3.5.1 ��Ìì ¥� �Àµ�� ¤¢ �î Àþ�

.A(14;6) � 23 � 6=(6� 51

2
) = 96 Ýþ¤ø� ´¨¢�� �� ù¢�Þ÷ ¤�ÂØ� �¤ ë�ê ñ�Àµ¨�

ý�Â� �� ¢¢Âðüõ ¶ä�� ß�Ø��� ö�Âî ø � = 2

3
�¤�¬ßþ� ¤¢ ;d = 9 ø n = 13 ,q = 3 À�û¢ ¤�Âì (2

ÓþÂã�) ÀþÂ�Ú� ÂÑ÷¤¢ �¤ üþ���¨ Ù��Þû Àî ö�ðø¢ .A(13;9) � 27 Ý�ª�� �µª�¢ üþ���¨ ý�ûÀî
:´¨� Âþ¥ Àó�õ ÅþÂ��õ ý�¤�¢ Àî ßþ� .(À���±� �¤ 1.3.3

G =

0
BB@
0 0 0 0 1 1 1 1 1 1 1 1 1

0 1 1 1 0 0 0 1 1 1 2 2 2

1 0 1 2 0 1 2 0 1 2 0 1 2

1
CCA :

(a1; a2; a3)G ö� ¤¢ � î ,� ûö� Ø õ ß þ� .À � µ Æ û PG(2;3) ¯� Ö ÷ ,Å þÂ �� õ ß þ� ý� ûö� µ ¨
� ó¢� ã õ � � ýÂ þ� Ê � Í ¡ ýø¤ Â � PG(2;3) ¯� Ö ÷ � � Â Ò� � µ õ ,À ª� �ü õ Â Ô ¬ × þ ý�¤�¢
¢��ø �û´�ãì�õ ßþ� ¥� �� ¤�ú� �fÖ�ì¢ ù�ðö� ,a 6= 0 Âð� ü�ãþ ;À�µÆû a1x1 + a2x2 + a3x3 = 0

´¨� üÎ¡ Àî ×þ ßþ� ø ¤ßþ� ¥� .Àª��üõ 9 ö¥ø ý�¤�¢ ÂÔ¬ �� Óó�¿õ �ÞÜîÀî Âû ,ßþ�Â���� ;¢¤�¢
.À�îüõ ëÀ¬ ýø�Æ� ´ó��¤¢ ø 4.5.2 ��Ìì ¤¢ �î

Ãþ�Þµõ ��ÞÜîÀî �ø¥ üõ�Þ� �î ´¨� ÂþÁ�ö�Øõ� ü÷�õ¥ �ú�� ýø�Æ� �î Àþ¢ ö���üõ 4.5.2 ��Ìì ��±�� ¥�
.¢�ªüõ ùÀ�õ�÷ 11�Ü¬�êÝû Àî ×þ ýÀî ß��� .À�ª�� ö�ÆØþ �Ü¬�ê ý�¤�¢ âì�ø ¤¢

.ÝþÂ�ðüõ �¹�µ÷ �¤ ü±÷�¹õ �¹�µ÷ ×þ �f¢À¹õ �õ

:Ýþ¤�¢ ;(ü±÷�¹õ ß�Ø��� ö�Âî) .6.5.2 ��Ìì

�(Æ) = 0; � � Æ � 1 Âð�;
�(Æ) � 1� Æ=�; 0 � Æ < � Âð�:

11equidistant
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Ý � � îü õ Ó þÂ ã � ,� ä¢� ß � õø¢ ý�Â � .´¨� 4.5.2 � �Ì ì ¥� ü ú þÀ � ý�� ¹ � µ ÷ � ä¢� ß � óø� .��±��

× þ � � öÀ � ¨¤ � � �¤ (n;M; d) À î × þ .1 � d � �n0 � 1 + � ,ß þ�Â �� � � ;n0 := b(d � 1)=�c
Ý þ¤�¢ 4.5.2 � � Ì ì � Ü � ¨ø� � ø M 0 � qn

0�nM �¤� ¬ß þ� ¤¢ ;À � � î ù� �� î ,(n0;M 0; d) À î
Ã�÷ ø n!1 Âð� n0=n! Æ=� �îßþ� ø °ÜÎõ ßþ� ¥� .M � dqn�n

0 ,ßþ�Â���� ;M 0 � d=(d � �n0) � d

� .�(Æ) � 1� Æ=� Ýþ¤�¢ d = Æn

¤�Ï�� �î ´¨� üÎ¡ ý�ûÀî ý�Â� ü÷�Âî ,´¨� ùÀª �À�� (1960) 12ÂÞÆþÂð Í¨�� �î ß�þ� � ö�Âî
,´¨� ü��õÀÖõ ��±�� ��Âð� .´¨� Âµú� ö� ¥� ���� ü¡Â� ¤¢ �õ� ,Àª��üõ ß�Ø��� ö�Âî �� ¥ ¤�Ýû ü±÷�¹õ
é���µ¨� ø �ÂÚÜû ©ø¤ �� ö�ÆØþ üþ�ûùÀþ� �þ��Â� ��±�� .Àª��üõ À�î� ö�Âî ßþ� °Üè� �î ¢�ªüõ ´���
ßØÞõ .Àª�� [n; k; d] Àî ×þ Àó�õ ÅþÂ��õ G À��î ­Âê .Àª �µ¡�¢Â� ö� �� 4.4 Ç¿� ¤¢ �î ´¨�
�¤�¬�� ÂÎ¨ ßþ� Ý��î ­Âê ´¨� ßØÞõ âì�ø ¤¢ ,´¨� d ö¥ø ý�¤�¢ G ÂÎ¨ ß�óø� �î Ý��î ­Âê ´¨�
�î ´¨� ö�Øõ d ß�óø� ¤¢ �Ôó�õ dd=qe ý�¤�¢ Ûì�À� ,ÂÚþ¢ ÂÎ¨ Âû .´¨� 1 �� d �� (111 � � �10 � � �0)
d0 � dd=qe �� [n� d; k � 1; d0] Àî ×þ ,ÂÎ¨ ß�óø� �� ´±Æ÷ ùÀ÷�õüì�� Àî ,ßþ�Â���� ;À�ª��üõ ö�ÆØþ

.Ýþ¤�¢ �¤ Âþ¥ ��Ìì ,�ÂÖµ¨� ýÂ�ð¤�î�� �� �¤�¬ßþ� ¤¢ ;´¨�

:Ýþ¤�¢ Fq ýø¤ [n; k; d] Àî ×þ ý�Â� .(ÂÞÆþÂð ö�Âî) .7.5.2 ��Ìì

n �
k�1X
i=0

dd=qie:

.8.5.2 ñ�·õ

[13; k;5] Àî ×þ ¤¢ �î Ý����üõ
5P
i=0

d5=2ie = 13 ö�� .d = 5 ø n = 13 ,q = 2 À��î ­Âê (1

Àî ×þ ,â ì�ø ¤¢ .´Æ� ÷ üÎ¡ ,� õ� ´¨� �Þ Ü î 64 ý�¤�¢ 4.4 Ç¿� ¤¢ Y Àî .k � 6 À þ� �

�î Àû¢üõ �¹�µ÷ �¤ [12;5;5] Àî ×þ ¢��ø ,ö� �î�Â� ;Àª�� �µª�¢ ¢��ø À÷���üÞ÷ [13;6;5]
ö�Âî ,´ó�� ßþ� ¤¢ ,ßþ�Â���� ;´¨� Ëì��� ¤¢ ,Àª ù¢¤ø� 4.4 Ç¿� ¤¢ �î üÜ�Ü½� ø �þÃ¹� ��

.Àª��üÞ÷ À�î� ÂÞÆþÂð

À î × þ ¤¢ � î ¢� ªü õ �¹ � µ ÷
3P
i=0

d9=3ie = 14 ¥� .d = 9 ø n = 14 ,q = 3 À � � î ­Â ê (2
Àã� (2) ñ�·õ ��±ª Àþ�� ,ýÀî ß��� ¥� ùÀªù���î �¿Æ÷ ×þ .k � 4 Ýþ¤�¢ üþ���¨ [14; k;9]

Ý��î ­Âê Ý�÷�� �üõ Û±ì À� ÷�õ .Àª�� ¢���õ ýÀî ß��� À��î ­Âê .Àª�� 4.5.2 ��Ìì ¥�
12J. H. Griesmer
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ö�Âî ��±�� ���Èõ ,ßþ�Â���� ;´¨� Àó�õ ÅþÂ��õ ÂÎ¨ ß�óø� ¤¢ 9 ö¥ø ý�¤�¢ (11 � � �100000)
Âþ¥ �¤�¬�� ýÀî ß��� Àó�õ ÅþÂ��õ .Àª��üõ üþ���¨ [5;3;3] Àî ×þ ùÀ÷�õüì�� Àî ,ÂÞÆþÂð

:´¨�

G =

0
BB@
1 0 0 1 1

0 1 0 a b

0 0 1 c d

1
CCA ;

3 ø 2 ý�ûÂÎ¨ ¥� ü±�îÂ� ,ßþ�Â���� ;c 6= d ø a 6= b ,��®ø�� .À�ª��üÞ÷ ÂÔ¬ a; b; c; d ö� ¤¢ �î
.Àª��üÞ÷ À�î� ÂÞÆþÂð ö�Âî �f¢À¹õ .´¨� Ëì��� ×þ �î ¢¤�¢ ¢��ø 2 ö¥ø ��

éøÂãõ 13üÈª�� ý�ð ö�Âî �þ Ù��Þû ö�Âî �� �î ´¨� 6.3.1 ¯Âª Ý�Þã� ,�ûö�Âî ßþÂ�ö�¨� ¥� üØþ
.´¨�

:ù�ðö� ,d = 2e+ 1 ø q � 2 ,q; n; e 2 N Âð� .9.5.2 ��Ìì

A(n; d) � qn=Vq(n; e):

,ßþ�Â���� ;À�ª��üõ �Ã¹õ ,´¨� (n;M;2e + 1) Àî ×þ �� ÕÜãµõ c ö� ¤¢ �î Be(c) ý�ûý�ð .��±��

� .M � Vq(n; e) � qn

:¥� �¤�¬ßþ� ¤¢ ;d = 5 ø n = 13 ,q = 2 À��î ­Âê .10.5.2 ñ�·õ

V2(13;2) = 1+ 13+ 78 = 92;

.A(13;5) � b213=92c = 89 Ýþ¤�¢

ßþ� �� 7 ÛÊê ¤¢ .À�î ëÀ¬ 9.5.2 �Î��¤ ýø�Æ� ¤¢ �î Ýþ�ù¢Âî ÓþÂã� �¤�¬ ßþ� �� �¤ Ûõ�î Àî ×þ
.Ýþ¢Âðüõ ¥�� ñ��¨

:Ýþ¤�¢ (ü±÷�¹õ Ù��Þû ö�Âî) .11.5.2 ��Ìì

�(Æ) � 1�Hq(
1

2
Æ):

13sphere packing bound
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Û¬�� 4.5.1 Ýó ¥� �¹�µ÷ Å� .A(n; dÆne) � A(n;2d1
2
Æne � 1) � qn=Vq(n; d12Æne � 1) .��±��

� .¢�ªüõ

ßþ� ,ü÷��Ï ý�û�Àõ ý�Â� .´¨� Â�ÛØÈõ ö� ��±�� ýÀ��� �î Ý�þ�üõ üþ��� ö�Âî ×þ å�Â¨ �� ñ��
üõ�Þ� ß�� �Ü¬�ê Âð� �î ´¨� ¼®�ø ,ß�Ø��� ö�Âî ��±�� ¥� .Àªüõ ��Æ½õ üþ��� ö�Âî ßþÂµú� ö�Âî
14§��ó� Í¨�� ,Âþ¥ ùÀþ� .Àª�� ��¡ À÷���üÞ÷ ö�Âî ßþ� ù�ðö� ,Àª�±÷ ×þ¢Ã÷ ß�Ú÷��õ �Ü¬�ê �� ��ÞÜîÀî
¤�Ï�� �î ��ÞÜîÀî ¥� ý��ä�Þ¹õ ý�Â� �¤ ß�Ø��� ö�Âî ��±�� À÷ø ¤ .Àû¢üõ ���¤� �¤ Â�ý�ì ý��¹�µ÷
�ûý�ð ö���üõ �÷�Ú� �î Àû¢üõ ö�È÷ Âþ¥ Ýó .À�û¢ �õ�¢� ,À÷�ùÀª ��¿µ÷� Qn ¤¢ üþ�ûý�ð ¤¢ °¨��õ

.Q = Z=qZÝ�û¢üõ ¤�Âì .¢�Þ÷ ¤��µ¡� �¤

:�î ý¤�Ï�� ¢¤�¢ ¢��ø x 2 Qn ×þ ù�ðö� ,À�ª�� Qn ¥� ý��ä�Þ¹õÂþ¥ C ø A Âð� .12.5.2 Ýó

j (x+A) \ cj
jA j � jcj

qn
:

:�¤�¬ßþ� ¤¢ ;Àª�� ñ�Þ�Æî�õ j (x0 +A) \ cj �î À��î ��¿µ÷� ý¤�Ï �¤ x0 .��±��

j (x0 +A) \ cj � q�n
P

x2Qn

j (x+A) \ cj

= q�n
P

x2Qn

P
a2A

P
c2C
j fx+ ag \ fcg j

= q�n
P
a2A

P
c2C

1 = q�n jA j � jcj:

�

Ý��î ­Âê ,´�Üî ö¢�¢ ´¨¢ ¥� öøÀ� .Àª�� Br(0) ö�Þû A ø (n;M; d) Àî ×þ C À��î ­Âê ñ��
� � (n;K; d) À î ×þ ß þ� .À þÂ � Ú � ÂÑ ÷¤¢ �¤ A \ C À î .Àª� � Â Ô¬ � � Â ��Â � Ý ó ß þ� ¥� x0 �Î Ö ÷ � î
.Ý��îüõ ´Æ�ó n ¤¢ K ÅþÂ��õ ×þ ý�ûÂÎ¨ ö���ä�� �¤ Àî ßþ� ��ÞÜî .´¨� K � MVq(n; r)=q

n

:Ý�÷�¢üõ .Àª�� ÅþÂ��õ ßþ� ô�i ö�µ¨ ¤¢ j Û±Þ¨ á�ìø ¢�Àã� mij À��î ­Âê

.
q�1P
j=0

mij = K (1

:ßþ�Â���� ;´¨� r Â·î�À� ö¥ø ý�¤�¢ ÅþÂ��õ ßþ� ÂÎ¨ Âû �Âþ¥ ;
nP
i=1

mi0 := S � K(n� r) (2

14P. Elias
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.
q�1P
j=1

m2
ij � (q � 1)�1(

q�1P
j=1

mij)
2 = (q � 1)�1(K �mi0)

2 (3

.
nP
i=1

m2

i0 � n�1(
nP
i=1

mi0)
2 = n�1S2 (4

�� ���� �� .Ý��îüõ �±¨�½õ �¤ ÅþÂ��õ ßþ� ý�ûÂÎ¨ ý�û°�Âõ �ø¥ üõ�Þ� ý�û�Ü¬�ê á�Þ¹õ �f¢À¹õ
:Ýþ¤�¢ (4) �� (1) Í��ø ¤

nP
i=1

q�1P
j=0

mij(K �mij) = nK2 �
nP
i=1

(m2

i0 +
q�1P
j=1

m2
ij)

� nK2 � (q � 1)�1
nP
i=1

(qm2

i0 +K2 � 2Kmi0)

� nK2 � (q � 1)�1(qn�1S2 + nK2 � 2KS):

´¨¢�� ö��î� .´¨� ùÀª éÁ� r � �n ö� ¤¢ �î Ý��îüõ ß�È÷�� �¤ S � K(n� r) ,ýø�Æõ�÷ ßþ� ¤¢

ý� û�ø¥ ¢�À ã � ö�� .
nP
i=1

q�1P
j=0

mij(K �mij) � K2r(2 � (r=�n)) Ý þ¤�¢ ;S � q�1nK Ý þ¤ø�ü õ
:Ýþ¤�¢ ,´¨� K(K � 1) �� Â��Â� �ûÂÎ¨ ¥� °¿µ�õ

K(K � 1)d � K2r(2� r��1n�1):

.Ýþ�ù¢�Þ÷ ��±�� �¤ Âþ¥ Ýó ,ßþ�Â����

,r � �n ö� ¤¢ �î À�ª�� r ýø�Æõ �þ ÂµÞî ö¥ø ý�¤�¢ (n;K; d) Àî ×þ ��ÞÜî �Þû Âð� .13.5.2 Ýó
:ù�ðö�

d � Kr

K � 1(2�
r

�n
):

ø r � �n ,� = 1 � q�1 ,q � 2 ,q; n; d; r 2 N À � � î ­Â ê .(§� � ó� ö�Â î) .14.5.2 ��Ìì
:�¤�¬ßþ� ¤¢ ;r2 � 2�nr+ �nd > 0

A(n; d) � �nd

r2 � 2�nr + �nd
� qn

Vq(n; r)
:
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´¨� �ÞÜî K � MVq(n; r)=q
n �� ýÀîÂþ¥ ý�¤�¢ (n;M; d) Àî ×þ �î Ý����üõ 12.5.2 Ýó ¥� .��±��

�¹�µ÷ ßþ� �î ÝþÂ� ¤�î�� �¤ 13.5.2 Ýó ´¨� ßØÞõ ,ßþ�Â���� ;À�µÆû Br(x) ý�ð ×þ ¤¢ �ú÷� �Þû �î
:Àû¢üõ

q�nMVq(n; r) � K � �nd

r2 � 2�nr+ �nd
:

�

.Àû¢üõ �¹�µ÷ �¤ ß�Ø��� ö�Âî d > �n ,r = �n �î À��î ´ì¢

�Î ��¤ ¤¢ A(14;6) � õ Â ð� .� = 1

2
,ß þ�Â �� � � ;d = 5 ø n = 13 ,q = 2 À� � î ­Âê .15.5.2 ñ�·õ

:´¨� Âþ¥ �¤�¬ �� �î Àþ�üõ ´¨¢�� �¹�µ÷ ßþÂµú� ù�ðö� ,Ý�÷Ã� ß�Þ¿� �¤ 14.5.2

A(13;5) = A(14;6) � 42

r2 � 14r+ 42
� 214P
i�r

�
14

i

�

.A(13;5) � 162 Àû¢üõ �¹�µ÷ �î ´¨� r = 3 �� Â��Â� ��¿µ÷� ßþÂµú� ,ßþ�Â���� ø
§��ó� ö�Âî ü±÷�¹õ ¤�Ï�� ,�õ� .´Æ�÷ ��¡ Â�¡� ý�ûß�Þ¿� ù¥�À÷� �� ñ�·õ ßþ� ¤¢ Û¬�� �¹�µ÷

.´¨� Ç¿� ßþ� ¥� �¹�µ÷ ßþÂµú�

:Ýþ¤�¢ ;(ü±÷�¹õ §��ó� ö�Âî) .16.5.2 ��Ìì

�(Æ) � 1�Hq(� �
p
�(� � Æ)); 0 � Æ � � Âð�;

�(Æ) = 0; � � Æ < 1 Âð�:

¤�À Ö õ .0 < Æ � � À � û¢ ¤�Â ì ,ß þ�Â �� � � ;¢� ªü õ � ¹ � µ ÷ 6.5.2 � � Ì ì ¥� ôø¢ ´ Þ Æ ì .��±��

��Ìì ¥� .�Æ�2��+ �2 > 0 ,ßþ�Â���� ;r = b�nc À�û¢ ¤�Âì ø ù¢�Þ÷ ¤��µ¡� �¤ 0 � � < ��p�(� � Æ)

:Ýþ¤�¢ d = bÆnc ý�Â� ,14.5.2

n�1 logq A(n; Æn) � n�1 logq(
�nd

r2�2�nr+�nd �
qn

Vq(n;r)
)

� n�1flogq( �Æ
�2�2��+�Æ ) + n� nHq(�)g

� 1�Hq(�); (n!1):

�¹�µ÷ ,´¨� ¤�ÂìÂ� � < � �p�(� � Æ) �î � Âû ý�Â� �Î��¤ ßþ� ö�� .�(Æ) � 1�Hq(�) ,ßþ�Â����
� .¢¢Âðüõ Û¬��
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ö¥ø ×þ �� ��ÞÜîÀî ,´ó�� ßþ�¤¢ .´¨� ��ÞÜîÀî ¥� ý��ä�Þ¹õÂþ¥ ùÀû�Èõ ùbÀþ� �þ�� Â� Ã�÷ ýÀã� ö�Âî
.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ w ´���

q = 2´ó�� �� �¤ ¢�¡ .À�µÆû A(n; d) �� ���Èõ �î Ý��î �ãó�Îõ �¤ ü��ãõ ý�û¢�Àã� Àþ�� �Àµ��¤¢
.Ý��îüõ ¢øÀ½õ

ýø�Æõ �þ Â�ï¤Ã� �Ü¬�ê-ßþÂµÞî ø n ñ�Ï�� üþ��ø¢ Àî ×þ ��ÞÜîÀî ¢�Àã� ßþÂµÈ�� .17.5.2 ÓþÂã�
.Ý�û¢üõ Çþ�Þ÷ A(n; d; w) �� �¤ À�ª�� d ö¥ø ý�¤�¢ ��ÞÜîÀî üõ�Þ� �î ý¤�Ï�� ,d

:Ýþ¤�¢ .18.5.2 Ýó

A(n;2k � 1; w) = A(n;2k;w) � b n
w
b n� 1
w � 1b� � � b

n� w + k

k
c � � �ccc:

­Âê .À�ª��üõ A(n;2k � 1; w) = A(n;2k;w) �ø¥ �Ü¬�ê ý�¤�¢ ,ö�ÆØþ ö¥ø �� ��ÞÜî .��±��

ÅþÂ �� õ × þ ý� ûÂ Î ¨ ö�� � ä� � �¤ C �� Þ Ü î .À ª� � � õ Í þ�Â ª ¤¢ ë¢�¬ jcj = K � � C À î À � � î

,ß þ�Â �� � � ;´¨� 1 Û ± Þ ¨ A(n � 1;2k;w � 1) Â · î�À � ý�¤�¢ Å þÂ �� õ ß þ� ö� µ ¨ Â û .À � Æ þ� � �

:ü�ãþ ;Kw � nA(n� 1;2k;w � 1)

A(n;2k;w) � b n
w
A(n� 1;2k;w � 1)c:

� .¢�ªüõ ´��� �ÂÖµ¨� ¥� ù¢�Ôµ¨� �� �¹�µ÷ ,A(n;2k; k � 1) = 1 ö��

ß�Þ¿� ý�Â� À�÷���üõ ¢�Àä� ßþ� .¢¥ ß�Þ¿� ö���üõ �¤ A(n; d; w) ¢�Àä� �÷�Ú� �î Àû¢üõ ö�È÷ Ýó ßþ�
15ö�Æ÷�� ö�Âî �� �î ,À÷��µê¤ ¤�î�� Ù��Þû ö�Âî ¥� Âþ¥ Ý�Þã� ¤¢ �î ö���ö� ,À÷ø ¤ ¤�î �� A(n; d)

.´¨� éøÂãõ

:�¤�¬ßþ� ¤¢ ;d = 2e+ 1 ø n; e 2 N ,q = 2 À��î ­Âê .19.5.2 ��Ìì

A(n; d) � 2n

eP
i=0

�n
i

�
+

( n
e+1)�(

d
e)A(n;d;d)

b n
e+1
c

15Johnson
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�î ¢¤�¢ ¢��ø f0;1gn ¤¢ �ÞÜî Ne+1 À��î ­Âê .´¨� Ù��Þû ö�Âî ��±�� ���Èõ ��±�� ùÀþ� .��±��
:ßþ�Â���� ;À�ª��üõ ,´¨� (n;M; d) Àî ×þ �î C Àî �� e+ 1 �Ü¬�ê ý�¤�¢

M
eX

i=0

 
n

i

!
+Ne+1 � 2n:

¥� öøÀ�) Ý�û¢ ¤�Âì ÂÔ¬ �¤ ö� Ý�÷���üõ �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ c ù��¿ó¢ �ÞÜîÀî ,Ne+1 ß�Þ¿� ¤�Ñ�õ��

A(n; d; d) Â·î�À� d ö¥ø �� C ��ÞÜîÀî ¢�Àã� �î ¢�ªüõ ùÀþ¢ �¤�Øª� ,ßþ�Â��� � ;(´�Üî ö¢�¢ ´¨¢

ö¥ø �� �ÞÜî � n
e+1

� ö�� .´¨� e + 1 ö¥ø �� �ÞÜî �de� �� e �Ü¬�ê ý�¤�¢ ��ÞÜî ßþ� ¥� ×þ Âû .´¨�

,c ö¢�¢ Â��ç� �� .À�ª��üõ C �� e+1 �Ü¬�ê ý�¤�¢ �ú÷� � n
e+1

�� �de�A(n; d; d) Ûì�À� ,¢¤�¢ ¢��ø e+1
.À�µÆû ¤�îÁõ Àî �� e+ 1 �Ü¬�ê ý�¤�¢ �î Ýþ¤�Þªüõ �¤ f0;1gn ¤¢ �ÞÜî Mf� n

e+1

�� �de�A(n; d; d)g
.Ý�õ�÷üõ 0 �¤ö� �f¢À¹õ ;ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �ú÷� ¥� üØþ ?À÷�ùÀª ©¤�Þª ¤��À�� ��ÞÜî ßþ� ¥� ×þ Âû

�ú÷� Âð��ú�� ø Âð� À�µÆû 2e+ 1 ýø�Æõ �þ Âµð¤Ã� Û��Öµõ �Ü¬�ê ý�¤�¢ 0 �� e+ 1 �Ü¬�ê �� ��ÞÜîÀî

.¢¤�¢ ¢��ø ü��ÞÜîÀî ß��� ¥� bn=(e+1)c Â·î�À� ,ßþ�Â���� ;À�ª�� �ø�Ôµõ ý�ûö�Øõ ¤¢ 1 Â¬��ä ý�¤�¢

� .Àû¢üõ �¤ Ne+1 ý�Â� ÂÑ÷¢¤�õ ß�Þ¿� �õ �� °ÜÎõ ßþ�

:Ýþ¤�¢ ,w = 2e+ 1 ø k = e+ 1 ßµêÂð ÂÑ÷¤¢ �� ,18.5.2 Ýó ¥�
 
d

e

!
A(n; d; d) �

 
n

e

!
bn� e

e+ 1
c:

:À�îüõ ëÀ¬ Âþ¥ �Î��¤ ¤¢ C Àî �î ¢�¢ ö�È÷ ö���üõ ,19.5.2 ��Ìì ¤¢ ü��È÷�� ��

jcjf
eX

i=0

 
n

i

!
+

�n
e

�
b n
e+1
c (
n� e

e+ 1
� bn� e

e+ 1
c)g � 2n; (3)

.´¨� ö�Æ÷�� ö�Âî üÜ¬� ÛØª �î

:�¤�¬ßþ� ¤¢ ;e = 2 ü�ãþ ;d = 5 ø n = 13 ,q = 2 À��î ­Âê .20.5.2 ñ�·õ

A(13;5;5) � b13
5
b12
4
b11
3
ccc = 23

:�� ¢�ªüõ ¶ä�� ö�Æ÷�� ö�Âî ø

A(13;5) � b 213

1+ 13+ 78+ 286�10�23
4

c = 77:

Àã� Ç¿� ¤¢ Â��õ ý�û©ø¤ ,�ú�� .´¨� ù¢�� ßþÂµú� ö��î�� ö�Âî ßþ� d = 5 ø q = 2 ,n = 13 ý�Â�

.À�µÆû üê�î A(13;5) ¼�½¬ ¤�ÀÖõ À�ó�� ý�Â�
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üÎ¡ ýÃþ¤�õ�÷Â� ö�Âî 5.3

Í¨�� �î À�µÆû üªø¤ �þ�� Â� ,À÷�ùÀª �µ¡��ª ñ���� �� �î A(n; d) ¢�Àä� ý�Â� �ûö�Âî ßþÂµú� ¥� ý¤��Æ�
�� üØþ¢Ã÷ �Î��¤ �î ¢�� üþ�ûýø�Æõ�÷ ö¢¤ø� ´¨¢�� ,¤�î ùÀþ� .Àª ù¢�¢ �ã¨�� (1973) 16�¤�Æó¢
ø �þÃ¹� ý�Â� ýÃþ¤�õ�÷Â� ý�û×��Ø� ¥� ù¢�Ôµ¨� Å³¨ ø (2.3.5 ��Ìì) À÷¤�¢ Ãõ��Üþø×õ ýø�Æõ�÷
í���Âî ý�ûý��ÜÞ�À�� «��¡ �� �Àª�� �î ¢�� Ý�û��¡ ¤�±¹õ ,Ç¿� ßþ� ¤¢ .�ûýø�Æõ�÷ ßþ� Û�Ü½�

.Ý��î ��Ø�
.À�µÆû ´��� ø ùÀª ��¿µ÷� n ø q �î Ý��îüõ­Âê ,´Þ�¥Â� ý�ûý¤�Áð¢�Þ÷ ¥� ���µ�� ¤�Ñ�õ��

:Ý��îüõ ÓþÂã� Å³¨

Kk(x) :=
kX

j=0

(�1)j
 
x

j

! 
n� x

k � j

!
(q � 1)k�j;

:ö� ¤¢ �î
 
x

j

!
:=

x(x� 1) � � � (x� j + 1)

j!
; (x 2 R)

á��¤� 1.2 Ç¿� �� �¤ ùÀ�÷��¡ ,Ýþ¤�¢ ¥��÷ ö� �� �î ü¬��¡ ø �ûý��ÜÞ�À�� ßþ� ù¤��¤¢ ¶½� ý�Â�
.Ý�û¢üõ

< x; y > ,ñ�Þãõ ¤�Ï�� ,�¤�¬ßþ� ¤¢ ;´¨� Z=qZ �ÖÜ� ö�Þû Q ý�±Ôó� �î Ý��îüõ ­Âê ,�õ�¢� ¤¢
.Àª��üõ x; y 2 Qn ý�Â�

nP
i=1

xiyi üÜ¡�¢ �Â®Çþ�Þ÷

;Àª�� i ö¥ø �� É¿Èõ �ÞÜî ×þ x 2 Qn ø Àª�� C ¤¢ À��ø �Èþ¤ ß�õ�q ×þ ! À��î ­Âê .1.5.3 Ýó
:�¤�¬ßþ� ¤¢

X
y 2 Qn

w(y) = k

w<x;y> = Kk(i):

x1 �� Ê µ ¿ õ ö� ¤¢ � î x = (x1; x2; � � � ; xi;0;0; � � � ;0) Ý � � î ­Â ê ´ ¨� ß Ø Þ õ .��±��

� î ý¤� Ï� � ;hk ,� � � ,h2 ,h1 ,À � � î �� ¿ µ ÷� �¤ ´ � ã ì� õ k .À ª� �ü Þ ÷ 0 Â ��Â � xi � �

ö¥ø��) ��ÞÜî ô�Þ� �ä�Þ¹õ D À��î ­Âê .0 < h1 < h2 < � � � < hj � i < hj+1 < � � � < hk � n

16P. Delsarte
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:Ýþ¤�¢ 27.1.1 Ýó ¥� ù¢�Ôµ¨� �� �¤�¬ßþ� ¤¢ ;Àª��üõ �ûö�Øõ ßþ� ¤¢ �ú÷� ÂÔ¬�÷ ��Êµ¿õ �î Àª�� (k
P
y2D

w<x;y> =
P

yh
1
2Qnf0g

� � � P
yhk2Qnf0g

wxh
1
yh

1
+���+xhkyhk

= (q � 1)k�jQj
l=1

P
y2Qnf0g

wxhiy = (�1)j(q � 1)k�j:

� .¢¢Âðüõ Û¬�� �¹�µ÷ ,¢¤�¢ ¢��ø D ý�Â� ��¿µ÷� �ij��n�ik�j
� ¢�Àã� �� ö��

.Ý�û¢üõ Ý�Þã� �¤ 1.3.5 ÓþÂã� ,üÎ¡ �fõøÃó �÷ ü�ãþ ,ù��¿ó¢ ý�ûÀî ü¨¤Â� ý�Â� üþ�÷��� ¤�Ñ�õ ��

:Ý��îüõ ÓþÂã� ;Àª�� �ÞÜîÀî M �� ýÀî C � Qn À��î ­Âê .2.5.3 ÓþÂã�

Ai :=M�1 j f(x; y) jx 2 C; y 2 C; d(x; y) = ig j :

.¢�ªüõ ùÀ�õ�÷ C 18üÜ¡�¢ âþ¥�� �þ 17�Ü¬�ê âþ¥�� ,(Ai)
n
i=0 �ó�±÷¢

.´¨� ü÷¥ø âþ¥�� ×þ �Ü¬�ê âþ¥�� ù�ðö� ,Àª�� �þ���Ü¬�ê �þ �þ��üÎ¡ C Âð� �î À��î ´ì¢
.Àª��üõ (4.5.3 ��Ìì) üÎ¡ ýÃþ¤�õ�÷Â� ö�Âî §�¨� Âþ¥ Ýó

:ù�ðö� ;Àª�� C � Qn Àî ×þ �Ü¬�ê âþ¥�� (Ai)
n
i=0 À��î ­Âê .3.5.3 Ýó

nX
i=0

AiKk(i) � 0;

.k 2 f0;1; � � � ; ng ý�Â�

:Ýþ¤�¢ 1.5.3 Ýó �� ���� �� .��±��

M
nP
i=0

AiKk(i) =
nP
i=0

P
(x; y) 2 C2

d(x; y) = i

P
z 2 Qn

w(z) = k

w<x�y;z>

=
P

z 2 Qn

w(z) = k

j P
x2C

w<x;y> j 2 � 0:

�

17distance distribution
18inner distribution
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:�¤�¬ßþ� ¤¢ ;q � 2 ø q; n; d 2 N À��î ­Âê .4.5.3 ��Ìì

A(n; d) � maxf
nP
i=0

Ai jA0 = 1; Ai = 0 1 � i < d ý�Â� ;

Ai � 0;
nP
i=0

AiKk(i) � 0 k 2 f0;1; � � � ; ng ý�Â�g:

.Ai = 0 Ý��î ­Âê ,�ø¥ ýi ý�Â� ´¨� ßØÞõ ù�ðö� ,Àª�� �ø¥ d ø q = 2 Âð�

ëÀ¬
nP
i=0

AiKk(i) � 0 ýø�Æõ�÷ ¤¢ (n;M; d) Àî ×þ �Ü¬�ê âþ¥�� ,3.5.3 Ýó ýÂ�ð¤�î�� �� .��±��

Ýó ¥� ù¢�Ôµ¨� �� ßþ�Â�ùø�ä .1 � i < d ý�Â� Ai = 0 ,A0 = 1 ø À�µÆû üÔ�õ�÷ �ûAi ��®ø�� .À�îüõ
� .

nP
i=0

Ai =M�1jc2 j =M Ýþ¤�¢ 3.5.3

.´¨� ùÀõ� 6.4.8 �ó�Æõ ¤¢ Â¡� ý�ä¢�

.Ý�÷Ã� ß�Þ¿� q = 2 ý�Â� �¤ A(13;5) = A(14;6) �� Ý�û��¡üõ ,Û±ì ñ�·õ À�� À�÷�Þû .5.5.3 ñ�·õ

:Ý��î ­Âê ´¨� ßØÞõ ,(14;M;6) Àî ×þ �Ü¬�ê âþ¥�� ý�Â�

A0 = 1; A1 = A2 = A3 = A4 = A5 = A7 = A9 = A11 = A13 = 0;

A6 � 0; A8 � 0; A10 � 0; A12 � 0; A14 � 0:

.(À÷�ùÀª ´ê�þ 14 �Î��¤ ýÂ�ð¤�î�� �� Kk(i) Âþ¢�Öõ) Ýþ¤�¢ �¤ 3.5.3 Ýó ¥� Âþ¥ ý�ûýø�Æõ�÷ ,�ú�þ� ý�Â�

14+ 2A6 � 2A8 � 6A10 � 10A12 � 14A14 � 0;

91� 5A6 � 5A8 + 11A10 + 43A12 + 91A14 � 0;

364� 12A6 + 12A8 + 4A10 � 100A12 � 364A14 � 0;

1001+ 9A6 + 9A8 � 39A10 + 121A12 � 1001A14 � 0;

2002+ 30A6 � 30A8 + 38A10 � 22A12 � 2002A14 � 0;

2003� 5A6 � 5A8 + 27A10 � 165A12 + 3003A14 � 0;

3432� 40A6 + 40A8 � 72A10 + 264A12 � 3432A14 � 0:

ßþ� �î ¢�ªüõ ´��� .Ý�����M = 1+ A6 + A8 + A10 + A12 + A14 ý�Â� ��� ö�Âî ×þ Àþ�� ñ��
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:ü�ãþ ;´¨�µØþ ���� ý�¤�¢ üÎ¡ ýÃþ¤�õ�÷Â� �ó�Æõ

A6 = 42; A8 = 7; A10 = 14; A12 = A14 = 0:

´��� ×�þ� ,ßþ�Â �� � � ;Ý�µ¡�¨ �¤ Y ô� ÷ �� (13;64;5) Àî ×þ 4.4 Ç¿� ¤¢ .M � 64 ,ßþ�Â �� � �
.A(13;5) = 64 �î Ýþ�ù¢�Þ÷

.´¨� üþ�û´þÃõ ý�¤�¢ ,üÜ¬� ôÂê �� ´±Æ÷ �î Ý��îüõ ÛþÀ±� ýÂÚþ¢ �¤�¬�� �¤ 4.5.3 ��Ìì ñ��
Ý��îüõ ù¢�Ôµ¨� 19üÚ÷�ðø¢ ��Ìì ¥� Ýþ¤�¢ �õ �î À�îüõ ÕþÀÊ� üÎ¡ ýÃþ¤�õ�÷Â� �� ��ª� ùbÀ�÷��¡

.([32] â�Âõ .í.¤)

;Àª�� (1 � k � n) �k � 0 �� ý��ÜÞ�À�� ×þ �(x) = 1+
nP

k=1

�kKk(x) À��î ­Âê .6.5.3 ��Ìì

.A(n; d) � �(0) �¤�¬ßþ� ¤¢ ;�(j) � 0 Ýþ¤�¢ j = d; d+ 1; � � � ; n ý�Â� �î ý¤�Ï��

:ü�ãþ ;À�î ëÀ¬ 4.5.3 ��Ìì Íþ�Âª ¤¢ A0; A1; � � � ; An À��î ­Âê .��±��

Kk(0) +
nP
i=d

AiKk(i) � 0: (k = 0;1; � � � ; n;Ai � 0; i = d; d + 1; � � � ; n ý�Â�)

:ü�ãþ ;
nP
i=d

Ai�(i) � 0 �� ¢¢Âðüõ ¶ä�� ,Ýþ¢�¢ ¤�Âì � ýø¤ �î üÏÂª ,ßþ�Â����

�
nX
i=d

Ai �
nX

k=1

nX
i=d

AiKk(i) � �
nX

k=1

�kKk(0) = 1� �(0);

:ßþ�Â����

1+
nX
i=d

Ai � �(0):

�

�Öó� �¤ A(n; d) ý�Â� ü÷�Âî ,��Ìì Íþ�Âª ¤¢ ë¢�¬ � ý��ÜÞ�À�� Âû �î ´¨� ßþ� 6.5.3 ��Ìì ´þÃõ
�¤ ��¢�ãõ�÷ ù�Úµ¨¢ ý�Â� ���ú� ���� 4.5.3 ��Ìì ¤¢ Àþ�� ,ö�Âî ßþ� ö¢¤ø� ´¨¢�� ý�Â� �î À�îüõ

.´ê�þ

ÂÑ÷¤¢ �� A(n; d) ý�Â� ü÷�Âî �� Ý��îüõ üã¨ .d = l+1 ø n = 2l+1 ,q = 2 À��î ­Âê .7.5.3 ñ�·õ
�1 .Ý����� �(x) = 1+�1K1(x)+�2K2(x) = 1+�1(n�2x)+�2(2x2�2nx+ 1

2
n(n�1)) ßµêÂð

,ßþ�Â���� ;�2 = 1=n ,�1 = (n+1)=2n Ýþ¤�¢ .�(d) = �(n) = 0 ö� ¤¢ �î À��î ��¿µ÷� ý¤�Ï �¤ �2 ø
19duality theorem
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.A(2l+1; l+1) � �(0) = 1+�1n+�2
�n
2

�
= 2l+2 Ýþ¤�¢ ,ßþ�Â���� ;´¨� ¤�ÂìÂ� 6.5.3 ��Ìì Íþ�Âª

.´¨� 4.5.2 ß�Ø��� ö�Âî ���Èõ ,°ÜÎõ ßþ�
ø , 21üÆõ�¤ , 20º�õ¢¤ ,Å�ó�×õ Í¨�� ,´¨� ¤�úÈõ Â®�� ñ��¤¢ �î �(Æ) ý�Â� ö�Âî ßþÂµú�
×þ �õ� ,Ý��îüÞ÷ �ÂÎõ �¤ ö�Âî ßþÂµú� ßþ� �¹�þ� ¤¢ .´¨� ùÀª �ÂÎõ ([50] â�Âõ ;1977) 22ºóø
ö�ðÀ�Æþ�÷ ß�Þû Í¨�� �f¢À¹õ �î �¤ (´¨� Â��Â� Æ > 0:273 ý�Â� âì�ø ¤¢ �î) Â�Ó�ã® üÞî �¹�µ÷

.´¨� 6.5.3 ��Ìì ¥� ý¢Â�¤�î �þ�� Â� ö� ��±�� .Ý��îüõ ���¤� ,ùÀª �ÂÎõ

:�¤�¬ßþ� ¤¢ ;q = 2 À��î ­Âê .8.5.3 ��Ìì

�(Æ) � H2(
1

2
�
q
Æ(1� Æ)):

.Ý þÂ � ðü õ Â Ñ ÷¤¢ �¤ [0; n] ù¥� � ¤¢ a üÖ � Ö � ¢À ä ø 1 � t � 1

2
n ¯Â ª � � t ¼ �½¬ ¢À ä .��±��

:À��î ÓþÂã� Âþ¥ �¤�¬�� �¤ �(x) ý��ÜÞ�À��

�(x) := (a� x)�1fKt(a)Kt+1(x)�Kt+1(a)Kt(x)g2:

:Ýþ¤�¢ 1 ÛÊê ¥� 16 �Î��¤ ýÂ�ð¤�î�� ��

�(x) =
2

t+ 1

 
n

t

!
fKt(a)Kt+1(x)�Kt+1(a)Kt(x)g

tX
k=0

Kk(a)Kk(x)�n
k

� : (4)

�î Ý���� � ý¤�Ï �¤ t ø a Ý�û��¡üõ .Àª�� �(x) í���Âî â�¨�� �(x) =
2t+1P
k=0

�kKk(x) À��î ­Âê
Àþ�� �î ýÃ�� �ú�� ù�ðö� ,a � d Ý�û¢ ¤�Âì Âð� .À�î ëÀ¬ 6.5.3 ��Ìì Íþ�Âª ¤¢ �(x) := �(x)=�0

,Àª�� Kk ÂÔ¬ ßþÂµØ��î Çþ�Þ÷ x(k)
1

Âð� .a0 > 0 ,(i = 1; � � � ; n) �i � 0 �þ� �î ´¨� ßþ� Ý��î ×�
.(À��î �Æþ�Öõ 1 ÛÊê ¥� 17 �Î��¤ ��) 0 < x

(t+1)
1

< x
(t)
1
�î Ý�÷�¢üõ ù�ðö�

ø x(t)
1
ß���õ �¤ a ø x(t)

1
< d �î Ý� �îüõ ��¿µ ÷� ý¤�Ï �¤ t ,Â þ¥ ��±¨�½õ ö¢Âîù¢�¨ ¤�Ñ�õ � �

ÛØª�� �(x) �î À�îüõ ö��� 4 �¹�µ÷ .Kt(a) = �Kl+1(a) > 0 �î Ý��îüõ ��¿µ÷� ý¤�Ï x
(t+1)
1

�i üõ�Þ� �î ¢�ªüõ �¹�µ÷ 18 ¥� .À�ª��üõ ÂÔ¬�÷ ckl °þ�Â® üõ�Þ� ö� ¤¢ �î ;´¨�Pckl
Kk(x)Kl(x)

Ý�÷���üõ ´Ö�Ö�¤¢ Å� .�0 = �[2=(t+ 1)]� �nt�Kt(a)Kt+1(a) > 0 ,ßþ�Â�ùø�ä .À�ª��üõ ÂÔ¬�÷
20E. R. Rodemich
21H. C .Rumsey
22L. R. Welch
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:Ýþ¤�¢ ;ÝþÂ±� ¤�î�� �¤ 6.5.3 ��Ìì

A(n; d) � �(0) =
�(0)

�0
=

(n+ 1)2

2a(t+ 1)

 
n

t

!
: (5)

Âð� �î Àþ¢ ö���üõ .Ý�÷�À� ýÂµÈ�� °ó�Îõ x(t)
1
ý�ûÂÔ¬ ö�Øõ ù¤��¤¢ Ýþ¤�¢ ¥��÷ ,��±�� Û�ÞØ� ý�Â�

�¤ 5 �Î��¤ Ý�÷���üõ �¹�µ÷ ¤¢ .x(t)
1
=n ! 1

2
�
q
�(1� �) ù�ðö� ,t=n ! � ø n ! 1 ,0 < � < 1

2

ßµêÂð �� .ÝþÂ�Ú� ¤�î�� t=n ! 1

2
�
q
Æ(1� Æ) �î t Âþ¢�Öõ ¥� ý��ó�± ÷¢ �� d=n ! Æ ,n ! 1 ý�Â�

x
(t)
1
ù¤��¤¢ üÞØ� ��±�� ùÀû�Èõ ý�Â�) Àþ�üõ ´¨¢�� ��Ìì ý�ä¢� ,n Â� Ý�ÆÖ� ø 5 �Î��¤ ¤¢ Ýµþ¤�Úó

� .(Ý�û¢üõ á��¤� [50] �þ [46] Àõ�ãµõ ý�ûý��ÜÞ�À�� ù¤��¤¢ â���õ ¥� üØþ �� �¤ ùÀ�÷��¡

�û¢�ú�È�� 5.4

�� ,�Â±Ü�ð ö�Âî ¢�±ú� ý�Â� ø ýÂ±� �¨À�û ¥� ù¢�Ôµ¨� �� ùÀªÓþÂã� ý�ûÀî ù¤��¤¢ ü±ó�Îõ ùÀû�Èõ ý�Â�
.À��±� �¤ 6:8Ç¿� �÷�Þ÷ ý�Â� .Ý�û¢üõ á��¤� [73] â�Âõ

.Ýþ�ù¢�Þ÷ �Æþ�Öõ �¤ Ç¿� ßþ� ¤¢ ùÀõ� ´¨¢�� üc ±÷�¹õ ý�ûö�Âî ,5.1 ÛØª ¤¢

®®dd

))((ddaa

­­

.ÂÚþÀØþ �� éøÂãõ ü±÷�¹õ ý�ûö�Âî ü¡Â� �Æþ�Öõ :5.1 ÛØª

;1975) 24ÓØ�÷ñÀ�¨ ø ([40] â�Âõ ;1979) 23ß�µª�ö�ó Í¨�� ùÀª�ÂÎõ ý�ûö�Âî ,ÛØª ßþ�
â�Âõ ¤¢ Å�ó�×õ Í¨�� ùÀõ� ´¨¢�� ¸þ�µ÷ ù¥�À÷� �� �ûö�Âî ßþ� �Âþ¥ ;¢�ªüÞ÷ Ûõ�ª �¤ ([63] â�Âõ
23V. I. Levenshtein
24M. Sidelnikov
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�¤�¬ �� ë�ê ¤¢ ùÀªÂî£ ö�Âî ßþÂµú� .Àª��üõ ÛØÈõ �fµ±Æ÷ �ú÷� ö¢¤ø� ´¨¢�� ø À�µÆ�÷ ��¡ [50]

:´¨� Âþ¥

�(Æ) � minf1+ g(u2)� g(u2 + 2Æu+ 2Æ) j0 � u � 1� 2Æg; (6)

:ö� ¤¢ �î

g(x) := H2(
1�p1� x

2
):

×��î ¤��Æ� Âþ¢�Öõ ý�Â� .Ý�û¢üõ á��¤� [52] �þ [50] â���õ �� �¤ ùÀ�÷��¡ ,ö� ¥� ü��±�� ùÀû�Èõ ý�Â�
.Àª��üÞ÷ 6 ö�Âî ü��¡�� �õ� ,´¨� 8.5.3 ��Ìì ¤¢ ¢���õ ö�Âî ¥� Âµú� §��ó� ö�Âî ,Æ

3.5.3 Ýó ¤¢ ¢���õ ý�ûö�Âî ,Âþ¥ °ó�Îõ ¥� ù¢�Ôµ¨� �� ,([6] â�Âõ ;1977) ´Æ� Í¨�� ý��ó�Öõ ¤¢
:À÷�ùÀª ù¢�¢ Ý�Þã� 4.5.3 ��Ìì ø

ø ´¨� Â�ý�ì 3.5.3 ýø�Æõ�÷ ù�ðö� ,Àª�� ¢Âê jcj Âð� �îßþ� ùÀû�Èõ �� (1

ßþ� .4.5.3 ��Ìì �� (An�1 + An � 1 üúþÀ� ýø�Æõ�÷ Â�Ñ÷) üþ�ûýø�Æõ�÷ ö¢�Þ÷�ê�®� �� (2
.(À��î ùÀû�Èõ �¤ 12.5.5 �ó�Æõ) Àû¢üõ �¹�µ÷ �¤ ��¡ ¤��Æ� ö�Âî ßþÀ�� °ÜÎõ

Û��Æõ 5.5

ù¢�Ôµ¨� ,¢�ª ÓþÂã� ¢�¡ ö¥���ü¨¤Â� ÅþÂ��õ Í¨�� À÷���üõ üÎ¡ Àî ×þ �î °ÜÎõ ßþ� ¥� .1.5.5
°ÜÎõ ßþ� .Vq(n� 1; d� 2) < qn�k Âð� ,¢¤�¢ ¢��ø Fq ýø¤ [n; k; d] Àî ×þ �î À�û¢ ö�È÷ ø ù¢�Þ÷

.À��î �Æþ�Öõ 6.5.1 ��Ìì �� �¤

.À��î ß��ã� q = 2 ý�Â� �¤ A(10;5) .2.5.5

ù�ðö� ,Àª�� l ¢Âê ¼�½¬ ¢Àä ´¨�¤ éÂÏ 4.5.2 ��Ìì ¤¢ Âð� À�û¢ ö�È÷ .q = 2 À��î ­Âê .3.5.5
.A(n; d) � l � 1

.À����� A(17;8) ý�Â� üþ�ûö�Âî ù�ðö� ,q = 2 Âð� .4.5.5
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ö���üõ �î À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ üþ��ø¢ Ù��Þû [31;5] Àî ö�ðø¢ ý�Â� ýÀó�õ ÅþÂ��õ .5.5.5
�� ø Àª�� d = 10 ý�¤�¢ Û¬�� Àî �î ¢�Þ÷ ÂÑ÷ éÂ¬ ý��÷�ð�� ÅþÂ��õ ßþ� ý�ûö�µ¨ ¥� ý¢�Àã� ¥�

.À��þ ´¨¢ ÂÞÆþÂð ö�Âî

C ��ÞÜîÀî üõ�Þ� ø Àª�� d = 2k �Ü¬�ê-ßþÂµÞî ø n ñ�Ï �� üþ��ø¢ Àî ×þ C À��î ­Âê .6.5.5

ö�È÷ .jcj = [n(n� 1)=w(w � 1)]�A(n� 2;2k;w � 2) À��î ­Âê ß���Ýû .À�ª�� w ö¥ø ý�¤�¢

.À�µÆû �ÂÏ-2×þ ý�ûí�Ü� C ��ÞÜîÀî �î À�û¢

.´¨� ���ú� ùÀªù���î üþ��ø¢ Ù��Þû Àî ×þ �î À�û¢ ö�È÷ .7.5.5

ùÀª ÓþÂã� n ñ�Ï �� üþ��ø¢ Àî ×þ C1 À��î ­Âê ß���Ýû .w > 4 ø w 2 N À��î ­Âê .8.5.5
:Àª�� Âþ¥ �¤�¬��

Cl := f(c0; c1; � � � ; cn�1) j
n�1X
i=0

ci = w;
nX
i=0

ici � l mod ng;

:À�û¢ ö�È÷ .À÷��µêÂð ô�¹÷� Zýø¤ âÞ� ñ�Þä� ö� ¤¢ �î

A(n;4; w) � nw�1

w!
; (n!1):

.�nw�A(n;2k) � 2nA(n;2k;w) :À�û¢ ö�È÷ .q = 2 À��î ­Âê .9.5.5

.10.5.5

.Àª�� ´±·õ ´¨�¤ éÂÏ Âð� ,A(n;2k;w) � (1� w
k (1� w

k ))
�1 À�û¢ ö�È÷ (1

.Àþ¤ø� ´¨¢�� �¤ §��ó� ö�Âî ,9.5.5 �ó�Æõ ø (1) ¥� ù¢�Ôµ¨� �� (2

ý�¤�¢ C À��î ­Âê .Àª�� n�pn < 2d � n �� üþ��ø¢ (n;M; d) Àî ×þ C À��î ­Âê .11.5.5
ö�Âî ,3.5.3 �Î��¤ ¤¢ k = 2 ö¢�¢ ¤�Âì À�û¢ ö�È÷ .x+ 1 2 C ù�ðö� ,x 2 C Âð� �î Àª�� ´�¬�¡ ßþ�

:Àû¢üõ �¹�µ÷ �¤ Âþ¥

M � 8d(n� d)

n� (n� 2d)2 :
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.(¢�ªüõ �µ¡��ª 25ýÂð ö�Âî ô�÷ �� ö�Âî ßþ�)

�¤ 5.4 Ç¿� ;´¨� ÛØÈõ ��± ��) ´¨� �� �ú � ,4.4 Ç¿� ¥� (8;20;3) Àî À�û¢ ö�È÷ .12.5.5
.(À���±�

25Grey bound
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ý¤ø¢ ý�ûÀî

Óþ¤�ã� 6.1

ùøÂ ð ,ùøÂ ð ß þ� � � Â Ò� � µ õ .Ý þ¢� Þ ÷ Ó þÂ ã � �¤ C À î ¥� Aut(C) ü µ¿ þ¤¢� ¡ ùøÂ ð ,4.5 Ç¿ � ¤¢
ý�ûÅþÂ��õ ö¢�Þ÷ ßþÃðý�� �� Aut(C) ÓþÂã� ,��ìø� ü¡Â� .¢¤�¢ ¢��ø üµÈðý�� ý�ûÅþÂ��õ
ÂÒ��µõ �ú÷� ÂÔ¬�÷ Â¬��ä �î üþ�ûÅþÂ��õ ü�ãþ ;À��þüõ ©ÂµÆð ý��ÜÞ�×� ý�ûÅþÂ��õ �� üµÈðý��
ßþ� ¤¢ .Ý�ª��üõ À�õ�ì�ä �û´Èðý�� ùøÂð �� �õ ,´ó�� ø¢ Âû ¤¢ .Àª�� üµÈðý��ÅþÂ��õ ×þ ��
ý¤ø¢ ùøÂð Ûõ�ª �ú÷� üµ¿þ¤¢�¡ ùøÂð �î Ý�û¢üõ ¤�Âì �ãó�Îõ ¢¤�õ �¤ üÎ¡ ý�ûÀî ¥� �µ¨¢ ö� ,ÛÊê

.Àª��üõ Àî �ÞÜî ñ�Ï n ö� ¤¢ �î Àª�� n �±�Âõ

:Âð� ,¢�ªüõ ùÀ�õ�÷ ý¤ø¢ C üÎ¡ Àî ×þ .1.6.1 ÓþÂã�

8(c0;c1;���;cn�1)2C [(cn�1; c0; c1; � � � ; cn�2) 2 C]:

,Àþ�üõ �õ�¢� ¤¢ �î ö���Ýû ,�û´Èðý�� ý���� ý��ÜÞ�×� ý�ûÅþÂ��õ ýÂ�ð¤�î�� �� ÓþÂã� ßþ�
� �¹�þ� ¤¢) (�cn�1; c0; � � � ; cn�2) �ÞÜî ,(c0; c1; � � � ; cn�1) �ÞÜîÀî Âû ý�Â� Âð� .À�� þüõ ©ÂµÆð
ùÀ�õ�÷ (� = �1 Âð� 2ý¤ø¢�÷ ø) 1ý¤ø¢�þ�� Àî ×þ ,Àî ßþ� ù�ðö� ,Àª�� C ¤¢ Ã�÷ (´¨� ´��� ý¤�ÀÖõ
1 constacyclic
2 negacyclic
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×þ ùÀ�÷��¡ ý�Â� ý¤ø¢�þ�� ý�ûÀî Ý�Þã� ;¢�Þ÷ Ý�û��¡ üêÂãõ �¤ ý¤ø¢ ý�ûÀî �þÂÑ÷ ,�¹�þ� ¤¢ .¢�ªüõ
.Àª��üõ ö�¨� ßþÂÞ�

�ûý��ÜÞ�À�� ¥� ùøÂð ×þ ø Fnq ß�� ,Âþ¥ üµ¿þ¤×þ ,ý¤ø¢ ý�ûÀî ¥� �õ Ó�¬�� ¤¢ ¤�Ã�� ßþÂ�Ýúõ
§�î �ÖÜ� .Àû¢üõ Fq [x] ý��ÜÞ�À�� �ÖÜ� ¤¢ üÜ¬� ñ�ùÀþ� ×þ Û�ØÈ� xn � 1 �¤�Ìõ .Àª��üõ

:ý�ûý��ÜÞ�À�� ¥� ý��ä�Þ¹õ Ûõ�ª Fq [x]=(x
n � 1) ùÀ÷�õüì��

fa0 + a1x+ � � �+ an�1x
n�1 j ai 2 Fq ;0 � i < ng;

×þ ö���ä�� �ú��) Àª��üõ ´¿þ¤×þ �ÖÜ� ßþ� �� Fnq ,��®ø�� .´¨� �ûùÀ�þ�Þ÷ ù�Úµ¨¢ ×þ ö���ä��
ü�ãþ ;Ýþ¢Âî üêÂãõ ×�þ� �î �¤ ü�Â® ¤�µ¡�¨ ß���Ýû ,�õ�¢� ¤¢ .(´¨� ùÀª �µêÂð ÂÑ÷¤¢ üãÞ� ùøÂð
ù¢�Ôµ¨� Âþ¥ ü÷�ÆÞû ¥� ,Àã��� �¹�þ� ¥� .¢Â� Ý�û��¡ ¤�î�� ,(xn � 1) �÷�Þ�� ¤¢ �ûý��ÜÞ�À�� �Â®Û¬��

:¢Âî Ý�û��¡

(a0; a1; � � � ; an�1) 2 Fnq � a0 + a1x+ � � �+ an�1x
n�1 2 Fq [x]=(x

n � 1); (1)

ßþ� â�¨�� �� .¢�Þ÷ Ý�û��¡ ´±½¬ 1 �Î��¤ ýÂ�ð¤�î�� �� c(x) �ÞÜîÀî ö���ä�� c �ÞÜîÀî ¥� °Üè� ø
.Ý��îüõ Â�ÆÔ� Fq [x]=(xn � 1) ¥� ý��ä�Þ¹õ Âþ¥ ö���ä�� �¤ üÎ¡ Àî ×þ ,°ÜÎõ

.Àª�� ñ�ùÀþ� ×þ Fq [x]=(xn�1) ¤¢ C Âð� �ú�� ø Âð� ´¨� ý¤ø¢ Fnq ¤¢ C üÎ¡ Àî ×þ .2.6.1 ��Ìì

.��±��

,Àª�� �ÞÜîÀî ×þ c(x) = c0 + c1x+ � � �+ cn�1xn�1 ø Àª�� ý¤ø¢ Fq [x]=(xn � 1) ¤¢ C Âð� (1

:ü�ãþ ;¢�� Àû��¡ �ÞÜîÀî ×þ Ã�÷ xc(x) ù�ðö�

(cn�1; c0; � � � ; cn�2) 2 C:

,ßþ�Â���� ;´¨� C ¤¢ Ã�÷ xc(x) �ÞÜîÀî ,c(x) �ÞÜîÀî Âû ý�Â� ù�ðö� ,Àª�� ý¤ø¢ C Âð� ,ÅØäÂ� (2

C ¤¢ a(x) ý��ÜÞ�À�� Âû ý�Â� a(x)c(x) ,´¨� üÎ¡ C ö�� ø ´¨� C ¤¢ i Âû ý�Â� xic(x)

.´¨� ñ�ùÀþ� ×þ C ,ßþ�Â���� ;´¨�

�
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ÂÑ÷¤¢ �¤ (n; q) = 1 ¯Âª � � Fq ýø¤ n ñ�Ï �� ý¤ø¢ ý�ûÀî �ú� � ,Àã � � � �¹� þ� ¥� .3.6.1 ¢�¢¤�Âì
�� ö���üõ �ø¥ ñ�Ï �� üþø¢ø¢ ý¤ø¢ ý�ûÀî ¢¤�õ ¤¢ ý¤�ÿ� ¶��±õ ü¡Â� ùÀû�Èõ ý�Â� .ÝþÂ�ðüõ

.¢�Þ÷ �ã��Âõ 6.10Ç¿�

ý��ÜÞ�À�� ×þ �¤�Ìõ Ûõ�ª C ý¤ø¢ Àî Âû ,´¨� üÜ¬� ñ�ùÀþ� �ÖÜ� ×þ Fq [x]=(xn � 1) ö��
(À���±� �¤ 1.1 Ç¿�) ñ�ùÀþ� ßþ� ¤¢ (ÂÔ¬�÷ ý��ÜÞ�À��) ��¤¢ ßþÂµÞî �� ß�Ø� ý��ÜÞ�À�� ,g(x)

.´¨�
À ó�õ ý��ÜÞ�À�� .¢�ªüõ ùÀ�õ� ÷ ý¤ø¢ Àî ßþ� 3Àó�õ ý��ÜÞ�À�� ,g(x) ý��ÜÞ�À�� ßþ�
��¤¢ � � C ¤¢ ý��ÜÞ�À�� g(x) ø xn � 1 ô.ô.� ,�¤�¬ßþ� Â �è¤¢ ö��) ´¨� xn � 1 Ûõ�ä ×þ
Ûõ��ä �� xn � 1 �þÃ¹� xn � 1 = f1(x)f2(x) � � � ft(x) À��î ­Âê .(¢�� Àû��¡ g(x) ��¤¢ ¥� ÂµÞî
�� ý¤ø¢ ý�ûÀî üõ�Þ� Ý�÷���üõ ñ�� .À�µÆû Ãþ�Þµõ Ûõ��ä ßþ� ,3.6.1 ¢�¢¤�Âì Â���� .Àª�� ÂþÁ��÷Ûþ�½�
g(x) Àó�õ ý��ÜÞ�À�� ö���ä�� xn � 1 Ûõ�ä 2t ¥� üØþ (ßØÞõ ���� üõ�Þ� ¤¢) ßµª�¢Â� �� �¤ n ñ�Ï

.Ý����� ,(xn � 1) �÷�Þ�� ¤¢ g(x) �¤�Ìõ �¤�¬�� ÂÒ��µõ Àî ÓþÂã� ø

:Ýþ¤�¢ F2 ýø¤ .4.6.1 ñ�·õ

x7 � 1 = (x� 1)(x3 + x+ 1)(x3 + x2 + 1):

ÂÚþ¢ üØþ ø Àª��üõ ÂÔ¬ �ÞÜîÀî ý�¤�¢ �ú�� �ú�þ� ¥� üØþ .¢¤�¢ ¢��ø 7 ñ�Ï �� ý¤ø¢ Àî ´Èû Ûî ¤¢

�ø¥ ö¥ø �� ��ÞÜîÀî üõ�Þ� ý�¤�¢ x�1 Àó�õ ý��ÜÞ�À�� �� Àî .Àª��üõ ßØÞõ ��ÞÜîÀî üõ�Þ� Ûõ�ª
,3 ,3 ¢�ã�� ý�¤�¢ °��Â��� ùÀ÷�õüì�� Àî ¤�ú� .´¨� 1 ø 0 ��ÞÜîÀî Ûõ�ª �ú�� ý¤ø¢ [7;1] Àî .´¨�

Àî ×þ ,g(x) := (x�1)(x3 + x+1) = x4+ x3+ x2+1 ßµêÂð ÂÑ÷¤¢ �� ,ñ�·õ ý�Â� ;À�µÆû 4 ø 4

.´¨� ùÀª ÓþÂã� Âþ¥ ¤¢ �î ´¨� ÂþÁ��÷Ûþ�½� ý¤ø¢ Àî ×þ ¥� ý��÷�Þ÷ Àî ßþ� .Ýþ¤�¢ ý¤ø¢ [7;3]

ñ�ùÀþ� ×þ ö��) Àª��üõ 4ñ�Þ�Æî�õ ý¤ø¢ Àî ×þ ,fi(x) Í¨�� ùÀªÀ�ó�� ý¤ø¢ Àî .5.6.1 ÓþÂã�
ý¤ø¢ Àî ,(xn � 1)=fi(x) Í¨�� ùÀª À�ó�� Àî .¢�ªüõ ù¢�¢ Çþ�Þ÷ M+

i � � ø (Àª��üõ ñ�Þ�Æî�õ

ý¤ø¢ ý�ûÀî ,ñ�Þ � ÷üõ ý¤ø¢ ý�ûÀî .¢�ªüõ ù¢�¢ Çþ�Þ ÷ M�i � � ø ¢�ªüõ ùÀ � õ� ÷ 5ñ�Þ � ÷üõ

.À÷�ªüõ ùÀ�õ�÷ Ã�÷ 6ÂþÁ��÷Ûþ�½�
3 generator matrix
4 maximal cyclic code
5 minimal cyclic code
6 irreducible cyclic code
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ùÀªÀ�ó�� ý¤ø¢ ùøÂð Ûõ�ª ,C ý¤ø¢ Àî ×þ üµ¿þ¤¢�¡ ùøÂð �î À�îüõ ß�ÞÌ� 1.6.1 ÓþÂã�
:´Èðý�� Í¨��

i! i+ 1 mod n;

�î Ý����üõ ,´¨� ö� �� ÕÜãµõ a(x) �î ´¨� ýÀî ö�Þû �� ÕÜãµõ a(xq) = a(x)q ö�� ,�õ� .´¨�
©¢�¡ �� �¤ ý¤ø¢ Àî ×þ Ã�÷ ,x! xq ü�ãþ ,�q(i) = qi mod n �¤�¬�� ,ùÀª ÓþÂã� �q ´Èðý��
�� ùøÂð ×þ ,�q ø i ! i + 1 ´Èðý�� ø¢ ù�ðö� ,Àª�� n �÷�Þ�� ¤¢ q �±�Âõ ¥� m Âð� .À�îüõ Âþ�Ê�

.À��îüõ À�ó�� Aut(C) ¤¢ ñ�ÞÈõ mn �±�Âõ

ü¨¤Â� ý��ÜÞ�À�� ø Àó�õ ÅþÂ��õ 6.2

,Àª�� n� k ��¤¢ ý�¤�¢ g(x) Âð� .Àª�� n ñ�Ï�� C ý¤ø¢ Àî ×þ Àó�õ ý��ÜÞ�À�� ,g(x) À��î ­Âê
×þ C ü�ãþ ;À�û¢üõ C ý�Â� �þ�� ×þ Û�ØÈ� ��®ø�� xk�1g(x) ,� � � ,xg(x) ,g(x) ��ÞÜîÀî ù�ðö�

:ù�ðö� ,g(x) = g0 + g1x+ � � �+ gn�kxn�k Âð� ,ßþ�Â���� ;´¨� [n; k] Àî

G =

0
BBBB@
g0 g1 � � � gn�k 0 0 � � � 0

0 g0 � � � gn�k�1 gn�k 0 � � � 0

0 0 � � � � � � 0

0 0 � � � g0 g1 � � � gn�k

1
CCCCA ;

�¤ (a0; a1; � � � ; ak�1) ü��ä�Ï� �ó�±÷¢ ×þ �õ �î ´¨� ßþ� ö� ý��ãõ .´¨� C ý�Â� Àó�õ ÅþÂ��õ ×þ
:ý��ÜÞ�À�� ÛØª�� �î Ý��îüõ Àî aG �¤�¬��

(a0 + a1x+ � � � + ak�1x
k�1)g(x);

(i � n� k ý�Â�) xi = g(x)qi(x) + ri(x) ÓþÂã� �� Àó�õ ÅþÂ��õ ¥� Â�°¨��õ ÛØª ×þ .Àª��üõ
ý�ûý��ÜÞ�À�� .´¨� n � k ýø�Æõ �þ ÂµÞî ��¤¢ �� ý��ÜÞ�À�� ri(x) ö� ¤¢ �î ,¢�ªüõ Û¬��
�� C ¥� ýÀó�õ ÅþÂ��õ �¹�µ÷ ¤¢ ;À�û¢üõ Àî ý�Â� �þ�� ×þ Û�ØÈ� ø À�µÆû C ¥� ü��ÞÜîÀî ,xi � ri(x)

Àî Âþ¥ �¤�¬�� (a0; a1; � � � ; ak�1) ´ó�� ßþ� ¤¢ .´ª�¢ Ý�û��¡ �¤ (�Àµ�� ¤¢ Ik � �) ¢¤�À÷�µ¨� ÛØª
:¢�ªüõ

À�þ�Þ÷ Ýî (a0; a1; � � � ; ak�1)xn�k ¥� �¤ ùÀ÷�õüì�� ø ù¢�Þ÷ Ý�ÆÖ� g(x) Â� �¤ (a0; a1; � � � ; ak�1)xn�k

ö¢�Þ÷ Àî ý�Â� ö�¨� üÜ�¡ ©ø¤ ×þ ßþ� ,ü�ê à�½ó ¥� .¢�ªüõ Û¬�� �ÞÜî Àî ×þ �¹�µ÷¤¢ �î
ÓþÂã� öÀþ¢ ý�Â�) ö�ØõÂ��ç� ÂµÆ��¤ ×þ ÂÑ÷ ¥� ´��� ý��ÜÞ�À��×þ Â� Ý�ÆÖ� �î �Â� ;´¨� ��ä�Ï�

.´¨� ñ�Þä�c Û��ì (À�þ�Þ÷ �ã��Âõ 13 ÛÊê �� ö�
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¢� �ø h(x) = h0 + h1x + � � � + hkx
k ý�� Ü Þ �À � � ,´ ¨� xn � 1 Û õ� ä × þ g(x) ö� �

ü � ã þ ;g(x)h(x) = 0 Ý þ¤�¢ ,Fq [x] � Ö Ü � ¤¢ .(Fq [x] ¤¢) g(x)h(x) = xn � 1 � î ý¤� Ï� � ;¢¤�¢
:�¹�µ÷ ¤¢ .i = 0;1; � � � ; n� 1 ý�Â� g0hi + g1hi�1 + � � �+ gn�khi�n+k = 0

H :=

0
BBBB@
0 0 � � � 0 hk � � � h1 h0

0 0 � � � hk � � � h1 h0 0

... ...
hk 0 � � � h1 h0 0 � � � 0

1
CCCCA ;

Ûõ�ª C Àî .Ý�õ�÷üõ C ü¨¤Â� ý��ÜÞ�À�� �¤ h(x) �õ .´¨� C Àî ý�Â� ö¥���ü¨¤Â� ÅþÂ��õ ×þ
h(x) Àó�õ ý��ÜÞ�À�� �� Àî �î Ý����üõ ,H ø G �Æþ�Öõ �� .c(x)h(x) = 0 �î ´¨� üþ�û c(x) üõ�Þ�
ßþ� ,��ìø� ÂµÈ�� .(�ûÛ±Þ¨ °��Â� ö¢�Þ÷ §�Øãõ ¥� ù¢�Ôµ¨� �� ùÀõ� ´¨¢ ��) Àª��üõ C ö�ðø¢ ¥¤�Ýû
ö� �î�Â� ;¢�ª °±¨ �¤ ý¤��Æ� üÞð¤¢Â¨ ´¨� ßØÞõ �î) ¢�ªüõ ùÀ�õ�÷ C Àî ö�ðø¢ ,üð¢�¨ ý�Â� ,Àî
ý¤ø¢ Àî ,M+

i ñ�Þ�Æî�õ ý¤ø¢ Àî ×þ \ö�ðø¢" ,ô�úÔõ ßþ� �� �î Àþ¤�¢ ���� .(Àª��üÞ÷ C? �� Â��Â�
.´¨� M�i ñ�Þ�÷üõ

fi(x) ö� ¤¢ �î ,ÀþÂ�Ú� ÂÑ÷¤¢ �¤ g(x) = (xn � 1)=fi(x) Àó�õ ÅþÂ��õ �� M�i ñ�Þ�÷üõ ý¤ø¢ Àî
ù�ðö� ,a(x)b(x) = 0 �î ý¤�Ï�� À�ª�� M�i ¤¢ �ÞÜîÀî ø¢ ,b(x) ø a(x) Âð� .Àª��üõ k ��¤¢ ý�¤�¢
Ûõ�ä º�û ý�¤�¢ M�i ö�� .´¨� 0 � � Â ��Â � ,ß þ�Â �� � � ;Àª� � Â þÁ �Ç¿� fi(x) Â � À þ� � � ú ÷� ¥� üØ þ
ø n = 2k � 1 Ý�û¢ ¤�Â ì Âð� ,�f¬�Ê¿õ .Fkq � � ´¿þ¤×þ ü�ã þ ;´¨� ö�À � õ ×þ ,´Æ� ÷ ýÂÔ¬
´Ô�ª n ,´ó��ßþ� ¤¢ .Àþ�üõ ´¨¢�� °ó�� ñ�·õ ×þ ,Àª�� k ��¤¢ ¥� ��óø� ý��ÜÞ�À�� ×þ fi(x)
�î ´¨��ãõ ö�À � ßþ� .Àª� �üõ M�i ÂÔ¬� ÷ ��ÞÜîÀî üõ�Þ � �fÂû�Ò g(x) Àó�õ ý��ÜÞ�À�� ý¤ø¢
¥� ù¢�Ôµ¨� ��) ´¨� 2k�1 �� Â��Â� �Ü¬�ê ßþ� ,ßþ�Â���� ;(5.2 Ç¿� �� á��¤�) ´¨� �Ü¬�êÝû Àî ßþ�
,(n = 2k � 1 ö� ¤¢ �î) xn � 1 ¥� f(x) ��óø� Ûõ�ä Âû ý�Â� �î Ý����üõ ,�¹�µ÷ ×þ ö���ä�� .(5.3.8
ñ�·õ ¤¢ k = 3 �� �÷�Þ÷ ×þ .´¨� 1 �� ýø�Æõ °þÂ® 2k�1 �fÖ�ì¢ ý�¤�¢ (xn � 1)=f(x) ý��ÜÞ�À��

.´¨� ùÀª ù¢¤ø� 4.6.1

ý¤ø¢ Àî ×þ ý�ûÂÔ¬ 6.3

¥� .Àª�� Fq ¥� ý��µê�þ©ÂµÆð ö�À�õ ¤¢ fi(x) ¥� ÂÔ¬ ×þ �i ø xn � 1 = f1(x) � � � ft(x) À��î ­Âê
�ä�Þ¹õ Ã� ´Æ�÷ ýÃ�� M+

i ñ�Þ�Æî�õ Àî ,ßþ�Â���� ;´¨� �i ñ�Þ�÷üõ-ý��ÜÞ�À�� fi(x) ø¤ßþ�
� � À÷�� �üõ ý¤ø¢ Àî ×þ ,üÜî ´ó�� ¤¢ ,ßþ�Â �� � � .c(�i) = 0 �î ý¤�Ï�� c(x) ý�û ý��ÜÞ�À��
¤¢ .¢�ª ß��ã� ,À�µÆû ý�ùÀªÉ¿Èõ ý�ûÂÔ¬ ý�¤�¢ ��ÞÜîÀî üõ�Þ� �îßþ� ¯Âª ßþ� ¥� ù¢�Ôµ¨�
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üõ�Þ� ø �µêÂð �¤ g(x) Àó�õ ý��ÜÞ�À�� ¥� fi ÂþÁ��÷Ûþ�½� Ûõ�ä Âû ¥� �i ÂÔ¬ ×þ �� ´¨� üê�î ,âì�ø
Fq ¥� �µê�þ©ÂµÆð °¨��õ ö�À�õ ×þ �� ÕÜãµõ üõ�Þ�) À÷¤�¢ (�Èþ¤) ÂÔ¬ ö���ä�� �¤ ¯�Ö÷ ßþ� �î ü��ÞÜî
�¤�¬ßþ� �� �¤ C Àî ×þ ø Ý��î áøÂª �s ,� � � ,�2 ,�1 �ä�Þ¹õ Âû �� Âð� .Ýþ¤ø� ´¨¢ �� ,(À�µÆû
´¨� ý¤ø¢ C �¤�¬ßþ� ¤¢ ,i = 1;2; � � � ; s ý�Â� ,c(�i) = 0 Âð� �ú�� ø Âð� c(x) 2 C �î Ý��î ÓþÂã�
.´¨� �s ,� � � ,�1 ,�0 ñ�Þ�÷üõ-ý�ûý��ÜÞ�À��íÂµÈõ �ÂÌõ ßþÂ�×��î ,C Àó�õ ý��ÜÞ�À�� ø
Fmq ý¤�¢Â� ý�Ìê ×þ �¤�¬�� �¤ö� Ý�÷���üõ �î) ´¨� Fqm �� ÕÜãµõ �ûÂÔ¬ ßþ� üõ�Þ� �î À��î ­Âê
(�i)

n�1 ,� � � ,�2i ,�i ,1 ý¤�¢Â� ý�ûÇþ�Þ÷ �� �¤ n ¤¢ mÅþÂ��õ Ý�÷���üõ ,i Âû ý�Â� .(Ý�û¢ Çþ�Þ÷
Û�ØÈ� �¤ H ,n ¤¢ smÅþÂ��õ �� ù¢�¢ ¤�Âì ÂÚþÀØþ �� �¤ �ú�þ� üõ�Þ� ø ÝþÂ�Ú� ÂÑ÷¤¢ �ûö�µ¨ ö���ä��
ö�À� c = (c0; c1; � � � ; cn�1) ö� ¤¢ �î ,cHt = 0 ��®ø�� .À�µÆû Fq �� ÕÜãµõ ö� ý�û�þ�¤¢ �î ù¢�¢
×þ ´¨� ßØÞõ .À�ª��üÞ÷ ÛÖµÆõ �fõøÃó H ý�ûÂÎ¨ .i = 1;2; � � � ; s ý�Â� ,c(�i) = 0 �î ´¨� ü�ãõ
¤¢ ©ø¤ ßþ� ¥� üÔ�¬�� ö���ä�� .Ýþ¤ø� ´¨¢�� �ûÂÎ¨ ü¡Â� éÁ� �� H ¥� �¤ ö¥���ü¨¤Â� ÅþÂ��õ
Â��Â� Ù��Þû (ý�ûÀî Âþ�¨ ¥� ý¤��Æ� ø) üþø¢ø¢ ý�ûÀî �î ¢�Þ÷ Ý�û��¡ ��±�� ,ý¤ø¢ ý�ûÀî Ó�¬��

.À�µÆû ý¤ø¢ ý�ûÀî (�� ¥ ¤�Ýû)

.ÀþÂ�Ú� ÂÑ÷¤¢ Fqm ¤¢ À��ø ô�n �Èþ¤ ×þ �¤ � ø n := (qm � 1)=(q � 1) À��î ­Âê .1.6.3 ��Ìì

:ý¤ø¢ Àî �¤�¬ßþ� ¤¢ .(m; q � 1) = 1 À��î ­Âê ,ßþ�Â�ùø�ä

C := fc(x) : c(�) = 0g;

.´¨� Fq ýø¤ [n; n�m]Ù��Þû Àî ×þ �� ¥ ¤�Ýû

:ö�� .��±��

n = (q � 1)(qm�2 + 2qm�3 + � � �+m� 1) +m;

�i 62 Fq ü�ãþ ;i = 1;2; � � � ; n�1 ý�Â� ,�i(q�1) 6= 1 ,ßþ�Â���� ;(n; q�1) = (m; q�1) = 1 Ýþ¤�¢

�n�1 ,� � � ,�2 ,� ,1 ý�ûÇþ�Þ÷ ö� ¤¢ �î ,H ÅþÂ��õ ý�ûö�µ¨ �¹�µ÷¤¢ .i = 1;2; � � � ; n� 1 ý�Â�

ÅþÂ ��õ H ,ßþ�Â �� � � .À� µÆû üÎ¡ ÛÖµÆõ Fq ýø¤ ø¢�� ø¢ ,À�ª� �üõ Fmq ¤¢ üþ�û¤�¢Â � �¤�¬��

� .´¨� [n; n�m]Ù��Þû Àî ×þ ö¥���ü¨¤Â�

.Ý��îüõ ¼þÂÈ� ,Ýþ��µ¡�õ� 9 ñ�Ï�� üþø¢ø¢ ý¤ø¢ ý�ûÀî ßµ¡�¨ ù¤��¤¢ ö��î�� �î �¤ �»÷� �¹�þ� ¤¢

�� Â��Â� ,Àª��üõ À��ø ��óø� �Èþ¤ ß�õ� 9 Ûõ�ª �î F2 ¥� �µê�þ©ÂµÆð ö�À�õ ßþÂ�×��î .2.6.3 ñ�·õ
��óø� ô�9 �Èþ¤ ×þ � := �7 ø �63 = 1 ù�ðö� ,Àª�� ö�À�õ ßþ� ¤¢ ��óø� �Ìä ×þ � Âð� .´¨� F

26
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,�8 ,�4 ,�2 ,� ý�û�Èþ¤ ý�¤�¢ � ñ�Þ�÷üõ-ý��ÜÞ�À�� 18.1.1 ��Ìì ¥� ù¢�Ôµ¨� �� .Àª��üõ À��ø

á��¤�) Àª�� (x9 � 1)=(x3 � 1) = x6 + x3 + 1 Àþ�� ý��ÜÞ�À�� ßþ� .´¨� �14 = �5 ø �16 = �7

:ßþ�Â���� ;(24.1.1 �Î��¤ ��

(x9 � 1) = (x� 1)(x2 + x+ 1)(x6 + x3 + 1) = f1(x)f2(x)f3(x):

3 ýø�Æõ �þ Â�ï¤Ã� �Ü¬�ê-ßþÂµÞî ü�ãþ ;Àª��üõ H ¤¢ ÛÖµÆõ ø¢��ø¢ ý�ûö�µ¨ ý�¤�¢ M+
3
Àî

:��ÞÜîÀî Ûõ�ª ��®ø�� M+
i ö�� .´¨�

( c0c1c2 c0c1c2 c0c1c2 ) ;

Àî ×þ ,ßþ�Â���� ,´¨� x6 + x3 + 1 ö¥��� ý��ÜÞ�À�� ý�¤�¢ M�i Àî .d = 3 �î Ý����üõ �f¤�ê ,´¨�
ý��ÜÞ�À�� �� �¤ F

26
�õ Âð� .´¨� 2 �� Â��Â� �Ü¬�ê ßþ� ,´¨� �ÞÜîÀî ×þ x3 � 1 ö�� .´¨� [9;6]

ö� �f ±ì �î üªø¤ ¥� ù¢�Ôµ¨� �� ,M�
3
Àî ý�Â� �¤ 9 ¤¢ 12 ¢�ã�� �� H ÅþÂ��õ Å³¨ ø Ýþ¥�Æ� x6 + x+ 1

×þ �¤�¬ �� ÂÎ¨ 6 ý�¤�¢ �ú�� ÅþÂ��õ ßþ� ù�Ú÷� ,Ý�û¢ Û�ØÈ� ,Ýþ¢�Þ÷ ¼þÂÈ� 1.6.3 ��Ìì ¤¢ �¤
(011 011 011 ) ÂÎ¨ ¤�ú� ø (110 110 110 ) ÂÎ¨ ,1 ô�Þ� ÂÎ¨ ×þ ,ÂÔ¬ ô�Þ� ÂÎ¨
×þ x6 + x3 + 1 ¥� �µ±ó� .Ýþ¤�¢ 9 ¤¢ 3 ö¥���ü¨¤Â� ÅþÂ��õ ×þ ,ö� �� ���� �� ,ßþ�Â���� ;¢�� Àû��¡
üªø¤ �� �¤ ÂµÞî ��®ø �� ý�ûñ�·õ À÷���üõ ùÀ�÷��¡ .Ýþ¤�¢ ( I I I ) �� ¥ ¤�Ýû ö¥���ü¨¤Â� ÅþÂ��õ

.Àþ�Þ÷ Û� ���Èõ

ù�ðö� ,Àª�� À��ø �Èþ¤ ß�õ� 8 ×þ � Âð� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ F3 ýø¤ x8 � 1 ý��ÜÞ�À�� .3.6.3 ñ�·õ

��¤¢ ¥� ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� �¨ ø (x+ 1) ,(x � 1) �Â®Û¬�� Àþ�� x8 � 1 ,ßþ�Â���� ;�9 = �

ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� �ú�� �î Ý����üõ ,x2 + ax + b ¤¢ x = 0;1;2 ý¤�Áðý�� �� .Àª�� 2

x8 � 1 �þÃ¹� ,ßþ�Â���� ;À�µÆû x2 + 2x+ 2 ø x2 + x+ 1 ,x2 + 1 �¤�¬ �� F3 [x] ¤¢ 2 ��¤¢ ¥�

ÂµÞî �Ü¬�ê-ßþÂµÞî ý�¤�¢ g(x) := (x2 + 1)(x2 + x + 2) Àó�õ ÅþÂ��õ �� ý¤ø¢ Àî .Ý�÷�¢üõ �¤

4 �îßþ� �� ± �� ý�Â � ö�¨� üªø¤ ,6.6 Ç¿� ¤¢ .´¨� 4 ö¥ø ý�¤�¢ g(x) ö�� ,´¨� 4 ýø�Æõ � þ

.¢�¢ Ý�û��¡ ���¤� ,´¨� Àî ßþ� �Ü¬�ê-ßþÂµÞî

ý¤ø¢ Àî ×þ ö���¢�¡ 6.4

c(x) ý��ÜÞ�À��×þ �� ý¤ø¢ Àî ×þ Àó�õ ý��ÜÞ�À�� ö¢Âî ßþÃðý�� ´þÃõ ,�û¢Â�¤�î ¥� ý¤��Æ� ¤¢
.´¨� �µêÂð Â�¤¢ �¤ ÓþÂã� ßþ� ,Âþ¥ ��Ìì .´¨� ùÀª ��±�� ,¢¤�¢ ô�÷ 7ö���¢�¡ �î

7 idempotent
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¢��ø c(x) ¢Âê�� ÂÊ½�õ �ÞÜîÀî ×þ �¤�¬ßþ� ¤¢ ;Àª�� ý¤ø¢ Àî ×þ C À��î ­Âê .1.6.4 ��Ìì
.´¨� C ý�Â� ü÷�Þû �Ìä ×þ �î ¢¤�¢

,ö¥�� � ý�� Ü Þ �À � � h(x) ø À ª� � C À î À ó� õ ý�� Ü Þ �À � � g(x) À � � î ­Â ê .��±��
,À ª� �ü Þ ÷ ü Ô ä� Ì õ � È þ¤ º � û ý�¤�¢ xn � 1 ö� � .Fq [x] ¤¢ g(x)h(x) = xn � 1 ü � ã þ

� î ý¤� Ï� � ;À ÷¤�¢ ¢� �ø b(x) ø a(x) ý� ûý�� Ü Þ �À � � ,ß þ�Â �� � � ;(g(x); h(x)) = 1 Ý þ¤�¢

:À��î ÓþÂã� ñ�� .a(x)g(x) + b(x)h(x) = 1

c(x) := a(x)g(x) = 1� b(x)h(x):

:ù�ðö� ,Àª�� C ¤¢ �ÞÜîÀî ×þ p(x)g(x) Âð� ,ßþ� Â�ùø�ä .Àª��üõ C ¤¢ �ÞÜîÀî ×þ c(x) ��®ø��

c(x)p(x)g(x) = p(x)g(x) � b(x)h(x)p(x)g(x)

� p(x)g(x) mod (xn � 1):

� .´¨�µØþ ,ßþ�Â���� ,Àª��üõ C ý�Â� ü÷�Þû �Ìä ×þ c(x) ö��

�µª�¢ ¢��ø À�÷���üõ C ¤¢ ýÂÚþ¢ Â¬��ä ,�µ±ó� .Àª��üõ 8ö���¢�¡ �ÞÜîÀî ßþ� ,c2(x) = c(x) ö��
Âû ö�� .´¨� Àî ü÷�Þû �Ìä �ú�þ� ¥� üØþ �ú�� �õ� ,À�ª�� Â��Â� ö�ª¢�¡ â�Âõ �� �î ý¤�Ï�� À�ª��
�¤ C ñ�ùÀþ� c(x) �î Ý����üõ ,c(x) ¥� ü�ÂÌõ ü�ãþ ;¢�ª �µª�÷ v(x)c(x) �¤�¬�� À÷���üõ �ÞÜîÀî

.À�îüõ À�ó��
¥� .q = 2 Ý�û¢üõ ¤�Âì ñ�� .ÝþÂ�Ú� ÂÑ÷¤¢ ÂÚþ¢ ¤��×þ �¤ xn � 1 = f1(x) � � � ft(x) �þÃ¹� À�þ���
ý�û�ä�Þ¹õÝû �� f0;1; � � � ; n� 1g �ä�Þ¹õ ¥�Âê� �� ÂÒ��µõ Ûõ��ä ßþ� �î Ý�÷�¢üõ 18.1.1 ��Ìì
�î ´¨� ü÷��� ßþÂµÞî s ö� ¤¢ �î À�ª��üõ fa;2a; � � � ;2sag ,� � � ,f1;2;4; � � � ;2rg ,f0g : 9Â�ùÂþ�¢
n = 9 �� f3;6g ø f1;2;4;8;7;5g ,f0g Â��Â� �þÃ¹� ßþ� 2.6.3 ñ�·õ ¤¢ .a(2s+1�1) � 0 mod n

x2i �ÜÞ� Ûõ�ª ù�ðö� ,Àª�� xi �ÜÞ� Ûõ�ª c(x) ö���¢�¡ ×þ Âð� �î ´¨� ¼®�ø ,ÂÚþ¢ éÂÏ ¥� .´¨�
¤¢ �î ,Àª�� xa + x2a + � � �+ x2

sa ÛØª�� �ûö���¢�¡ ¥� üä�Þ¹õ Àþ�� ö���¢�¡ ×þ ,ßþ�Â���� ;´Æû Ã�÷
,¢¤�¢ ¢��ø �ûá�Þ¹õ ßþ� ¥� �� 2t �fÖ�ì¢ ö�� .´¨� Â�ùÂþ�¢ ý�û�ä�Þ¹õÝû ¥� üØþ fa;2a; � � � ;2sag ö�
ý¤ø¢ ý�ûÀî üõ�Þ� Ý�÷���üõ ,ßþ�Â��� � ø ´¨� ö�¨� ßØÞõ ý�ûö���¢�¡ üõ�Þ� ßµê�þ �î Ý��� �üõ

.Ý��î À�ó�� xn � 1 �þÃ¹� �� ¥��÷ öøÀ� �¤ ùÀª ù¢�¢ ñ�Ï ×þ ¥� üþø¢ø¢
8 idempotent
9 cyclotomic cosets
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�Àµ ��¤¢ .Ý��îüõ ¢øÀ½õ q = 2 ýø¤ �¤ ¢�¡ �f¢À¹õ .Ý�û¢üõ Ý�Þã� �¤ �þÂÑ÷ ßþ� ,Â ��Ü� üÞî
Àó�õ �� ,C Àî ¥� ö���¢�¡ ×þ c(x) Âð� �î ¢�ªüõ �¹�µ÷ 1.6.4 ��Ìì ��±�� ¥� �î À��îüõ ùÀû�Èõ
,ßþ�Â �� � � ;´¨� h(x) Àó�õ � � Àî ö�� �¢�¡ 1 + c(x) ù� ðö� ,Àª� � ,h(x) ü¨¤Â � ý�� ÜÞ�À�� ø g(x)

.´¨� ö�ðø¢ Àî ö���¢�¡ 1+ xnc(x�1)

�i(x) �� ø ùÀª ùÀ�õ�÷ 10��óø� ö����¡ ×þ ,M�i ÂþÁ��÷Ûþ�½� ý¤ø¢ Àî ×þ ö���¢�¡ .2.6.4 ÓþÂã�

ö���¢�¡ ×þ (x2+1)g(x) = x6+ x5+ x3+1 ý��ÜÞ�À�� 4.6.1 ¤¢ ,ñ�·õ ý�Â� ;¢�ªüõ ù¢�¢ ö�È÷
.´¨� ��óø�

ý��ÜÞ�À�� Âð� .Àª�� F2 �µê�þ©ÂµÆð ö�À�õ ×þ ¤¢ À��ø ��óø� �Èþ¤ ß�õ� n×þ � À��î ­Âê
Ã� ÷ °ÜÎõ ÅØä ø c(�i) = 1 � þ c(�i) = 0 Ýþ¤�¢ i Â þ¢�Öõ üõ�Þ � ý�Â � ù�ðö� ,Àª� � ö�� �¢�¡ c(x)

¥� f(x) Â þÁ �� ÷Ûþ�½� Ûõ�ä ×þ ù�ðö� ,Àª� � �� óø� ö�� �¢�¡ ×þ c(x) Âð� .Àª� �üõ ´¨¤¢ ��®ø��
i Âð� �ú�� ø Âð� c(�i) = 1 ü�ãþ ;f(�i) = 0 Âð� �ú�� ø Âð� c(�i) = 1 �î ý¤�Ï�� ,¢¤�¢ ¢��ø xn � 1
Çþ�Þ÷ �a �� °Üè� ý���óø� ö���¢�¡ ß��� .Àª�� fa;2a; � � �g Â�ùÂþ�¢ ý�û�ä�Þ¹õÝû ¥� üØþ �� ÕÜãµõ
ùÀª ��¿µ÷� �ø�Ôµõ Â�ùÂþ�¢ ý�û�ä�Þ¹õÝû ý�ûùÀ�þ�Þ÷ ¥� i ÅþÀ÷� 2.6.4 ÓþÂã� ¤¢ ü�ãþ ;¢�ªüõ ù¢�¢
,�¤�¬ßþ� ¤¢ ;ÀþÂ�Ú� ÂÑ÷¤¢ x4 + x + 1 ¥� ý��Èþ¤ �¤ � ø n = 15 ÀþÂ�Ú� ÂÑ÷¤¢ ,ñ�·õ ý�Â� ;´¨�
¢�ªüõ ù¢�¢ Çþ�Þ÷ �1 �� x4 + x+ 1 ü¨¤Â� ý��ÜÞ�À�� �� ñ�Þ�÷üõ ý¤ø¢ Àî �� ÕÜãµõ ��óø� ö���¢�¡
ü¨¤Â� ý��ÜÞ�À�� �� ü�ãþ ;´¨� ��8 ,��4 ,��2 ,��1 ÂÔ¬�÷ Â¬��ä �� ÂÒ��µõ ��1 ´ó�� ßþ� ¤¢ ø
ý¤ø¢ ý�ûÀî üð¢�¨ ý�Â� ù�ðö� ,Ý�ª�� ù¢ÂØ÷ ­Âê ´��� �¤ ý�� ß��� Âð� ,�õ�¢� ¤¢ .x4 + x3 + 1

.Ýþ¤�Þªüõ M�t ,� � � ,M�
2
,M�

1
�¤�¬ �� �¤ ÂþÁ��÷Ûþ�½�

:ù�ðö� ,À�ª�� c2(x) ø c1(x) ý�ûö���¢�¡ �� ý¤ø¢ ý�ûÀî C2 ø C1 Âð� .3.6.4 ��Ìì

;Àª��üõ c1(x)c2(x) ö���¢�¡ ý�¤�¢ C1 \ C2 (1

ö�� �¢� ¡ ý�¤�¢ ,b 2 C2 ø a 2 C1 � � a + b �� Þ Ü î ü õ� Þ � � ä� Þ ¹ õ ü � ã þ ,C1 + C2 (2

.´¨� c1(x) + c2(x) + c1(x)c2(x)

.��±��

.´¨� 1.6.4 ��Ìì ¥� üúþÀ� �¹�µ÷ ×þ (1
10primitive idempotent
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ø ´¨� C1 + C2 ¤¢ c1(x) + c2(x) + c1(x)c2(x) ��®ø�� �î �Â� ,¢�ªüõ �¹�µ÷ ���Èõ ÕþÂÏ �� (2
,��ÞÜîÀî üõ�Þ� �î �Â� ;´¨� Àî ý�Â� ü÷�Þû �Ìä ×þ ßþ� �î ¢�ªüõ ùÀþ¢ ü÷�¨��� �f¢À¹õ

.À�µÆû a(x)c1(x) + b(x)c2(x) ôÂê��

�

:Ýþ¤�¢ ��óø� ý�ûö���¢�¡ ý�Â� .4.6.4 ��Ìì

;i 6= j Âð� �i(x)�j(x) = 0 (1

;Pt
i=1 �i(x) = 1 (2

.´¨� fi1(x)fi2(x) � � � fir(x) Àó�õ �� Àî ö���¢�¡ 1+ �i1(x) + �i2(x) + � � �+ �ir(x) (3

.��±��

;M�i \M�j = f0g �Âþ¥ ;¢�ªüõ �¹�µ÷ (1) ´ÞÆì 3.6.4 ��Ìì ¥� (1

M�
1
+M�

2
+� � �+M�t �Âþ¥ ;¢�ªüõ �¹�µ÷ (1) ´ÞÆì 4.6.4 ��Ìì ø (2) ´ÞÆì 3.6.4 ��Ìì ¥� (2

:ô�¹÷�Â¨ ø ;´¨� n ñ�Ï �� ��ÞÜî üõ�Þ� �ä�Þ¹õ

�¹�µ÷ ,´¨� fi1(x)fi2(x) � � � fir(x) �� Â��Â� M�i1 + � � �+M�ir ö¥��� ý��ÜÞ�À�� �îßþ� ùÀû�Èõ �� (3
.¢�ªüõ

�

ü÷�¨� ©ø¤ ¢Âê �¤�¬ßþ� ¤¢ ;´Æ�÷ üµ¿¨ ¢�þ¥ ¤�î ��óø� ý�ûö���¢�¡ ßµê�þ ,�þ�Ìì ßþ� ýÂ�ð¤�î�� ��
.Àª�� ùÀª ù¢�¢ fi1fi2 � � � fit �¤�¬�� Àî Àó�õ Âð� ,¢¤�¢ Àî ×þ ý�ûö���¢�¡ ßµê�þ ý�Â�

�ûö���¢�¡ Ûõ�ª ��±�� ý�û×��Ø� �� ö���üõ ,ý¤�ÁðÀî �þÂÑ÷ ¤¢ Â��µêÂÈ�� ÓÜµ¿õ ��ä�®�õ ¤¢
ù¤� �¤¢ Â µÈ� � üÞî � � Ý�û��¡üõ �õ� ,À�¨¤ Ý�û��¿÷ �Ü�Âõ ö� �� �õ ,��µî ßþ� ¤¢ .´ê� þ ü¨Âµ¨¢
Àû��¡ À�Ôõ �¤ Âþ¥ ��Ñ��õ ,Àþ�Þ÷ �ãó�Îõ �¤ °ÜÎõ ßþ� Àû��¡üõ �î ý�ùÀ�÷��¡ .Ý�÷�À� �ûö���¢�¡

.´ê�þ
éÂÏ ø¢ ¥� .xn � 1 = g(x)h(x) À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ g(x) Àó�õ �� n ñ�Ï �� C ý¤ø¢ Àî

:Ýþ¤�¢ ;(1.1 Ç¿� �� á��¤�) ÝþÂ�ðüõ ý¤�¬ ÕµÈõ

xn�1 = g0(x)h(x) + g(x)h0(x):
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x ¤¢ ß�êÂÏ �Â® �� .Àª�� ¢Âê h(x) ��¤¢ Âð� �ú�� ø Âð� ,´¨� n� 1 �� Â��Â� g0(x)h(x) ��¤¢ �¹�þ� ¤¢
:Ýþ¤�¢ xn � 1 �÷�Þ�� ¤¢ ö¢�¢ Çû�î ø

1 = xg0(x)h(x) + xg(x)h0(x) + (xn � 1);

Ý����üõ .¢Â�üõ ß�� ¥� ,Àû¢üõ  ¤ ÂÚþ¢ ý��ÜÞ�À�� ø¢ ¥� üØþ ¤¢ �î �¤ xn �ÜÞ� ,Â¡� �ÜÞ� ö� ¤¢ �î
Â�è ¤¢ ø Àª�� ¢Âê h(x) ��¤¢ Âð� ,Æ = 1 ö� ¤¢ �î ´¨� xg(x)h0(x) + Æ(xn �1) �� Â��Â� C ö���¢�¡ �î
x4 + x+ 1 ö¥��� ý��ÜÞ�À�� �� 15 ñ�Ï�� ßþÂµÞî Àî ;ñ�·õ ×þ ö���ä�� .´¨� 0 �� Â��Â� �¤�¬ßþ�

.´¨� xg(x) = x(x15 � 1)=(x4 + x+ 1) �� Â��Â� �1 ö���¢�¡ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤
¤�î�� Ó�¬�� ×þ ö���ä�� À÷���üõ ��� ñ�·õ .´¨� ýÂÚþ¢ À�Ôõ ßþÂÞ� ,�ûö���¢�¡ ß�� Âþ¥ ÂÒ���
�Ìä ×þ � À��î ­Âê .n = 2k � 1 ö� ¤¢ �î Àª�� xn � 1 ��Üäô�ÆÖõ×þ f(x) À��î ­Âê .¢ø¤
ý�û�ä�Þ¹õÝû �� ÂÒ��µõ ,��1 °��Â��� ,�1 ��óø� ý�ûö���¢�¡ .f(�) = 0 �î Àª�� ý¤�Ï F2k ¥� ��óø�

:Ý��îüõ �ä¢� .À�ª��üõ f�1;�2; � � � ;�2k�1g °��Â��� ,f1;2; � � � ;2k�1g Â�ùÂþ�¢

��1(x) = '(x) =
n�1X
i=0

Tr(�i)xi;

ý�Â � '(�l) À þ� � ,ö� ö¢�¢ ö� È ÷ ¤� Ñ � õ � � .À ª� �ü õ (25.1.1 � � á� �¤�) Â �� â �� � Tr ö� ¤¢ � î
:Ýþ¤�¢ ;Ý��î �±¨�½õ �¤ l = 0;1; � � � ; n� 1

'(�l) =
n�1X
i=0

(�l)i
k�1X
j=0

(�i)2
j

=
k�1X
j=0

n�1X
i=0

(�l+2
j

)i:

×þ ý�Â� Âð� '(�l) = 1 ,ßþ�Â���� ;�l+2j = 1 �îßþ� ÂÚõ ,´¨� 0 �� Â��Â� üÜ¡�¢ �Â®Û¬�� ßþ�
.À�îüõ ´��� �¤ �ä¢� ,°ÜÎõ ßþ� .'(�l) = 0 �¤�¬ßþ� Â�è ¤¢ ø l = �2j Ý�ª�� �µª�¢ j ¤�ÀÖõ

¢¤�ø á�®�õ ßþ� ¤¢ �õ .ü÷¥ø ý�ûùÀ÷¤�Þª ¤¢ �÷�Þ÷ ¤�Ï�� ,À÷��µê¤ ¤�î�� �û�� ý¤��Æ� ¤¢ �ûö���¢�¡
,Ý�µ¡�¢Â� ö� �� Ç¿� ßþ� ¤¢ �î ý��þÂÑ÷ .Ý�û¢üõ á��¤� ]46[ ø ]42[ â��Âõ �� �¤ ùÀ�÷��¡ �õ� ,ùÀÈ÷
.´¨� ù¢�¨-�±ª ý�ûÂ±� ý�Â� �ûö���¢�¡ üõ�Þä �þÂÑ÷ ¥� ü¬�¡ ´ó�� ,4.6.4 ��Ìì «�¡ ¤�Ï��

.Ý�û¢üõ á��¤� ]16[ â�Âõ �� �¤ ùÀ�÷��¡

ý¤ø¢ ý�ûÀî ÂÚþ¢ ý�ûÇþ�Þ÷ 6.5

,Ý�µ¡�¢Â� ö� �� 6.1 Ç¿� ¤¢ �î ¢¤�À÷�µ¨� ©ø¤ ¥� Â�è�� ý¤ø¢ ý�ûÀî Çþ�Þ÷ ý�Â� ÂÚþ¢ ©ø¤ ßþÀ��
Àû��¡ Â�ö�¨� ,¢�ª ù¢�Ôµ¨� ÂÚþ¢ ý�ûÇþ�Þ÷ ßþ� ¥� üØþ ¥� �î ü÷�õ¥ ��±�� ×þ ,��ìø� ü¡Â� .¢¤�¢ ¢��ø

.(25.1.1 ÓþÂã� �� á��¤�) ¢Â�ðüõ ¤�î�� �¤ Â�� â��� ,Ýþ¥�¢Â�üõ ö� �� �¹�þ� ¤¢ �î ,�ú÷� ß�óø� .¢��
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��óø� �Èþ¤ ß�õ�n×þ � ø q = pk ü�ãþ ;Àª�� n �÷�Þ�� ¤¢ p ü�Â® �±�¤ k À��î ­Âê .1.6.5 ��Ìì
:�ä�Þ¹õ ù�ðö� ,Àª�� À��ø

V := fc(�) := (Tr(�); T r(��); � � � ; T r(��n�1)) j � 2 Fqg;

.´¨� Fp ýø¤ [n; k] ÂþÁ��÷Ûþ�½� ý¤ø¢ Àî ×þ

×þ c(���1) �î À��îüõ ùÀû�Èõ ,Å³¨ .´¨� üÎ¡ Àî ×þ V ,26.1.1 ��Ìì ýÂ�ð¤�î�� �� .��±��
Fq ¥� ü÷�À�õÂþ¥ º�û �� ÕÜãµõ � ö�� .´¨� ý¤ø¢ Àî ×þ V ,ßþ�Â���� .Àª��üõ c(�) ý¤ø¢ ´Ô�ª
¥� h(x) = h0 + h1x+ � � � + hkx

k ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ×þ ¥� �Èþ¤ ×þ � �î Ý�÷�¢üõ ,´Æ�÷
:ù�ðö� ,c(�) = (c0; c1; � � � ; cn�1) Âð� .´¨� k ��¤¢

kX
i=0

cihi = Tr(�h(�)) = Tr(0) = 0;

.Ýþ¤�¢ V Àî ý�Â� ö¥���ü¨¤Â��ó¢�ãõ ×þ ,ü�ãþ
V ,ßþ�Â���� ;´¨� V ý�Â� ü¨¤Â� ý��ÜÞ�À�� xkh(x�1) �î Ý����üõ ,´¨� ÂþÁ��÷Ûþ�½� h(x) ö��
� .´¨� ÂþÁ��÷Ûþ�½� ý¤ø¢ [n; k] Àî ×þ

ö���ä�� ö� ¥� �È�Þû ý¤�ÁðÀî �þÂÑ÷ ¤¢ �î ¢�Þ÷ Ý�û��¡ üêÂãõ �¤ �þ¤�ê ÛþÀ±� ¥� �µÆÆð �÷�Þ÷ ×þ ñ��
ö�À�õ ¤¢ À��ø ��óø� �Èþ¤ ß�õ�n×þ � À��î ­Âê .¢�ªüõ Â�±ã� 11ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À��
n� 1 Â·î�À� ��¤¢ �� F ýø¤ ý�ûý��ÜÞ�À�� �ä�Þ¹õ T À��î ­Âê .Àª�� Fq ¥� F �µê�þ©ÂµÆð
�¤�¬ßþ� ¤¢ .a(x) 2 T À� � î ­Âê .Ý� � îüõ ÓþÂã � Â þ¥ �¤�¬�� �¤ � : T ! T ´ª�Ú÷ .Àª� �

:´¨� ùÀª ÓþÂã� Âþ¥ �¤�¬�� A(X) = (�a)(X)

A(X) :=
nX

j=1

a(�j)Xn�j : (2)

ý�� Ü Þ �À � � ,a0 + a1x + � � � + an�1xn�1 ý�� Ü Þ �À � � ù� ðö� ,a = (a0; a1; � � � ; an�1) Â ð�
.¢�ªüõ ùÀ�õ�÷ a ¤�¢Â� ßõ�ó�¨-ö�Æ��õ

:�� Â��Â� �§�Øãõ .2.6.5 Ýó

a(x) = n�1(�A)(x�1) mod xn � 1;

.´¨�
11Mattson-Solomon polynomial
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.��±��

A(�k) =
nX

j=1

n�1X
i=0

ai�
ij��kj =

n�1X
i=0

ai

nX
j=1

�(i�k)j = nak:

�

:Àª�� ùÀª ÓþÂã� Âþ¥ �¤�¬�� � ø Àª�� xn � 1 �÷�Þ�� ¤¢ �ûý��ÜÞ�À�� �Â®Û¬�� Æ À��î ­Âê

(
X

aix
i) � (

X
bix

i) :=
X

aibix
i:

(T;+; �) �ÖÜ� ýø¤ �� (T;+; Æ) �ÖÜ� ¥� üµ¿þ¤×þ ×þ � �î ¢�ªüõ ùÀþ¢ ü÷�¨��� �¤�¬ßþ� ¤¢
.Àª��üõ

.ÝþÂ�ð ¤�î�� ý¤ø¢ ý�ûÀî �ãó�Îõ ý�Â� �¤ �ûý��ÜÞ�À�� ßþ� À�þ��� ñ��

:Í¨�� ùÀªÀ�ó�� Fq ýø¤ ý¤ø¢ Àî ×þ V À��î ­Âê .3.6.5 Ýó

g(x) =
Y
k2K

(x� �k);

ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À�� ��¤¢ �¤�¬ßþ� ¤¢ ;a 2 V ø f1;2; � � � ; d�1g � K À��î ­Âê .Àª��

.´¨� n� d �� Â��Â� Â·î�À� a ¥� A

2 �Î��¤ �� ���� �� ñ�� .¢�ªüõ ¢�ä g(x) Í¨�� a(x) ö�� ;1 � j � d� 1 ý�Â� ,a(�j) = 0 .��±��

� .¢�ªüõ Û¬�� �¹�µ÷

ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À�� ý�û�Èþ¤ �î À�ª�� �µª�¢ ¢��ø À��ø �Èþ¤ ß�õ�n �� r Âð� .4.6.5 ��Ìì

.w(a) = n� r ù�ðö� ,À�ª�� a �ÞÜî ×þ ¥� A

� .´¨� 2.6.5 Ýó ¥� ý¤�ê �¹�µ÷ ×þ ßþ� .��±��

ý�ù¢ÂµÆð °ó�Îõ �î 12üÎ¡ üµÈð¥�� ý�û�ó�±÷¢ �þÂÑ÷ ø ý¤ø¢ ý�ûÀî ß�� üÏ�±�¤� Ý�÷���üõ ß���Ýû
Í¨�� Fq ¤¢ Â¬��ä �� üÎ¡ üµÈð¥�� �ó�±÷¢ ×þ .Ýþ¥�¨ ¤�ÂìÂ� ,(]61[ â�Âõ .í.¤) ¢¤�¢ ¢��ø ö� ù¤��¤¢

:üµÈð¥�� �Î��¤ ×þ ø a0; a1; � � � ; ak�1 ��óø� �ó�±÷¢ ×þ

al +
kX

i=1

bial�i = 0; (l � k); (3)

12linear recurring sequences
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¥� ���� ×þ ßþ� .´¨� al = �l ö�½µõ� ,���� ×þ ßµê�þ ý�Â� ¢¤�À÷�µ¨� ×��Ø� .´¨� ùÀª ÓþÂã�
Ý��î ­Âê Ý�þ��� .h(x) := xk +

Pk
i=1 bix

k�i ö� ¤¢ �î Àª�� h(x) ¥� �Èþ¤ ×þ � Âð� ,´¨� 3 �Î��¤
¤¢ ;´¨� Fq �µ ê� þ©ÂµÆð ö�À�õ ×þ ¤¢ �1; �2; � � � ; �k Ã þ�Þ µ õ �Èþ¤ k ý�¤�¢ h(x) = 0 � ó¢� ãõ �î
�õ .Àª��üõ 3 �Î��¤ ¥� ü���� al =

Pk
i=1 ci�

l
i �ó�±÷¢ ù�ðö� ,À�ª�� ù��¿ó¢ c1; c2; � � � ; ck Âð� �¤�¬ßþ�

Âþ¢�Öõ ßþ� .À�ª�� ùÀªÉ¿Èõ Âþ¢�Öõ ý�¤�¢ a0; a1; � � � ; ak�1 �î Ý�þ�Þ÷ ��¿µ÷� ý��÷�ð�� �¤ ci Àþ��
:À÷�õ¤À÷�ø ö���õÂ�¢ ,°þ�Â® ö���õÂ�¢ ö� ¤¢ �î ,¢¤�¢ ¢Â�¤�î üÎ¡ �ó¢�ãõ k �� ù�Úµ¨¢ ×þ Û� ý�Â�

0
BBBBBB@

1 1 � � � 1

�1 �2 � � � �k

�2
1

�2
2

� � � �2k
� � � � � � � � � � � �
�k�1
1

�k�1
2

� � � �k�1k

1
CCCCCCA
=
Y
i>j

(�i � �j) 6= 0: (4)

.Ý����� �¤ ¥��÷ ¢¤�õ �ó�±÷¢ âì�ø ¤¢ Ý�÷���üõ ,ßþ�Â���� ;´¨�
,üÎ¡ üµÈð¥�� �ó�±÷¢ �¤�¬ßþ� ¤¢ ;((n; q) = 1 �f¢À¹õ) ´¨� xn � 1 Ûõ�ä ×þ h(x) À��î ­Âê
ÂÑ÷¤¢ �¤ (a0; a1; � � � ; an�1) üþÃ� ý�û�ó� ± ÷¢ üõ�Þ� ñ�� .´¨� n ¥� üÜõ�ä �ø�� � ù¤ø¢ � � �ø��µõ
�� ý¤ø¢ [n; k] Àî ×þ �õ �¤�¬ßþ� ¤¢ ;Àª��üõ Fkq �� ÕÜãµõ (a0; a1; � � � ; an�1) ö� ¤¢ �î ,ÀþÂ�Ú�

:ßþ�Â���� ;Ýþ¤�¢ ü¨¤Â� ý��ÜÞ�À�� ö���ä�� xkh(x�1)

C = f(a0; � � � ; cn�1) j al =
kX

i=1

ci�
l
i(0 � l < n); (c1; c2; � � � ; ck) 2 Fkq g;

.Àª��üõ ý¤ø¢ Àî ×þ ¥� ýÂÚþ¢ Çþ�Þ÷

BCH ý�ûÀî 6.6

14ý¤ø¢�� ø 13Åþ�� Í¨�� ,¢ø ¤üõ ¤�î�� ¤��Æ� ÛÞä ¤¢ ¥��û �î ,ý¤ø¢ ý�ûÀî ¥� Ýúõ §�î ×þ
.À�µÆû éøÂãõ BCH ý�ûÀî �� �ûÀî ßþ� .Àª ÓÈî 15ÝÚc �Øûe Í¨�� ÛÖµÆõ ¤�Ï�� ø (1960)

Àó�õ Âð� ,Àª��üõ Æ 16ùÀªü��ÂÏ �Ü¬�ê �� BCH Àî ,Fq ýø¤ n ñ�Ï�� ý¤ø¢ Àî ×þ .1.6.6 ÓþÂã�
¤¢ �î Àª�� l ×þ ý�Â� �l+Æ�2 ,� � � ,�l+1 ,�l ý�ûý��ÜÞ�À�� íÂµÈõ �ÂÌõ ßþÂ�×��î g(x) ö�

BCH Àî ×þ ,ö� �� ��ìø� ü¡Â� ) l = 1 Ý�û¢üõ ¤�Âì �f �Þãõ .´¨� À��ø ��óø� �Èþ¤ ß�õ�n×þ � ö�
13R. C. Bose
14D. K. Ray-Chaudhuri
15Hocquenghem
16designed distance
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Àî ù�ðö� ,Àª�� Fqm ��óø� �Ìä ×þ � ü�ãþ ,n = qm � 1 Âð� .(¢�ªüõ ë�Ï� 17­ÂäÝî ô�úÔõ ��

.¢�ªüõ ùÀ�õ�÷ ��óø� ,BCH

.´¨� ùÀª ¼þÂÈ� Âþ¥ ��Ìì Í¨�� \ùÀªü��ÂÏ �Ü¬�ê" ��Î¬�

.´¨� d �� Â��Â� Ûì�À� d ùÀªü��ÂÏ �Ü¬�ê �� BCH Àî ×þ �Ü¬�ê-ßþÂµÞî .2.6.6 ��Ìì

:Ý�û¢üõ Û�ØÈ� �¤ H ,n ¤¢ m(d� 1)ÅþÂ��õ ,6.3Ç¿� �� ���Èõ üªø¤ �� .ñø� ��±��

H :=

0
BBBB@
1 �l �2l � � � �(n�1)l

1 �l+1 �2(l+1) � � � �(n�1)(l+1)

� � � � � � � � � � � � � � �
1 �l+d�2 �2(l+d�2) � � � �(n�1)(l+d�2)

1
CCCCA ;

BCH Àî ¤¢ c �ÞÜî .¢�ªüõ Â�±ã� Fq ýø¤ m ñ�Ï�� ü÷�µ¨ ¤�¢Â� ×þ ö���ä�� �þ�¤¢ Âû ö� ¤¢ �î
ù��¿ó¢ ö�µ¨ d� 1 .À�µÆ�÷ ÛÖµÆõ �fõøÃó H ÂÎ¨ m(d� 1) .cHT = 0 Âð� �ú�� ø Âð� ¢¤�¢ ¤�Âì
ö���õÂ�¢ .À�ª�� �ûö�µ¨ ßþ� ý��� Â¬��ä �id�1l ,� � � ,�i1l À��î ­Âê ø �µêÂð ÂÑ÷¤¢ �¤ H ¥�
�� (4 �Î��¤ �� á��¤�) À÷�õ¤À÷�ø ö���õÂ�¢ ×þ �f¢À¹õ ,©ø¤ ßþ� ¤¢ ùÀõ� ´¨¢�� ,H ÅþÂ��õÂþ¥
Âû ,ßþ�Â���� .´¨� À��ø �Èþ¤ ß�õ�n×þ � ö�� ,´¨� �(i1+���+id�1)lQ

r>s(�
ir � �is) ¤�ÀÖõ

�þ Â�ï¤Ã� ö¥ø ý�¤�¢ c 6= 0 �ÞÜîÀî ×þ ,ßþ�Â���� ;À�ª��üõ ÛÖµÆõ üÎ¡ ¤�Ï�� H ö�µ¨ d� 1
.´¨� d ýø�Æõ

�ÞÜîÀî ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À�� ��¤¢ ,3.6.5 Ýó ýÂ�ð¤�î�� �� .l = 1 Ý�û¢üõ ¤�Âì .ôø¢ ��±��
.w(c) � d ü�ãþ ;r � n� d Ýþ¤�¢ 4.6.5 ��Ìì ¤¢ ,ßþ�Â���� ;´¨� n� d Â·î�À� ,c

�

�� BCH ý�ûÀî �f �Þãõ ,Àã��� �¹�þ� ¥� .¢�ªüõ ùÀ�õ�÷ BCH ö�Âî ,2.6.6 ��Ìì �f �Þãõ .3.6.6 ÂîÁ�
¥� �ø¥ ö¥ø �� ÀîÂþ¥ ù�ðö� ,Ý��î áøÂª l = 1 ý���� l = 0 �� Âð� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ­ÂäÝî ô�úÔõ

.Ýþ��µêÂð ÂÑ÷¤¢ �¤ ­ÂäÝî ô�úÔõ �� Àî

17a narrow-sense BCH code
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.Àª�� F32 ¥� ��óø� �Ìä ×þ � À��î ­Âê .d = 8 ø q = 2 ,m = 5 ,n = 31 À��î ­Âê .4.6.6 ñ�·õ
:�� ´¨�Â��Â� � ñ�Þ�÷üõ-ý��ÜÞ�À��

(x� �)(x� �2)(x� �4)(x� �8)(x� �16):

:�õ� ;Ýþ¤�¢ �¤ m3(x) ñ�Þ�÷üõ-ý��ÜÞ�À�� ���Èõ ©ø¤��

m5(x) = (x� �5)(x� �10)(x� �20)(x� �9)(x� �18) = m9(x):

;´¨� m9(x) ø m7(x) ,m5(x) ,m3(x) ,m1(x) íÂµÈ õ �ÂÌõ ß þÂ �×�� î g(x) ¢�ªüõ ´ �� �

Â��Â� âì�ø ¤¢ (¢�� 9 Â��Â� ��®ø�� �î) 8 ùÀªü��ÂÏ �Ü¬�ê �� ��óø� BCH Àî �Ü¬�ê-ßþÂµÞî ,ßþ�Â����

.´¨� 11

�¤ ý¤ø¢ Àî ×þ �Ü¬�ê-ßþÂµÞî ß�Þ¿� ©ø¤ �¹�þ� ¤¢ .´¨� ùÀª ´��� BCH ö�Âî Ý�Þã� ßþÀ��
��Ìì Â�¡� ý�û¢�±ú� .´¨� ùÀõ� ]76[ â�Âõ ¤¢ 19ßÆÜþø ø 18´��óöø Í¨�� ©ø¤ ßþ� .Ý��îüõ ö���

.Àª��üõ ©ø¤ ßþ� �¹�µ÷ 2.6.6
ý¤ø¢ Àî ×þ ý�Â� �î ý¤�Ï�� ;Àª�� À��ø ý�û�Èþ¤ ß�õ�n �ä�Þ¹õ A = f�i1 ; � � � ; �ilg Âð�

:Ý�ª�� �µª�¢ n ñ�Ï��
c(x) 2 C , 8�2A[c(�) = 0];

C ý�Â� ÓþÂã� �ä�Þ¹õ ßþÂ�ï¤Ã� A Âð� .´¨� C ý�Â� 20ÓþÂã� �ä�Þ¹õ×þ A ´Ôð Ý�û��¡ ù�ðö�
.Ý�õ�÷üõ 21Ûõ�î �¤ A ù�ðö� ,Àª��

ö� ô�k ÂÎ¨ �î Ý��îüõ ÓþÂã� n ¤¢ l ù¥�À÷� �� üÆþÂ��õ �¤ M(�i1 ; � � � ; �il) �þ M(A) .5.6.6 ÓþÂã�
:ü�ãþ ;Àª�� 1; �ik ; �2ik ; � � � ; �(n�1)ik �¤�¬��

M(�i1 ; : : : ; �il) =

0
BBBB@
1 �i1 �2i1 � � � �(n�1)i1

1 �i2 �2i2 � � � �(n�1)i2

� � � � � � � � � � � � � � �
1 �il �2il � � � �(n�1)il

1
CCCCA :

´ì¢) ´¨� 2.6.6 ��Ìì �� ���Èõ ý¤�Áð¢�Þ÷ ßþ� .Ý�õ�÷üõ A �� ÂÒ��µõ ö¥���ü¨¤Â� ÅþÂ��õ �¤ M(A)

.(À�µÆ�÷ ÛÖµÆõ �fõøÃó �î ´¨� üþ�ûÂÎ¨ ý�¤�¢ M(A) ÅþÂ��õ ,Fq ýø¤ �î À��î
18J. H. van Lint
19R. M. Wilson
20de�ning set
21complete
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ß�õ�n Âð� ,¢�ªüõ ùÀ�õ�÷ n ñ�Ï�� 22üó��µõ �ä�Þ¹õ ,A = f�i1 ; � � � ; �ilg �ä�Þ¹õ .6.6.6 ÓþÂã�

.A = f�i; �i+1; � � � ; �i+l�1g �î ý¤�Ï�� ,Àª�� �µª�¢ ¢��ø i ö��� ø � À��ø �Èþ¤

×þ Ûõ�ª ý¤ø¢ Àî ×þ ý�Â� A ÓþÂã� �ä�Þ¹õ×þ Âð� �î À�îüõ ö��� 2.6.6 ��Ìì ,ßþ�Â����
��±�� ¥� �¹�µ÷ ×þ .´¨� d �� Â��Â� Ûì�À� �Ü¬�ê-ßþÂµÞî ù�ðö� ,Àª�� d� 1 ñ�Ï�� üó��µõ �ä�Þ¹õ

.´¨� Âþ¥ Ýó ,2.6.6 ��Ìì

ßµêÂð ÂÑ÷¤¢ ¥� Û¬�� ,M(A) ÅþÂ��õÂþ¥ ù�ðö� ,Àª�� l ñ�Ï �� üó��µõ �ä�Þ¹õ ×þ A Âð� .7.6.6 Ýó
.´¨� l �±�¤ ý�¤�¢ ,ù��¿ó¢ ö�µ¨ l

.¢Â� Ý�û��¡ ¤�î�� �¤ Ýó ßþ� ¥� Âþ¥ �¹�µ÷ �õ�¢� ¤¢

ø Àª�� À��ø ��óø� �Èþ¤ ß�õ�n×þ � Âð� .8.6.6 ýÂ�ð�¹�µ÷

i1 < i2 < � � � < ik = i1 + t� 1;

k � ± �¤ ý�¤�¢ ùÀ õ� ´¨¢� � ÅþÂ �� õ ,Ý þÂ � Ú � ÂÑ ÷¤¢ �¤ M(�i1 ; �i2 ; � � � ; �ik) ö� µ¨ t Â û Â ð� ù� ðö�

.Àª��üõ

:Ý��îüõ üêÂãõ �¤ Âþ¥ ¢�Þ÷ ñ��

AB := f�� j � 2 A; � 2 Bg

,�ûÅþÂ��õ ßþ� �î ü¬�¡ ´�ãì�õ ¤¢ �î ÝþÂ�ðüõ ÂÑ÷¤¢ �ûÅþÂ��õ ý�Â� ü�Â®Û¬�� ÂðÛÞä ,�õ�¢�¤¢
.´ê¤ Àû��¡ ¤�î�� ,À�µÆû 5.6.6 ¤¢ ùÀª ÓþÂã� M(A) ÛØª�� ö¥���ü¨¤Â� ÅþÂ��õ

a �î ´¨� ab ý�û�Â®Û¬�� üõ�Þ� ö� ý�ûÂÎ¨ �î ´¨� üÆþÂ��õ A � B ÅþÂ��õ .9.6.6 ÓþÂã�
.´¨� B ý�ûÂÎ¨ �� ÕÜãµõ b ø A ý�ûÂÎ¨ �� ÕÜãµõ

ÂÑ÷¤¢ �¤ ö�µ¨ n �� B ø A ý�ûÅþÂ��õ .Àª Ó�¬�� �î ´¨� üªø¤ �þ�� ,Âþ¥ (üúþÀ� �f±þÂÖ�) Ýó
.ÀþÂ�Ú�

:ù�ðö� ,Àª�� 0 �� Â��Â� ÂÔ¬�÷ °þ�Â® �� A � B ý�û ö�µ¨ ô�Þ� ¥� üÎ¡ °�îÂ� ×þ Âð� .10.6.6 Ýó

rank(A) + rank(B) � n:

22consecutive set
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B ô�j ö�µ¨ ù�ðö� ,À�ª�� (j = 1; : : : ; n) �j �� Â��Â� üÎ¡ °�îÂ� ßþ� ¤¢ ¢���õ °þ�Â® Âð� .��±��
ö��� Ýó ¯Âª .¢Âî Àû��¡ À�ó�� �¤ B �±�¤ � � ���Èõ �±�¤ � � B0ÅþÂ��õ ,¤�î ßþ� .À��î �Â® �j ¤¢ �¤

À�îüõ ��¹þ� °ÜÎõ ßþ� ö�� .´¨� B0 ÂÎ¨ Âû �� ÂÔ¬ üÜ¡�¢ �Â® ý�¤�¢ A ÂÎ¨ Âû �î À�îüõ

� .Ýþ�ù¢�¢ ô�¹÷� ,Ý�µ¨��¡üõ �¤ �»÷� ,rank(A) + rank(B0) � n

¥� ý¢�þ¥ ¢�Àã� �Ü¬�ê-ßþÂµÞî ßµê�þ �� ¤¢�ì �¤ �õ �î Ý��î ö��� �¤ ý���Ìì �î Ý�µÆû üµ�ãì�õ ¤¢ ñ��
�ä�Þ¹õ ,c ¥� I 23ÛÞ½õ ù�ðö� ,Àª�� ý¤ø¢ Àî ×þ ¤¢ �ÞÜîÀî ×þ c Âð� .¢¥�¨üõ ý¤ø¢ ý�ûÀî
ÅþÂ��õÂþ¥ éÂãõ AI ù�ðö� ,Àª�� ÅþÂ��õ ×þ A Âð� .ci 6= 0 �î ý¤�Ï�� ;´¨� i ��Êµ¿õ ý�ûö�Øõ

.À�µÆ�÷ I �� ÕÜãµõ �î ´¨� üþ�ûö�Øõ éÁ� ¥� Û¬��

A � B À��î ­Âê .À�ª�� F ö�À�õ ×þ ¥� üþ�û�þ�¤¢ �� üþ�ûÅþÂ��õ B ø A À��î ­Âê .11.6.6 ��Ìì

:ù�ðö� ,Àª�� C ¤¢ ý��ÞÜîÀî ÛÞ½õ I Âð� .Àª�� F ýø¤ C Àî ý�Â� ö¥���ü¨¤Â� ÅþÂ��õ ×þ

rank(AI) + rank(BI) � j I j :

� .´¨� 10.6.6 Ýó ¥� ý¤�ê �¹�µ÷ °ÜÎõ ßþ� .��±��

ý�ûÅþÂ��õ �±�¤ ù¤��¤¢ �� ¢�¢ Àû��¡ ù¥��� �õ �� 7.6.6 Ýó .¢Â� Ý�û��¡ ¤�î�� Âþ¥ �¤�¬�� �¤ ��Ìì ßþ�
�ä�Þ¹õÂþ¥ Âû ý�Â� , j I j ¥� ÂµÈ�� �û�±�¤ ßþ� á�Þ¹õ Âð� .Ý�þ�Ú� ýÃ�� ,BI °��Â��� ,AI á�÷ ¥� °¨��õ

.´¨� Æ Ûì�À� �Ü¬�ê-ßþÂµÞî ý�¤�¢ Àî ßþ� ù�ðö� ,Àª�� ,Æ ¥� ÂµÞî ù¥�À÷� �� f1;2; � � � ; ng ¥� I

ö�Âî ßþ� .Ý��îüõ ¼þÂÈ� 24§ø¤ �� éøÂãõ ö�Âî ��±�� ¥� ù¢�Ôµ¨� �� �¤ üªø¤ �¹�þ�¤¢ .12.6.6 ñ�·õ
B Âð� ø Àª�� dA �Ü¬�ê-ßþÂµÞî �� ý¤ø¢ Àî ×þ ý�Â� ÓþÂã� �ä�Þ¹õ ×þ A Âð� �î À�îüõ ö���

ý�¤�¢ ´¨� B Ûõ�ª �î üó��µõ �ä�Þ¹õ ßþÂ�×��î �î ý¤�Ï�� ,Àª�� À��ø ô�n ý�û�Èþ¤ �ä�Þ¹õ

�Ü¬�ê-ßþÂµÞî ý�¤�¢ AB ÓþÂã� �ä�Þ¹õ �� Àî ù�ðö� ,Àª�� jB j + dA � 2 ýø�Æõ �þ ÂµÞî ù¥�À÷�

.´¨� d � jB j + dA � 1
:�î À��îüõ ùÀû�Èõ �Àµ�� ¤¢ ,°ÜÎõ ßþ� ��±�� ý�Â�

rank(M(A)I) =

(
j I j ; j I j < dA ý�Â�;
� dA � 1; j I j � dA ý�Â�:

23support
24Roos bound
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:ü�ãþ ;Àû¢üõ �þ�¤� �õ �� M(A) ý�ûÅþÂ��õÂþ¥ �±�¤ ¢¤�õ ¤¢ ü��ä�Ï� 8.6.6 �¹�µ÷

rank(M(B)I) �
(
1; j I j < dA ý�Â�
j I j � dA + 2; dA � j I j � jB j + dA � 2 ý�Â�:

:Ýþ¤�¢ ��� °ÜÎõ ¥� .ÝþÂ�üõ ¤�î�� �¤ 11.6.6 ��Ìì ñ��

rank(M(A)I) + rank(M(B)I) > j I j : j I j < jB j + dA � 2 ý�Â�

ÓþÂã� �ä�Þ¹õ �� Àî ×þ ¤¢ ý��ÞÜîÀî ÛÞ½õ À÷���üÞ÷ I �ä�Þ¹õ , j I j Âþ¢�Öõ ßþ� ý�¥� �� ,ßþ�Â����
ý�ûÂÎ¨ �� ö�ÆØþ M(A) �M(B) ý�ûÂÎ¨ �î Ý��îüõ ù¢�Ôµ¨� °ÜÎõ ßþ� ¥� ,ßþ�Â �� � � Àª� � AB

.(À�µÆû M(AB)

�ä�Þ¹õ ×þ B �î ü¬�¡ ´ó�� .´¨� ùÀª üêÂãõ ]80[ 25§ø¤ Í¨�� ö�Âî ßþ� .13.6.6 ÂîÁ�
.´¨� ùÀª ��±�� ,]33[ â�Âõ ,1972 ñ�¨ ¤¢ 27Ù�þÃ� ø 26ßÞ�¤�û Í¨�� ,´¨� üó��µõ

:Àó�õ �� 35 ñ�Ï�� C ý¤ø¢ Àî .14.6.6 ñ�·õ

g(x) = m1(x)m5(x)m7(x);

�ä�Þ¹õ Ûõ�ª C ÓþÂã� �ä�Þ¹õ ù�ðö� ,Àª�� À��ø ��óø� �Èþ¤ ß�õ�35 ×þ � Âð� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤

AB �¤�¬�� À÷���üõ �ä�Þ¹õ ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ f�i j i = 7;8;9;10;11;20;21;22;23g
×þ Ã� ÷) � = �12 � � B = f�j j j = 0;3;4g ø A = f�i j i = 7;8;9;10g ö� ¤¢ �î ,¢�ª � µª� ÷
.´¨� dA = 5 �Ü¬�ê-ßþÂµÞî �� ý¤ø¢ Àî ×þ ÓþÂã� �ä�Þ¹õ ,A �ä�Þ¹õ .(À��ø ��óø� �Èþ¤ ß�õ�35

.´¨� ¤�ÂìÂ� 12.6.6 ñ�·õ ¥� jB j ýø¤ ¯Âª .´¨� 5 ù¥�À÷� �� üó��µõ �ä�Þ¹õ ¤¢ ñ�ÞÈõ B �ä�Þ¹õ

ßþ� �Ü¬�ê-ßþÂµÞî âì�ø ¤¢ ¤�ÀÖõ ßþ� .´¨� 3+ 5� 1 = 7 Ûì�À� �Ü¬�ê-ßþÂµÞî ý�¤�¢ C �¹�µ÷ ¤¢
.´¨� 6 Â��Â� Ûì�À� �Ü¬�ê-ßþÂµÞî �î Àû¢üõ ö�È÷ �ú�� BCH ö�Âî �î Àþ¤�¢ ���� .´¨� Àî

28Å�ó�×õ Í¨�� �î �¤ ��Ìì ×þ ¥� ü¬�¡ ´ó�� ,¢�¡ ©ø¤ ¥� �ûñ�·õ ßþÂ��±þ¥ ¥� üØþ �þ�¤� ¥� Û±ì
.Ý��îüõ ��±�� ,´¨� ùÀª ö���

25C. Roos
26C. R. P. Hartmann
27K. K. Tzeng
28R. J. McEliece
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­Âê .Àª�� R Ûõ�î ÓþÂã� �ä�Þ¹õ �� n ñ�Ï�� ý¤ø¢ üþø¢ø¢ Àî ×þ C À��î ­Âê .15.6.6 Ýó

Âû ö¥ø �¤�¬ßþ� ¤¢ ;Àª�± ÷ 1 � � Â ��Â � ,À�ª�± ÷ R ¤¢ �î ýÀ��ø ô�n �Èþ¤ ø¢ Âû �Â®Û¬�� À��î

.´¨� ÂþÁ�Ç¿� 4 Â� C ¤¢ �ÞÜîÀî

À � � î ­Âê .
�1 2 R � þ 
 2 R Ý þ¤�¢ 
 À��ø ô�n �È þ¤ Âû ý�Â � ø 1 2 R �î ´¨� ¼®�ø .��±��
c(x)c(x�1) �î �¹÷� ¥� .Àª�� �ø¥ Àþ�� k ,1 2 R ö�� .Àª�� �ÞÜîÀî ×þ c(x) = xi1 +xi2 + � � �+xik

.´¨� Â Ô¬ ý�� Ü Þ�À �� � � Â ��Â � ö� � î Ý þÂ � ðü õ �¹ � µ ÷ ´¨� Â Ô¬ ,À��ø �È þ¤ ß � õ�n Â û ý�Â �

éÁ� �ÜÞ� ¤�ú� ¤��Âû ,c(x)c(x�1) �Â®Û¬�� ¤¢ ü�ãþ ;xj�i = xm�l ù�ðö� ,xi�j = xl�m Âð�

� .4 j k ,ßþ�Â���� .k(k � 1) � 0 mod 4 ,ßþ�Â���� ;¢¤�¢ ¢��ø 1 �� Â��Â� �ÜÞ� k .À÷�ªüõ

11 ùÀªü��ÂÏ �Ü¬�ê ø 127 ñ�Ï �� ��óø� BCH Àî ¥� C Àî ö�ðø¢ �î ´¨� ßþ� 15.6.6 Ýó ¥� ý��¹�µ÷
�Ü¬�ê-ßþÂµÞî ý�¤�¢ C Àî ,BCH ö�Âî ¥� ù¢�Ôµ¨� �� .´¨� 4 Â� ÂþÁ�Ç¿� �Ü¬�ê-ßþÂµÞî ý�¤�¢
,15.6.6 Ýó ¥� âì�ø ¤¢ ,ßþ�Â���� ,´¨� 22 Â��Â� Ûì�À� �Ü¬�ê ,§ø¤ ö�Âî ¥� ù¢�Ôµ¨� �� .´¨� 16 Ûì�À�
ö� �Ü¬�ê ßþÂµÞî ,´¨� R(2;7) Âó�õ-Àþ¤ Àî ùÀªù���î Ûõ�ª Àî ßþ� ö�� .´¨� 24 Â��Â� Ûì�À�
,d � 30 Àû¢üõ ö�È÷ ��� ¤¢ ùÀª ö�� � ©ø¤ �î ¢�¢ Ý�û��¡ ö�È÷ ñ�� .Àª��üõ 32 Â��Â � Â·î�À�

.d = 32 �î Ýþ�ù¢�¢ ö�È÷ âì�ø ¤¢ °ÜÎõ ßþ� ��±�� �� ,ßþ�Â����

ý� û� ä� Þ¹ õ Û õ� ª R � î À þ¤�¢ � �� � .À ª� � C ÓþÂ ã � � ä� Þ¹ õ R À � � î ­Â ê .16.6.6 ñ�·õ
�Èþ¤ ×þ � ö� ¤¢ �î ´¨� f�i j113 � i � 127g ø f�i j98 � i � 111g ,f�i j81 � i � 95g

:À��î ­Âê .´¨� À��ø ��óø� ô�127

A = f�i j83 � i � 95g [ f�i j98 � i � 111g;

B = f�j j j = �7;0;1g; � = �16:

×þ ¥� ý��ä�Þ¹õÂþ¥ ,ßþ�Â���� ;´¨� � üó��µõ ö��� 14 Ûõ�ª A �ä�Þ¹õ .R � AB �¤�¬ßþ� ¤¢

ø 7.6.6 Ýó ¥� ,ßþ�Â���� ;À÷��µê¤ ´¨¢ ¥� �î �97 ø �96 ý�ûö��� �� ,´¨� � üó��µõ ö��� 29 ¥� �ä�Þ¹õ

:Ýþ¤�¢ 8.6.6 �¹�µ÷

rank(M(A)I) �

8>><
>>:
j I j ; 1 � j I j � 14 ý�Â�;
14; 14 � j I j � 16 ý�Â�;
j I j � 2; 17 � j I j � 29 ý�Â�:
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:Ýþ¤�¢ ,���Èõ üªø¤ ��

rank(M(B)I) �

8>><
>>:
j I j ; 1 � j I j � 2 ý�Â�;
2; 2 � j I j � 8 ý�Â�;
3; j I j � 9 ý�Â�:

.Àª�� C ¤¢ �ÞÜîÀî ×þ ÛÞ½õ À÷���üõ j I j < 30 ¯Âª �� I �ä�Þ¹õ 11.6.6 ��Ìì ýÂ�ð¤�î�� ��
,��� ¤¢ ùÀª ¼þÂÈ� ©ø¤ �î ´¨� ùÀª ù¢�¢ ö�È÷ ]76[ â�Âõ ¤¢ ßÆÜþø ø ´��óöø Í¨�� °ÜÎõ ßþ�
�¤ ,��·µ¨� ¢¤�õø¢ �ú�� �� ,63 ¥� ÂµÞî ñ�Ï �� üþø¢ø¢ ý¤ø¢ ý�ûÀî üõ�Þ� ý�Â� Õ�ì¢ �Ü¬�ê-ßþÂµÞî

.Àû¢üõ
¤¢ ü±ÜÎõ ,�õ� .´¨� ÛØÈõ �ó�Æõ ×þ üÜî ´ó�� ¤¢ BCH Àî ×þ üãì�ø �Ü¬�ê-ßþÂµÞî ßµê�þ
Ý�û��¡ ¢øÀ½õ üþø¢ø¢ ��óø� BCH ý�ûÀî �� �¤ ¢�¡ �õ ,°ÜÎõ ßþ� ¼þÂÈ� ý�Â� .¢�ª ö��� À÷���üõ �¹�þ�
ÂÑ÷¤¢ l Àã� �� üþ�ÌêÂþ¥ �¤ U ø Fk

2
ý�Ìê ö���ä�� �¤ F2k .Ý��î ´��� �¤ Ýó ×þ Àþ�� �Àµ�� ¤¢ .¢�Þ÷

.Pi(U) :=
P

x2U xi Ý��îüõ ÓþÂã� .ÀþÂ�Ú�

.Pi(U) = 0 ù�ðö� ,Àª�� ¢�¡ üþø¢ø¢ ÍÆ� ¤¢ ×þ l ¥� ÂµÞî ý�¤�¢ i Âð� .17.6.6 Ýó

´¨¤¢ l Âþ¢�Öõ ×þ ý�Â� �ä¢� À��î ­Âê .´¨� üúþÀ� l = 1´ó�� .ÝþÂ�ðüõ ¤�î�� �¤ Ǳ�ÂÖµ¨� .��±��

¤¢ ;´¨� l Àã� ý�¤�¢ U ö� ¤¢ �î V = U [ (U + b) ø Àª� � l + 1 Àã� ý�¤�¢ V À��î ­Âê ø Àª� �

:�¤�¬ßþ�X
i

(V ) =
X
i

(U) +
X
x2U

(x+ b)i =
i�1X
v=0

 
i

v

!
bi�v

X
v

(U):

,�iv� ý��ÜÞ�ø¢ °þÂ® ,1.4.5 ��Ìì ¥� ù¢�Ôµ¨� �� ù�ðö� ,Àª�� ×þ l Â·î�À� ý�¤�¢ i üþø¢ø¢ ÍÆ� Âð�

üµó�� ß��� ¤¢ ,Àª�� 1 �� l ¥� ÂµÞî ý�¤�¢ v üþø¢ø¢ ÍÆ� ö� ¤¢ �î ö� ÂÚõ ,´¨� 0 �� Â��Â� ,v < i �î
� .´¨� 0 �� Â��Â� �ÂÖµ¨� ­Âê ¥� ù¢�Ôµ¨� �� Pv(U)

ý�¤�¢ Æ = 2l � 1 ùÀªü��ÂÏ �Ü¬�ê ø n = 2m � 1 ñ�Ï �� C ��óø� üþø¢ø¢ BCH Àî .18.6.6 ��Ìì
.´¨� Æ �Ü¬�ê-ßþÂµÞî

¤¢ �f Ö � ì¢ ü þ� û×þ ý�¤�¢ � î �¤ c ¤�¢Â � .Àª� � F2m ¥� ýÀã � l ý�ÌêÂ þ¥ ×þ U À � � î ­Âê .��±��

:ü�ãþ ;ÀþÂ�Ú� ÂÑ÷¤¢ ,´¨� U ÂÔ¬�÷ Â¬��ä �� ÂÒ��µõ ý�ûö�Øõ

c(x) =
X

j:�j2Unf0g
xj :
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.À ª� �ü õ × þ ¢À ä l ¥� Â µ Þ î ý�¤�¢ i ü þø¢ø¢ ÍÆ � �¤�¬ß þ� ¤¢ ;1 � i � 2l � 1 À � � î ­Â ê

;1 � i < 2l � 1 ý�Â� c(�i) = 0 Ýþ¤�¢ 17.6.6 Ýó ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� ;c(�i) =P
i(U) ßþ�Â�ùø�ä

� .´¨� C ¤¢ ý��ÞÜîÀî c(x) ü�ãþ

.´¨� d � 2Æ � 1 �Ü¬�ê ý�¤�¢ Æ ùÀªü��ÂÏ �Ü¬�ê �� ��óø� BCH Àî ×þ .19.6.6 ýÂ�ð�¹�µ÷

��Ìì ¤¢ ¢���õ Àî .2l�1 � Æ � 2l � 1 �î ÀþÂ�Ú� ÂÑ÷¤¢ ý¤�Ï �¤ l ¤�ÀÖõ ,18.6.6 ��Ìì ¤¢ .��±��
� .´¨� Æ ùÀªü��ÂÏ �Ü¬�ê �� ßþ� ¥� ýÀîÂþ¥ 18.6.6

ý�Â� üó�±ì Û��ì ý�ûß�Þ¿� �� ¢Â�ðüõ �õ ¥� ý¢�þ¥ ¤��Æ� ö�õ¥ ,´Æ�÷ ÛØÈõ üÜ�¡ °ÜÎõ ßþ� ��Âð�
�¤ Æ = 2t+ 1´ó�� ¤¢ 2m � 1�mt ß�Þ¿� ,üþø¢ø¢ ´ó�� ¤¢ .Ý�û¢ �þ�¤� BCH Àî ×þ üãì�ø Àã�
Âþ¢�Öõ ý�Â� ß�Þ¿� ßþ� ��Âð� ,Àª��üõ Ó�ã® t ï¤Ã� üê�î ù¥�À÷��� Âþ¢�Öõ ý�Â� ��®ø�� �î Ýþ¤�¢
ßþ� °�îÂ� �� .Ý�û¢üõ á��¤� ]46[ â�Âõ �� �¤ À�õ�ì�ä ùÀ�÷��¡ ;Àª��üõ Õ�ì¢ ,(m �� ´±Æ÷) t×��î
ý�ûÀî 5 ÛÊê ô�úÔõ ¤¢ ,ï¤Ã� ñ�Ï �� ��óø� BCH ý�ûÀî �î ¢�¢ ö�È÷ ü÷�¨��� ö���üõ ,�ûß�Þ¿�
ù�ðö� ,nv !1 ø Àª�� v = 1;2; � � � ý�Â� ��óø� BCH [nv; kv ; dv] Àî ×þ Cv Âð� ü�ãþ ;À�ª��üõ ýÀ�

.dv=nv ! 0 �þ kv=nv ! 0

Ûõ�ª �ú� � � ÷ Fq ýø¤ n ñ�Ï �� ý¤ø¢ Àî ×þ üµ¿þ¤¢�¡ ùøÂð �î Ýþ¢Âî ù¤�ª� 6.1 Ç¿� ¤¢
��±�� ßþ� ¥� ÂµÈ�� Ý�÷���üõ BCH ý�ûÀî ý�Â� .Àª��üõ Ã�÷ �q Ûõ�ª �ØÜ� ,´¨� ý¤ø¢ ý�û´Èðý��
,ÀþÂ�Ú� ÂÑ÷¤¢ �¤ d ùÀªü��ÂÏ �Ü¬�ê �� Fq ýø¤ n = qm � 1 ñ�Ï �� C ��óø� BCH Àî ×þ .Ý�þ�Þ÷

.´¨� Fqm ¥� ��óø� �Ìä ×þ � �î À�µÆû ��ÞÜîÀî ùÀªß��ã� ý�ûÂÔ¬ �d�1 ,� � � ,�2 ,� ü�ãþ
� î Ý � û¢üõ ö�È ÷ (i = 0;1; � � � ; n � 1) Xi � � �¤ �� Þ Ü îÀ î ¤¢ ¢��� õ ý� ûÛ ± Þ¨ ý� ûö�Ø õ
�¤ üê�®� ö�Øõ ßþ� .Ý�û¢üõ �ã¨�� ýÂ¨�Â¨ ö¥���ü¨¤Â� ×þ ö¢�Þ÷ �ê�®� �� �C �� �¤ Àî ßþ� .Xi = �i

�ÞÜîÀî .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ 1 Û±Þ¨ �� ��Æ� Àä��ì ù¤��¤¢ üÜ±ì ý�û¢�¢¤�Âì ø Ý�û¢üõ ö�È÷1 ��
Â µ È � � ý� û¢�¢¤�Â ì ø Ý � � îü õ ü êÂ ã õ c0 + c1x + � � � + cn�1xn�1 + c1x1 � � �¤ (c0; c1; � � � ; c1)

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ i 6� 0modn ý�Â� (�i)1 := 0 ,11 := 1

,AGL(1; qm) 29ß � ê� ü µ È ðý� � ùøÂ ð ý� û´È ðý� � ´½ � �C � î ¢�¢ Ý � û�� ¡ ö� È ÷ ñ� �
:ý�û´Èðý�� Ûõ�ª ùøÂð ßþ� .(À���±� Ã�÷ �¤ 1.1 Ç¿�) ´¨�þ�� ,�ûö�Øõ ýø¤ ùÀ��îÛÞä

Pu;v(X) := uX + v; (u 2 Fqm ; v 2 Fqm ; u 6= 0)

29aÆne permutation group
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ý�ûö�Øõ ýø¤ ý¤ø¢ ´Ô�ª P�;0 �î À��îüõ ùÀû�Èõ �Àµ ��¤¢ .´¨� 30� þ�Â �-2 ,ùøÂð ßþ� .´¨�
üµÈðý�� �ÞÜî Pu;v ø (c0; c1; � � � ; cn�1; c1) 2 �C À��î ­Âê .¢¤�¢üõ �Ú÷ ´�� � �¤ 1 ø ´¨� C

:Ýþ¤�¢ 0 � k � d� 1 ý�Â� �¤�¬ßþ� ¤¢ ;Àû¢ ´¨¢�� �¤ (c0
0
; c0
1
; � � � ; c01)P

i c
0
i�

ik =
P

i ci(u�
i + v)k =

P
i ci
Pk

l=0

�k
l

�
ul�ilvk�1

=
Pk

l=0

�k
l

�
ulvk�1

P
i ci(�

l)i = 0

.Ýþ¤�¢ �¤ Âþ¥ ��Ìì ,ßþ�Â���� ;c 2 �C �î�Â� ;´¨� 0 �� Â��Â� 0 � l � d� 1 ý�Â� üÜ¡�¢ á�Þ¹õ �Âþ¥

AGL(1; qm) Ûõ�ª Fq ýø¤ n + 1 = qm ñ�Ï � � � µ ê� þ©ÂµÆð � � óø� BCH Àî Âû .20.6.6 ��Ìì
.Àª��üõ �ûüµ¿þ¤¢�¡ ¥� üûøÂð ö���ä��

.´¨� ¢Âê ý¢Àä ,üþø¢ø¢ BCH Àî ×þ ¥� ö¥ø-ßþÂµÞî .21.6.6 ýÂ�ð�¹�µ÷

°ÜÎõ ßþ� .´¨�þ�� �ûö�Øõ ýø¤ Aut( �C) �î Ýþ�ù¢�¢ ö�È÷ .Àª�� ýÀî ß��� C À��î ­Âê .��±��
�� ��ÞÜî ý�¤�¢ �C ,ßþ�Â���� ;ÝþÂ�Ú� ÂÑ÷¤¢ �¤ �C ¤¢ ö¥ø-ßþÂµÞî �� ��ÞÜî �ú�� �õ �î ´¨� ßþ� �� ���Èõ

� .´¨� ü¨¤Â� ö�Øõ ßþÂ¡� ¤¢ 1 ×þ �� ö¥ø-ßþÂµÞî

BCH ý�ûÀî üþ�ÈðÀî 6.7

×þ �¤ � ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Æ = 2t+ 1 ùÀªü��ÂÏ �Ü¬�ê �� Fq ýø¤ n ñ�Ï �� BCH Àî ×þ �f¢À¹õ
:�� Â��Â� üµê�þ¤¢ �ÞÜî À��î ­Âê ø �µêÂð ÂÑ÷¤¢ �¤ C(x) �ÞÜîÀî .À��î ­Âê Fqm ¤¢ À��ø ô�n �Èþ¤

R(x) = R0 +R1x+ � � �+Rn�1x
n�1;

ÓþÂã� .Àª�� �Î¡ ¤�¢Â� E(x) := R(x) � C(x) = E0 + E1x+ � � � + En�1xn�1 À��î ­Âê .Àª��
:Ý��îüõ

M := fi jEi 6= 0g; Àû¢üõ  ¤ �Î¡ ×þ �î üþ�ûö�Øõ

e := jM j ; �û�Î¡ ¢�Àã�

�(z) :=
Q
i2M (1� �iz); Ý�õ�÷üõ �Î¡-É�¿È� ý��ÜÞ�À�� �¤ ö� �õ �î

!(z) :=
P

i2M Ei�
iz
Q
j2Mnfig(1� �iz):

302-transitive
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âì�ø ¤¢ .À ÷�ª ¼�½Ê� À � ÷�� �üõ �û�Î¡ ù� ðö� ,Ý � �� � � �¤ !(z) ø �(z) Ý� ÷�� µ � Â ð� � î ´¨� ¼®�ø
� � ´ ¨� Â ��Â � � Î ¡ ,´ ó� � ö� ¤¢ ø �(��i) = 0 Â ð� � ú � � ø Â ð� À û¢ü õ  ¤ i ö� Ø õ ¤¢ � Î ¡ × þ
ö��µ� �î Ýþ¤�À÷ ¤�Ñµ÷� �õ e > t Âð�) e � t Ý��îüõ­Âê Àã��� �¹�þ� ¥� .Ei = �!(��i)�i=�0(��i)

:�î À��îüõ ùÀû�Èõ .(¢�Þ÷ ¼�½Ê� �¤ �û�Î¡

!(z)
�(z) =

P
i2M

Ei�iz
1��iz =

P
i2M Ei

P1
l=1(�

iz)l

=
P1

l=1 z
lP

i2M Ei�
li =

P1
l=1 z

lE(�l);

Ý þ¤�¢ 1 � l � 2t ý�Â � .À ª� �ü õ Fqm ýø¤ ü ÷�� � ý� ûýÂ ¨ � � �� ± ¨� ½ õ ü õ� Þ � ö� ¤¢ � î
�÷�Þ�� ¤¢ !(z)=�(z) ,ßþ�Â���� ;À÷�¢üõ �¤ ´¨�¤ éÂÏ ¤¢ ñø� ��Êµ¿õ 2t ùÀ÷Â�ð ü�ãþ ;E(�l) = R(�l)

Àþ�Þ÷ ß��ã� ý��÷�ð�� �¤ !(z) ø �(z) ý�ûý��ÜÞ�À�� Àþ�� ùÀ÷Â�ð �î Ý��îüõ �ä¢� .´¨� ô�Üãõ z2t+1

:Àª�� ×��î Âþ¥ ¯Âª ´½� üê�î ù¥�À÷��� deg �(z) ø deg!(z) � deg �(z) �î

!(z)

�(z)
=

2tX
l=1

zlR(�l) mod z2t+1: (5)

:�¤�¬ßþ� ¤¢ ;�(z) =Pe
i=0 �iz

i ø l = 1; : : : ;2l ý�Â� Sl := R(�l) À��î ­Âê

!(z) � (
2tX
l=1

Slz
l)(

eX
i=0

�iz
i) =

X
k

(
X
i+l=k

Sl�i) mod z2t+1:

:Ýþ¤�¢ ;´¨� e ýø�Æõ �þ ÂµÞî ��¤¢ ý�¤�¢ !(z) �î üþ�¹÷�¥�

P
i+l=k Sl�i = 0; e+ 1 � k � 2t ý�Â� :

.´¨� (�0 = 1 Ý�÷�¢üõ) �e ,: : : ,�1 ß�ãõ�÷ ý�ûÂ�çµõ ý�Â� üÎ¡ �ó¢�ãõ 2t� e �� ù�Úµ¨¢ ×þ ßþ�
Û� Í¨�� ùÀª´ê�þ ��¤¢ ßþÂµÞî �� ý��ÜÞ�À�� (~�0 = 1 ö� ¤¢ �î) ~�(z) = Pe

i=0 ~�iz
i À��î ­Âê

:Ýþ¤�¢ e+ 1 � k � 2t ý�Â� .(¢¤�¢ ¢��ø �(z) ���� Ûì�À� Ý�÷�¢üõ) Àª�� ��¢�ãõ ßþ�

0 =
X
l

Sk�l~�l =
X
i2M

X
l

Ei�
(k�l)i~�l =

X
i2M

Ei�
ik~�(��i):

Â�±ã� �ik °þ�Â® �� Ei~�(�
�i) °Æ�Â� üÎ¡ ��¢�ãõ ¥� üû�Úµ¨¢ ö���ä�� �¤ ´¨�¤ éÂÏ Ý�÷���üõ

Ei~�(�
�i) = 0 ,ßþ�Â���� ;´¨� ÂÔ¬ Óó�¿õ Å� ,´¨� À÷�õ¤À÷�ø �f¢À¹õ °þ�Â® ö���õÂ�¢ ,ßþ�Â���� .Ý��î

;~�(z) = �(z) ü�ãþ ;�¤ ~�(z) À�îüõ ¢�ä �(z) �î Ý��� �üõ i 2 M ý�Â� Ei 6= 0 ö�� .i 2 M ý�Â�
×þ Û� ,ö� ßµê�þ �î Ýþ�ùÀþ¢ ø À�îüõ Û� �¤ �õ �ó�Æõ ,��¤¢ ßþÂµÞî �� ~�(z) ���� âì�ø ¤¢ ,ßþ�Â����
´¨� Ýµþ¤�Úó� ×þ ý�¤�¢ �ÈðÀî �î ´¨� ßþ� °þÂÖ� ßþ� ´þÃõ .¢�ªüõ Â¹�õ �¤ üÎ¡ ��¢�ãõ ù�Úµ¨¢
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×þ ¥� �ú�� �õ âì�ø ¤¢ �î �»÷� ¥� Â�Ýúõ âþÂ¨ Ýµþ¤�Úó� ×þ ßµê�þ ÛÞä ¤¢ ,�µ±ó� .´Æ�÷ �µÆ��ø e �� �î
ø ]2[ â��Âõ) 31²ÞØ�óÂ� Í¨�� (¢Â�¤�î ��) üÞµþ¤�Úó� ß��� .Àª��üõ ,Ýþ��µêÂð ÂÑ÷¤¢ ý¤�ÿ� ù�ðÀþ¢

.¢�ªüõ ¢�þ ö� ¥� 32²ÞØ�óÂ� ý�ÈðÀî ö���ä�� °Üè� ø Àª ü��ÂÏ (]24[
,G(z) := z2t+1 Ý��î ÓþÂã� ø Ý�õ��� S(z) �¤ 5 �Î��¤ ´¨�¤ éÂÏ (ô�Üãõ) ý��ÜÞ�À�� �õ Âð�

:Àþ�üõ ¤¢ Âþ¥ �¤�¬�� �Î��¤ ßþ� ù�ðö�

S(z)�(z) � !(z) mod G(z): (6)

.Ý����� �¤ � ��¤¢ ¥� ÂµÞî ��¤¢ ¥� ! ø t ýø�Æõ �þ ÂµÞî ��¤¢ ¥� � �� üµÈú÷Ýû ßþ� ¥� ü���� �� Ýþ¤�¢ ¥��÷
����õ üú��Èõ üµÈú÷Ýû �� ,9.5 Ç¿� ¤¢ .À�îüõ ß��ã� �¤ �Î¡ ¼�½Ê� ñ�Þµ�� ,(�µØþ) ���� ßþ�

.Ýþ�ªüõ

ßõ�ó�¨-Àþ¤ ý�ûÀî 6.8

ý�û¢Â �¤�î ý�¤�¢ �î ùÀª ´�� � ,n = q � 1 ´ó�� ü�ã þ ,BCH ý�ûÀî ý�ûñ�·õ ßþÂ �ù¢�¨ ¥� üØþ
.´¨� ý¤��Æ�

Fq ýø¤ n = q � 1 ñ�Ï � � �� óø� BCH Àî ×þ (RS Àî) 33ßõ�ó�¨-Àþ¤ Àî ×þ .1.6.8 ÓþÂã�

��óø� �Ìä ×þ � ö� ¤¢ �î ´¨� g(x) = Qd�1
i=1

(x� �i) �¤�¬�� üÜØª ý�¤�¢ ýÀî ß��� Àó�õ .´¨�

.´¨� Fq ¥�

Â��Â� Ûì�À� g(x) Àó�õ ßþ� �� RS Àî ×þ �Ü¬�ê-ßþÂµÞî ,(2.6.6 ��Ìì) BCH ö�Âî ¥� ù¢�Ôµ¨� ��
1.5.2 �¹�µ÷ ,ßþ�Â���� ;´¨� k = n� d + 1 Àã� ý�¤�¢ Àî ßþ� ,6.2 Ç¿� �� �ã��Âõ �� .Àª��üõ d

.Àª�� �Ü¬�ê ßþÂµÈ�� �� ÂþÁ�×�ØÔ� Àî ×þ RS Àî ø Àª�� d Â��Â� �Ü¬�ê-ßþÂµÞî �� À�îüõ ��¹þ�
,(BSC ñ�÷�î ��±ª) Àª�±÷ üê¢�Ê� ý�û�Î¡ ý�¤�¢ �î Ýþ¤�¢ ¥��÷ ñ�÷�î ×þ ý�Â� ýÀî �� À��î ­Âê
×þ¢Ã÷ ý�Î¡ ßþÀ�� ü�ãþ) À�û¢  ¤ 34üûøÂð �¤�¬�� �î Àª�� üþ�û�Î¡ ý�¤�¢ ö� ý���� �õ�
ý�Â� .(ù¢ÂÈê ×Æþ¢ ,��¬Í±® ý�û¤��÷ ,��Â��¿õ) Àû¢üõ  ¤ ÛÞä ¤¢ °Üè� ´ó�� ßþ� .(Ýû��
üþø¢ø¢ ��ä�Ï� À��î ­Âê .Ý��îüõ ¼þÂÈ� �¤ ©ø¤ ßþ� .¢ø ¤üõ ¤�î�� °Üè� RS ý�ûÀî ,üó�÷�î ß���
¥� ù¢�Ôµ¨� �� �ú�þ� Âð� .À÷�ù¢�¢  ¤ ,À÷�ùÀª Â�±ã� F2m Â¬��ä ö���ä�� �î ,Û±Þ¨ m �� ý�û�µª¤ �¤�¬��
31E. R. Berlekamp
32Berlekamp-decoder
33Reed-solomon
34bursts
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ýø¤ �ú�� (1 ø 0 ¥� üþ�û�ó�± ÷¢ �¤�¬��) �û�Î¡ ¥� Ýû Â¨ ´È� �µ¨¢ ×þ ù�ðö� ,À÷�ª Àî RS Àî
ý�Â� À÷���üõ á�®�õ ßþ� �µ±ó� .´ª�Áð Àû��¡ Â���� RS Àî ¥� �ÞÜîÀî ×þ ¤¢ üó��µõ Û±Þ¨ üÞî ¢�Àã�
Â�Ýúõ ¢Â�¤�î ×þ .À�µÆû À�Ôõ ÛÞä ¤¢ �ú÷� ,À�µÆû MDS ,RS ý�ûÀî ö�� �õ� ,Àû¢  ¤ ýÀî Âû
.Ý��îüõ ö��� �¤ ßõ�ó�¨ ø Àþ¤ ü¨�¨� °þÂÖ� ,¢Â�¤�î ßþ� �� ¯�±�¤� ¤¢ .¢�¢ Àû��¡  ¤ 11.2 Ç¿� ¤¢
�� �¤ a = (a0; a1; � � � ; ak�1) ,ñ�Þãõ ¤�Ï�� .Àª�� Fq ¥� ��óø� �Ìä ×þ � ø n = q � 1 À��î ­Âê

:�¤�¬ßþ� ¤¢ ;ÝþÂ�ðüõ ÂÑ÷¤¢ üØþ a0 + a1x+ � � �+ ak�1xk�1 = a(x)

C = f(c0; c1; � � � ; cn�1)jci = a(�i);0 � i < n; a 2 Fkq g;

ý¤ø¢ ��®ø�� C �î À��î ùÀû�Èõ �Àµ�� ,°ÜÎõ ßþ� öÀþ¢ ý�Â� .´¨� d = n� k + 1 �� RS Àî ×þ
�¤ ´¨� ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À�� ö���ä�� na(x) ý�¤�¢ �î c �ÞÜîÀî ,2.6.5 Ýó ø C ÓþÂã� .´¨�
c(�i) = 0 �î ´¨��ãõ ö�À� °ÜÎõ ßþ� ,´¨� k � 1 ýø�Æõ �þ ÂµÞî a(x) ��¤¢ ö�� .À�îüõ ��¹þ�
ý�Â� üþ�¤�î ¤��Æ� ý¤�ÁðÀî ©ø¤ ,Çþ�Þ÷ ßþ� .´¨� RS Àî ×þ C ,ßþ�Â���� ;i = 1;2; � � � ; n� k ý�Â�

.Àû¢üõ �þ�¤� ,Àª�±÷ ö¤�Öµõ ö� À��Âû RS ý�ûÀî
;Pn

i=0 ci = a0q = 0 ù� ðö� ,Ý�û¢ ÍÆ� cn = a(0) Û±Þ¨ ö¢�Þ ÷ � ê�®� � � �¤ C ��ÞÜîÀî Âð�
ÂµÈ�� ö¥ø ý�¤�¢ �ÞÜî ßþ� ù�ðö� ,c(1) = 0 ü�ãþ ,cn = 0 Âð� .Ýþ¤ø�üõ ´¨¢�� �¤ �C âì�ø ¤¢ ,ßþ�Â����
Ã�÷ �C Àî ,ßþ�Â���� ;´¨� ´¨¤¢ ¥�� °ÜÎõ ßþ� ù�ðö� ,cn 6= 0 Âð� ��®ø�� ø ´¨� n� k + 2 ýø�Æõ �þ

.´¨� MDS Àî ×þ
�¤ Fqm �¹�þ�¤¢ .Ý�û¢ ©ÂµÆð �¤ ùÀþ� ßþ� �� Àû¢üõ ù¥��� �õ �� ßõ�ó�¨-Àþ¤ Àî ×þ ôø¢ Çþ�Þ÷
­Âê .�n ,� � � ,�2 ,�1 ÝþÂ�ð ;Ý��îüõ ¤��µ¡� ö�À�õ ßþ� ¥� �¤ Ãþ�Þµõ �Ìä n ø �µêÂð ÂÑ÷¤¢ �±Ôó� ö���ä��
.a := (�1; �2; � � � ; �n) Ý�Æþ�÷üõ ø Àª�� ÂÔ¬�÷ ý�û�þ�¤¢ �� Fnqm ¥� ý¤�¢Â� v = (v1; v2; � � � ; vn) À��î

ü õ� Þ � Û õ� ª GRSk(a; v)
35� µ ê� þ©Â µ Æ ð ß õ� ó� ¨-À þ¤ À î .2.6.8 ÓþÂã�

�� ý�ûý��ÜÞ�À�� �� ÕÜãµõ f ö� ¤¢ �î ´¨� ��ÞÜîÀî ö���ä�� (v1f(�1); v2f(�2); � � � ; vnf(�n))
.Àª��üõ Fqm [x] ¤¢ k ¥� ÂµÞî ��¤¢

ý�ûÀî ö� ö�ðø¢ ø �µê�þ©ÂµÆð ßõ�ó�¨-Àþ¤ Àî ×þ �î Ý����üõ ,ë�ê ©ø¤ �� ���Èõ üªø¤ ��
.À�µÆû MDS

ù¢�Ôµ¨� � � �î üþ�ûÀî ¥� ÝØ½õ ùÀþ� ×þ �� Àû¢üõ ù¥��� �õ �� Ã�÷ RS ý�ûÀî ¥� �õ ôø¢ Ó�¬��
q �± �Âõ ¥� ýÂþ�Ê� Í¡ �î ÝþÀþ¢ 4.1.3 ÓþÂã � ¤¢ .Ý�û¢ � þ�¤� �¤ À ÷�ùÀª ÓþÂã � ýÂ±� �¨À�û ¥�
À�µÆû ü÷�ÆØþ �ÎÖ÷ (cx; cy) ø (x; y) ö� ¤¢ �î ¢�ª Ó�¬�� (x; y) ¯�Ö÷ ý�û�Ôó�õ üêÂãõ �� À÷���üõ
35generalized Reed-Solomon code
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ÂÆî �ãó�Îõ ù�ðö� ,À�ª�� ö�ÆØþ ��¤¢ �� ü�ÚÞû ý�ûý��ÜÞ�À�� b(x; y) ø a(x; y) Âð� .(c 2 Fq)
Â��ç � �¤ ÂÆî ¤�ÀÖõ �û�Ôó�õ ¤¢ Â��ç � ×þ ö��) ´¨��ãõ� � ,Â þ�Ê� Í¡ ýø¤ a(x; y)=b(x; y) ý�þ�ð
ùÀ÷�õüì�� ¯�Ö÷ .Ýþ¤�¢üõÂ� Í¡ ßþ� ýø¤ Â� ü¬�¡ �ÎÖ÷ ö���ä�� �¤ Q := (1;0) �ÎÖ÷ .(Àû¢üÞ÷
��óø� �Ìä ×þ �f¢À¹õ � ö� ¤¢ �î À�ª��üõ ��Êµ¿õ ö���ä�� (0 � i < q�1) (�i;1) ø (0;1) Ûõ�ª
ø) ÝþÂ�ðüõ ÂÑ÷¤¢ ,l < k �î �¤ a(x; y)=yl ý�þ�ð ý�ûÂÆî ¥� �µ¨¢ ö� ñ�� .Àû¢üõ Çþ�Þ÷ �¤ Fq ¥�
ùÀþ¢ �f¤�ê ø (K Ý�þ�ð) ´¨� k Àã� �� ý¤�¢Â� ý�Ìê ×þ ßþ� .(Àª��üõ l ��¤¢ ¥� ßÚÞû a(x; y) �µ±ó�
´��� °��Â� ×þ �� Í¡ ¯�Ö÷ ý¤�Áðù¤�Þª �� ,ùÀª ù¢�¢ ��� ¤¢ �î RS ý�ûÀî ¥� Ó�¬�� ßþ� �î ¢�ªüõ
f ö� ¤¢ �î f(Pq�1) ,� � � ,f(P0) ��ÞÜîÀî �¤�¬�� ö� ßµêÂð ÂÑ÷¤¢ ø (Pq�1 ,� � � ,P1 ,P0 ÝþÂ�ð)
�ú÷� Âþ¢�Öõ ö���üõ âì�ø ¤¢ �î À÷�ùÀª ��¿µ÷� ü�¤�¬�� â���� ßþ� .´¨� ñ¢�ãõ ,´¨� K ý�Ìê �� ÕÜãµõ
â���� ý�Â� Q �ÎÖ÷ ,Ã�ó�÷� ö��¥ �� .´Æ�÷ ¤�ÂìÂ� Q ý�Â� °ÜÎõ ßþ� ;¢�Þ÷ �±¨�½õ Pi ¯�Ö÷ üõ�Þ� ¤¢ �¤

.´¨� k � 1 Â·î�À� �±�Âõ �� 36°Îì ,K �� ÕÜãµõ
ü�½�õ �� ýÂþ�Ê� Í¡ ö¢�Þ÷ ß�È÷�� �� �¤ ¤�µ¡�¨ ßþ� ýÂ±��¨À�û ý�ûÀî ý�ûñ�·õ ßþÂ�ù¢�¨
.Ý��îüõ �ãó�Îõ 10 ÛÊê ¤¢ �¤ ýÂ±��¨À�û ý�ûÀî .Àû¢üõ Ý�Þã� ýÂþ�Ê� ý�Ìê ×þ ¤¢ ýÂþ�Ê�

�Ü¬� ê-ßþÂ µÞî � � [n; k] Àî ×þ C Âð� .Ý þ¥�À ÷�üõ üÜî ¤�Ï� � MDS ý�ûÀî � � üû�Ú ÷ ñ��
.(2.3.8 �ó�Æõ �� á��¤�) ´¨� ö¤�Öµõ ü÷�Øõ k Âû ýø¤ Â� C ù�ðö� ,Àª�� d = n� k + 1

.´¨� MDS Àî ×þ Ã�÷ MDS Àî ×þ ö�ðø¢ .3.6.8 ��Ìì

Âû ,´¨� d �Ü¬�ê-ßþÂµÞî ý�¤�¢ C ö�� .Àª�� C Àî Àó�õ ÅþÂ��õ G = ( Ik P ) À��î ­Âê .��±��
;´¨� ÛÖµÆõ üÎ¡ ¤�Ï�� H := (�P T In�k ) ö¥���ü¨¤Â� ÅþÂ��õ ö�µ¨ d�1 = n� k ¥� �ä�Þ¹õ
;Àª��üÞ÷ ÂÔ¬ n� k ý�¤�¢ C? ¥� �ÞÜîÀî º�û ü�ãþ ;´¨� ¢ÂÔ�õ�÷ H ¥� üã�Âõ ÅþÂ��õÂþ¥ Âû ,ßþ�Â����

� .MDS Àî ×þ ü�ãþ ;´¨� [n; n� k; k + 1] Àî ×þ C? ,ßþ�Â����

ÝþÂ�Ú� ÂÑ÷¤¢ �¤ ö�Øõ d ¥� ý��ä�Þ¹õ Âð� .Àª�� d = n � k + 1 � � [n; k; d] Àî ×þ C À��î ­Âê
ýø�Æõ � þ Â �ï¤Ã � ýÀã � ý�¤�¢ ÀîÂ þ¥ ßþ� ,Ý � � î ù�Ú ÷ ,�ûö�Øõ Â þ�¨ ¤¢ üþ�ûÂÔ¬ � � C ÀîÂ þ¥ � � ø
1 �� Â��Â� �fÖ�ì¢ ýÀã� ý�¤�¢ Àþ�� ,´¨� d �Ü¬�ê-ßþÂµÞî ý�¤�¢ ÀîÂþ¥ ßþ� ö�� .´¨� k � (n� d) = 1

ü�¤�¬�� ��ÞÜîÀî ßµêÂð ÂÑ÷¤¢ ø ö�Øõ d0 ¥� ý��ä�Þ¹õÉ�Ê¿� �� n � d0 > d ý�Â� �¹�µ÷ ¤¢ .Àª��
�¤ �¹�µ÷ ßþ� .Àª Àû��¡ ÓþÂã� d0 � d+ 1 Àã� �� C ¥� ýÀîÂþ¥ ,À�ª�� ÂÔ¬ �� Â��Â� �ûö�Øõ Âþ�¨ ¤¢ �î

.Ý��îüõ ýÀ��ñ�õÂê Ýó ×þ �¤�¬��

36pole
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üõ�Þ� Ûõ�ª ,d ø k ,n ý�ûÂµõ�¤�� �� MDS Àî ×þ ÀîÂþ¥ ,n � d0 � d = n� k + 1 ý�Â� .4.6.8 Ýó
.´¨� d0 � d+ 1 Àã� ý�¤�¢ À�ª��üõ ÂÔ¬ ,ö�Øõ d0 ¥� �ä�Þ¹õ ×þ ¥� �¤�¡ �î ü��ÞÜîÀî

Àî ×þ ü÷¥ø ùÀ÷¤�Þª ßµê�þ ý�Â� �¤ 4.1.1 §����õ §�Øãõ ñ�õÂê ¥� ���Èõ ôÂê ×þ ø Ýó ßþ� �õ
.Ý��îüõ ��±�� �¤ §����õ §�Øãõ ñ�õÂê ¥� ���Èõ ôÂê ×þ �Àµ��¤¢ .¢Â� Ý�û��¡ ¤�î�� MDS

:Ý��îüõ ÓþÂã� ù�ðö� ,S � T � N ø Àª�� ÓþÂã� �ä�Þ¹õ ×þ N Âð� .5.6.8 ÓþÂã�

�(S; T ) := (�1) jT j� jS j :

×þ ýø¤ ùÀªÓþÂã� â��� ×þ f À��î ­Âê ø Àª�� ÓþÂã� �ä�Þ¹õ×þ N À��î ­Âê .6.6.8 ��Ìì

:Âð� .Àª�� N ¥� �ä�Þ¹õÂþ¥

g(S) :=
X
R�S

f(R);

:ù�ðö�

f(T ) =
X
S�T

�(S; T )g(S):

.��±��P
S�T �(S; T )g(S) =

P
S�T �(S; T )

P
R�S f(R)

=
P

R�T f(R)
P

R�S�T �(S; T );

:¢�ªüõ Û¬�� Âþ¥ ýø�Æ� ¥� �¹�µ÷ ø
X

R�S�T
�(S; T ) =

jT j� jR jX
j=0

 
jT j � jR j

j

!
(�1)j = (1� 1) jT j� jR j =

(
0; R 6= T Âð�
1; R = T Âð�

�

.¢�ªüõ ß��ã� Çþ�ûÂµõ�¤�� Í¨�� MDS Àî ×þ ü÷¥ø ùÀ÷¤�Þª �î Ý�û¢üõ ö�È÷ ñ��

�� Â��Â� C ü÷¥ø ùÀ÷¤�Þª Âð� .Àª�� d = n� k + 1 �Ü¬�ê �� [n; k] Àî ×þ C À��î ­Âê .7.6.8 ��Ìì

:ù�ðö� ,Àª�� 1+
Pn

i=dAiz
i

Ai =

 
n

i

!
(q � 1)

i�dX
j=0

(�1)j
 
i� 1
j

!
qi�j�d (i = d; d + 1; � � � ; n):



135 ý¤ø¢ ý�ûÀî .6 ÛÊê

�� Þ Ü îÀ î ¢�À ã � �¤ f(R) ,À ª� � N := f0;1; � � � ; n � 1g ¥� ý�� ä� Þ ¹ õÂ þ¥ R Â ð� .��±��
,Ý��î ÓþÂã� 6.6.8 ��Ìì À�÷�õ �¤ g Âð� .ci 6= 0, i 2 R �îý¤�Ï�� À��î ÓþÂã� (c0; c1; � � � ; cn�1)

:Ýþ¤�¢ 4.6.8 Ýó ¥� ù¢�Ôµ¨� �� ù�ðö�

g(S) =

(
1; jS j � d� 1 Âð�
q jS j �d+1; n � jS j � d Âð�

:Àû¢üõ �¹�µ÷ 6.6.8 ��Ìì ¢cÂ�¤�î ,ßþ�Â���� ;Ai =
P

R�N; jR j=i f(R) Ýþ¤�¢ ,f ÓþÂã� ýÂ�ð¤�î�� ��

Ai =
P

R�N; jR j=i
P

S�R �(S;R)g(S)

=
�n
i

�fPd�1
j=0

�i
j

�
(�1)i�j +Pi

j=d

�i
j

�
(�1)i�jqj�d+1g

=
�n
i

�Pi
j=d

�i
j

�
(�1)i�j(qj�d+1 � 1):

Û¬�� �¹�µ÷ ,ÝþÂ� ¤�î�� �¤ �ij� = �i�1
j�1

�
+
�i�1

j

� ýø�Æ� Å³¨ ,ù¢�Þ÷ ßþÃðý�� i� j �� �¤ j �õ Âð� ñ��
� .¢�ªüõ

.À�îüõ �ÂÎõ MDS Àî ×þ ý�±Ôó� ù¥�À÷� ýø¤ �¤ Âþ¥ ´þ¢øÀ½õ ,7.6.8 ��Ìì

�þ q � n� k + 1 ù�ðö� ,Àª�� �µª�¢ ¢��ø k Àã� ø n ñ�Ï �� Fq ýø¤ MDS Àî ×þ Âð� .8.6.8 ��Ìì

.k � 1

Ý þ¤�¢ d < n ý�Â � 7.6.8 � � Ì ì ¥� ù¢� Ô µ ¨� � � .d = n � k + 1 À � � î ­Â ê .��±��
� .0 � Ad+1 =

� n
d+1

�
(q � 1)(q � d)

:Ýþ¤�¢ �¤ Âþ¥ �¹�µ÷ ,(3.6.8 ��Ìì) ´¨� MDS Ã�÷ MDS Àî ×þ ö�ðø¢ ö��

�þ q � k + 1 ù�ðö� ,Àª�� �µª�¢ ¢��ø k Àã� ø n ñ�Ï �� Fq ýø¤ MDS Àî ×þ Âð� .9.6.8 ýÂ�ð�¹�µ÷
.d = n� k + 1 � 2

üã�Âõ ùÀ÷�õüì�� ý�ûÀî 6.9

¤¢ Àþ�� Fq ý�±Ôó� .Àª�� ¢Âê ñc ø� ¢Àä ×þ n �ÞÜî ñ�Ï �î ´êÂð Ý�û��¡ ÂÑ÷¤¢ �¤ üþ�ûÀî ,Ç¿� ßþ� ¤¢
¤�Ï�� .q(n�1)=2 � 1 mod n ü�ãþ ;Àª�� n �÷�Þ�� ¤¢ üã�Âõ ùÀ÷�õüì�� ×þ q :À�î ëÀ¬ ¯Âª ßþ�
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¥��÷ �î ¢�ªüõ ´��� �fÀã� .¢�¢ Àû��¡ ö�È÷ Fq ö�À�õ â�¨�� ×þ ¤¢ �¤ À��ø ��óø� ô�n �Èþ¤ ×þ � ñ�Þãõ
:Ý��îüõ ÓþÂã� .À�î ëÀ¬ üê�®� ¯Âª ×þ ¤¢ � �� Ýþ¤�¢

R0 := fi2 mod n j i 2 Fn ; i 6= 0g; Fn ¤¢ üã�Âõ ý�ûùÀ÷�õ;

R1 := F�nnR0; Fn ¤¢ üã�ÂõÂ�è Â¬��ä �ä�Þ¹õ;

g0(x) :=
Q
r2R0

(x� �r); g1(x) :=
Q
r2R1

(x� �r):

¤¢ ü±þ�Â® ý�¤�¢ ø¢Âû g1(x) ø g0(x) ý�ûý��ÜÞ�À�� ,Àª�� R0 ¤¢ q mod n �î Ýþ�ù¢Âî ¯Âª ö��
:ßþ�Â�ùø�ä ;(18.1.1 ��Ìì �� �ã��Âõ) À�µÆû Fq

xn � 1 = (x� 1)g0(x)g1(x):

ø¢Â û (x � 1)g0(x) °� �Â �� � ,g0(x) ý�ûÀ ó� õ � � Fq ýø¤ n ñ�Ï � � ý¤ø¢ ý�ûÀî .1.6.9 ÓþÂã�

.À÷�ªüõ ùÀ�õ�÷ (QR ý�ûÀî) 37üã�Âõ ùÀ÷�õüì�� ý�ûÀî

���Èõ ö� ÓþÂã� �î ´êÂð Ý�û��¡ ÂÑ÷¤¢ �¤ üþø¢ø¢ ´ó�� ¤¢ �µê�þ©ÂµÆð QR ý�ûÀî �ú�� �õ
´¨¢ �� g0(x) Àó�õ �� Àî �� ýÂ¨�Â¨ ö¥���ü¨¤Â� ×þ ö¢�Þ÷�ê�®� �� ýÀî ß��� .´¨� 6.3.2 ÓþÂã�

.Àþ�üõ
ù�ðö� ,n � �1 mod 4 Âð� �î ´¨� ü�¤�¬ �� �f �Þãõ �µê�þ©ÂµÆð Àî ÓþÂã� ,�ûö�À�õ Âþ�¨ ¢¤�õ¤¢
g1(x) Àó�õ �� Àî â�¨�� öc �ðø¢ ù�ðö� ,n � 1 mod 4 Âð� ,°��Â� �� ø ,Àª�� ö�ðø¢¢�¡ �µê�þ©ÂµÆð Àî
Àî ×þ ¥� �ø¥ ö¥ø �� ÀîÂþ¥ (x � 1)g0(x) Àó�õ �� Àî ,üþø¢ø¢ ´ó�� ¤¢ .(]46[ â�Âõ .í.¤) Àª��
�� ýÀã� Àî ý�Â� ýÀó�õ ÅþÂ��õ ù�ðö� ,Àª�� �ûÀî ßþ� ß�óø� ý�Â� Àó�õ ÅþÂ��õ G Âð� .´¨� ÂÚþ¢ QR
ö�µ¨ ×þ ö¢�Þ÷�ê�®� ¥� Å� �¤ ý¤�î ß��� Âð� .Ýþ¤ø�üõ ´¨¢�� G �� 1 �fõ�Þ� ÂÎ¨ ×þ ö¢�Þ÷�ê�®�

.Ýþ¤ø�üõ ´¨¢�� �µê�þ©ÂµÆð Àî ý�Â� ýÀó�õ ÅþÂ��õ ,Ý�û¢ ô�¹÷� G �� ÂÔ¬ ô�Þ�
n � �1 mod 8 ü�ãõ� � ,Àª� � n �÷�Þ� � ¤¢ üã�Âõ ùÀ÷�õüì� � q �î ¯Âª ßþ� üþø¢ø¢ ´ó�� ¤¢
,��ÞÜîÀî ý�ûö�Øõ ýø¤ ö¢Âî ÛÞä �� �j : i! ij mod n´Èðý�� .(1.1 Ç¿� �� á��¤�) Àª��üõ
Âð� ,À�îüõ ÛþÀ±� g1(x) Àó�õ �� Àî �� ø j 2 R0 Âð� ,À�îüõ Âþ�Ê� ©¢�¡ �� �¤ g0(x) Àó�õ �� Àî
,n � �1 mod 4 Âð� .À�ª��üõ ¥¤� Ýû ,g1(x) °��Â��� ,g0(x) ý�ûÀó�õ �� ý�ûÀî ,ßþ�Â���� ;j 2 R1
Àî ¥� ý��ÞÜîÀî �� �¤ g0(x) Àó�õ �� Àî ¥� ý��ÞÜîÀî ,x! x�1 ÛþÀ±� ´ó�� ö� ¤¢ ø �1 2 R1 ù�ðö�

.À�îüõ Âþ�Ê� g1(x) Àó�õ ��
37quadratic residue codes
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:ù�ðö� ,w(c) = d ø c(1) 6= 0 ø ù¢�� g0(x) Àó�õ �� QR Àî ¤¢ ý��ÞÜîÀî c = c(x) Âð� .2.6.9 ��Ìì

;d2 � n (1

;d2 � d+ 1 � n ù�ðö� ,n � �1 mod 4 Âð� (2

.d � 3 mod 4 ù�ðö� ,q = 2 ø n � �1 mod 8 Âð� (3

.��±��

°¨��õ ´Èðý�� ¥� ù¢�Ôµ¨� �� .´Æ�÷ ÂþÁ�Ç¿� (x� 1) Â� c(x) ý��ÜÞ�À�� ,c(1) 6= 0 ö�� (1

�µ±ó� ø Ý��î ÛþÀ±� ´¨� ÂþÁ�Ç¿� g1(x) Â� �î ĉ(x) ý��ÜÞ�À�� ×þ �� �¤ c(x) Ý�÷���üõ �j
¥� ü �ÂÌõ c(x)ĉ(x) � � À � îüõ ��¹ þ� °ÜÎõ ß þ� .Àª� �üÞ ÷ Â þÁ �Ç¿� (x � 1) Â � �f¢À¹õ
ÂÔ¬�÷ °þÂ® d2 Â·î�À� ý�¤�¢ c(x)ĉ(x) ý��ÜÞ�À�� ö�� .Àª�� 1+ x+ x2 + � � � + xn�1

.Ýþ�ù¢�Þ÷ ��±�� �¤ ñø� ý�ä¢� ,Àª��üõ

ý�¤�¢ c(x)ĉ(x) �î ´¨� ¼®�ø ´ó�� ßþ� ¤¢ .j = �1 Ý��î ­Âê ´¨� ßØÞõ �� � ��± �� ¤¢ (2

.´¨� ÂÔ¬�÷ °þÂ® d2 � d+ 1 Â·î�À�

;lj � li = ll � lk ù�ðö� ,li� lj = lk � ll Âð� .�c(x) =
Pd

i=1 x
�li ø c(x) =Pd

i=1 x
li À��î ­Âê (3

¥� .À÷�ªüõ éÁ� üþ��¤�ú� �ú÷� ,À÷�ª éÁ� c(x)ĉ(x) �Â®Û¬�� ¤¢ ü��Þ� Âð� ,ßþ�Â����

� .n = d2 � d+ 1� 4a Ýþ¤�¢ a � 0×þ ý�Â� ø ¤ßþ�

Û�Ü½� ø �þÃ¹� ¤¢ ýÀ�õøÂ�÷ ¤�Ã�� ,6.4 Ç¿� ¤¢ ùÀª üêÂãõ ,ý¤ø¢ Àî ×þ ö���¢�¡ �î Àª Àû��¡ ´���
.´¨� QR ý�ûÀî

:ý��ÜÞ�À�� ,� À��ø ��óø� ô�n �Èþ¤ ¥� ü±¨��õ ��¿µ÷� ý�Â� .3.6.9 ��Ìì

�(x) :=
X
r2R0

xr;

Àó�õ �� QR Àî ö���¢�¡ ø n � 1 mod 8 Âð� ,´¨� (x � 1)g0(x) Àó�õ �� QR üþø¢ø¢ Àî ö���¢�¡

.n � �1 mod 8 Âð� ,´¨� g0(x)



138

�þ �(�) = 0 ü�ãþ ;f�(�)g2 = �(�) ,ßþ�Â���� ;´¨� ö���¢�¡ ý��ÜÞ�À��×þ �(x) ��®ø�� .��±��
��¿µ÷�" .i 2 R1 Âð� ,�(�i)+ �(�) = 1 ø i 2 R0 Âð� ,�(�i) = �(�) Ýþ¤�¢ ���Èõ ü��±�� �� .�(�) = 1

¤¢ Fq ��óø� Â¬��ä üõ�Þ� �îßþ� �î À�î â÷�ì �¤ ¢�¡ Àþ�� ùÀ�÷��¡) �(�) = 0 �î ´¨� ý¤�Ï � \°¨��õ

ø i 2 R0 Âð� ,�(�i) = 0 �� À�îüõ ��¹þ� �õ ��¿µ÷� .(Àª��üõ ßØÞõÂ�è ,À��î ëÀ¬ �(�) = 0 �Î��¤

� .¢�ªüõ ´��� ÝØ� ,°��Â� ßþ� �� .�(�0) = (n� 1)=2 Ýþ¤�¢ ô�¹÷�Â¨ .i 2 R1 Âð� ,�(�i) = 1

ßµêÂð ÂÑ÷¤¢ �� ,( 38üª¢Âð ÅþÂ��õ �� éøÂãõ) �¤ 1 ø 0 ý�û�þ�¤¢ �� C ÅþÂ��õ ö��î� ,� ×Þî ��
À � � î ­Âê .Ý þ¥�¨üõ ,�ûÂÎ¨ Â þ�¨ ö�� �ä� � ý¤ø¢ ý�û´Ô�ª üõ�Þ � ø ñø� ÂÎ¨ ö�� �ä� � � �ÞÜî

:Ýþ¤�¢ ;n � �1 mod 8 Âð� ,c := (11 � � �1) ø n � 1 mod 8 Âð� ,c := (00 � � �0)

G :=

 
1 1 � � � 1

cT C

!
:

üþø¢ø¢ QR Àî ,(À�ª� �üÞ ÷ ÛÖµÆõ ��®ø� � �î) G ý�ûÂÎ¨ �î ¢�ªüõ �¹� µ ÷ 3.6.9 ��Ìì ¥�
¯�Ö÷ � � �¤ Àî ßþ� ��ÞÜîÀî ��Êµ¿õ ý�ûö�Øõ ñ�� .À��îüõ À�ó�� �¤ n+ 1 ñ�Ï �� �µê� þ©ÂµÆð
ø �Àµ�� ¤¢ ýÂ¨�Â¨ ö¥���ü¨¤Â� .Ý��îüõ ý¤�Áðù¤�Þª n� 1 ,� � � ,1 ,1 ü�ãþ ,n �±�Âõ ýÂþ�Ê� Í¡
ùøÂð .ÝþÂ�ðüõ ÂÑ÷¤¢1 Ûõ�ª ü®�þ¤ ý�ûÂðÛÞä ù¤��¤¢ �¤ ñ�Þãõ ý�û¢�¢¤�Âì .´¨�1 ù¤�Þª ý�¤�¢
ad� bc = 1 ø Fn �� ÕÜãµõ d ,c ,b ,a �� x! (ax+ b)=(cx + d) ý�ûÛþÀ±� üõ�Þ� Ûõ�ª PSL(2; n)
ÛØÈõ ,´¨� T : x! �x�1 ø S : x! x+ 1 ��þÀ±� Í¨�� ùÀª À�ó�� ,ùøÂð ßþ� �îßþ� ü¨¤Â� .´¨�
�� .¢¤�¢üõ �Ú÷ ´��� �¤ 1 ø ´¨� ý¤ø¢ ´Ô�ª ×þ1 ¥� �ø�Ôµõ ý�ûö�Øõ ýø¤ S ��®ø�� .Àª��üÞ÷
QR Àî ýø¤ T Â���� ü¨¤Â� ý�Â� .¢¤�¢üõ �Ú÷ ´��� �¤ �µê�þ©ÂµÆð Àî S ,QR Àî ×þ ÓþÂã� ¥� ù¢�Ôµ¨�
ö�¨� ßþÂÞ� ×þ �� .´¨� ùÀª ñ�Þä� G ý�ûÂÎ¨ ýø¤ T ô�Àî Ý��î ü¨¤Â� �� ´¨� üê�î ,�µê�þ©ÂµÆð
�¨ Â·î�À� ¥� üÎ¡ °�îÂ� ×þ �� �¤ G ¥� ÂÎ¨×þ T �î ¢�¢ ö�È÷ ö���üõ (ùÀ��îÛÆî ýÀ� �� Àþ�ª ø)
;(¢�ªüõ ù¢�¢ á��¤� ]42[ â�Âõ �� ´Æ�÷ Õê�õ ¤�î ßþ� ¤¢ �î ý�ùÀ�÷��¡) À�îüõ Âþ�Ê� G ¥� ÂÎ¨
Âþ¥ ��Ìì Â� ü��±�� °ÜÎõ ßþ� �î À÷¤�¢üõ �Ú÷ ´��� �¤ �µê�þ©ÂµÆð QR Àî ,T ø S ýø¢Âû ,ßþ�Â����

.´¨�

.´¨� PSL(2; n) Ûõ�ª ,n+ 1 ñ�Ï �� �µê�þ©ÂµÆð üþø¢ø¢ QR Àî üµ¿þ¤¢�¡ ùøÂð .4.6.9 ��Ìì

4.6.9 ��Ìì �î À�îüõ ßÿÞÎõ �¤ �õ ,Ýþ¢�Þ÷ ö��� �fÂ�¡� �î �µê�þ©ÂµÆð Àî ¥� ùÀª ��¬� ÓþÂã�
.(]46[ â�Âõ .í.¤) ´¨� ´¨¤¢ Ã�÷ üþø¢ø¢Â�è ý�ûÀî ý�Â�

38circulant
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ëÀ¬ 2.6.9 ��Ìì Íþ�Âª ¤¢ ,üþø¢ø¢ QR Àî ×þ ¤¢ ö¥ø-ßþÂµÞî �� �ÞÜî ×þ .5.6.9 ýÂ�ð�¹�µ÷
.À�îüõ

ýÀã� PSL(2; n) �î ´�ãì�ø ßþ� ¥� ´ó�� ßþ� ¤¢ .´¨� 21.6.6 �¹�µ÷ ��±�� �� ���Èõ ��±�� .��±��
� .Àª��üõ ¢Âê ý¢Àä ,ö¥ø-ßþÂµÞî ,ßþ�Â���� ;Ý��îüõ ù¢�Ôµ¨� ,´¨�

:Ýþ¤�¢ ;n = 7 ø q = 2 À��î ­Âê (a) .6.6.9 ñ�·õ

x7 � 1 = (x� 1)(x3 + x+ 1)(x3 + x2 + 1):

Ã�÷ x+ x2 + x4 �î À�îüõ ��¹þ� 3.6.9 ��Ìì ¤¢ ë¢�¬ � ��¿µ÷� .ÝþÂ�ðüõ Àó�õ ö���ä�� �¤ g0(x)

Ç¿�) ´¨� (Ûõ�î) [7;4] Ù��Þû Àî ,Àî ßþ� �µ±ó� .g0(x) = 1+ x+ x3 ,ßþ�Â���� ;Àª�� Àó�õ ×þ
.´¨� ùÀª ü¨¤Â� 4.6.1 ñ�·õ ¤¢ ,ÂÒ��µõ �c ø¥ ö¥ø �� ÀîÂþ¥ .(À���±� �¤ 2.3.3 ��Ìì ø 3.3

:Ýþ¤�¢ ;n = 23 ø q = 2 À��î ­Âê (b)

x23 � 1 = (x� 1)(x11 + x9 + x7 + x6 + x5 + x+ 1)

�(x11 + x10 + x6 + x5 + x4 + x2 + 1):

:�� ´¨� Â��Â� �î ÝþÂ�ðüõ �(x) ¥� ü�ÂÌõ �¤ g0(x) �f¢À¹õ

x11 + x9 + x7 + x6 + x5 + x+ 1:

.´¨� d � 7 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C ÂÒ��µõ QR Àî ,5.6.9 �¹�µ÷ ¥� ù¢�Ôµ¨� ��
C ,6.3.1 ¥� ù¢�Ôµ¨� �� ø ´¨� 7 �� Â��Â� d �î ¢�ªüõ �¹�µ÷ ,jcj = 212 ø P3

i=0

�
23

i

�
= 211 ö��

¤¢ Àî ßþ� �î Ýþ�ù¢�¢ ö�È÷ �¹�þ� ¤¢ ,´¨�µØþ 4.2 Ç¿� ¥� üþø¢ø¢ üÜð Àî ö�� .´¨� Ûõ�î Àî ×þ
.´¨� QR Àî ×þ âì�ø

.(6.13 Ç¿�) Ý��îüõ ¤�Áð�ø ßþÂÞ� ö���ä�� �¤ ÂÚþ¢ ñ�·õ ßþÀ��

(¢Âê n) 2n ñ�Ï �� üþø¢ø¢ ý¤ø¢ ý�ûÀî 6.10

F2 [x] ¤¢ ÂþÁ��÷Ûþ�½� Ûõ��ä �� xn�1 �þÃ¹� xn�1 = f1(x)f2(x) � � � ft(x) ø Àª�� ¢Âê n À��î ­Âê
.Àª��
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­Âê .k < l < t ö� ¤¢ �î g2(x) = fk+1(x) � � � fl(x) ø g1(x) = f1(x) � � � fk(x) Ý��îüõ ÓþÂã�
.r2 := deg g1g2 ø r1 := deg g1 À��î

�� ý¤ø¢ Àî C2 À��î ­Âê ø Àª�� g1(x) Àó�õ �� n� r1 Àã� ø n ñ�Ï�� ý¤ø¢ Àî C1 À��î ­Âê
(i = 1;2) Ci �Ü¬�ê-ßþÂµÞî di À��î ­Âê ß���Ýû .Àª�� g1(x)g2(x) Àó�õ �� ø n� r2 Àã� ø n ñ�Ï

.d2 � d1 ��®ø�� .Àª��
�ãó�Îõ ¢¤�õ �¤ g(x) := g2

1
(x)g2(x) Àó�õ ø 2n� r1 � r2 Àã� ,2n ñ�Ï �� C ý¤ø¢ Àî �õ�¢� ¤¢

:´¨� Âþ¥ ¤�µ¡�¨ ý�¤�¢ Àî ßþ� �î Ý��îüõ �ä¢� .¢�¢ Ý�û��¡ ¤�Âì
À � � î Ó þÂ ã � .c = (c0; c1; � � � ; cn�1) 2 C2 ø a = (a0; a1; � � � ; an�1) 2 C1 À � � î ­Â ê

:�¤�¬�� �¤ ü��ÞÜî Ý�÷���üõ ,´¨� ¢Âê n ö�� .b := a+ c

w := (a0; b1; a2; � � � ; bn�2; an�1; b0; a1; � � � ; an�2; bn�1)

¶��±õ ¥� Â�¡� ý�ä¢�) ;Ý���þüõ �¤ C ��ÞÜî üõ�Þ� ©ø¤ ßþ� �� ø À�ª��üõ C �� ÕÜãµõ �î Ý��î ÓþÂã�
:À�Æþ��� .Ý��îüõ ÛÞä Âþ¥ �¤�¬�� ,°ÜÎõ ßþ� ¼þÂÈ� ý�Â� .(¢�ªüõ �¹�µ÷ Àã�e

a(x) = a0 + a1x+ � � �+ an�1xn�1

= (a0 + a2x
2 + � � � + an�1xn�1) + x(a1 + � � �+ an�2xn�3)

= ae(x
2) + xa0(x

2);

w(x) ý��ÜÞ�À�� ý�Â� �¤ Â þ¥ (ö�ÆØþ) Çþ�Þ÷ ø¢ �¤�¬ßþ� ¤¢ ;b(x) ø c(x) ý�Â� ���Èõ ¤�Ï�� ø
:Ýþ¤�¢ w �ÞÜîÀî �� ÂÒ��µõ

w(x) = fae(x2) + xn+1a0(x
2)g+ fxb0(x2) + xnbe(x

2)g; (7)

ø

w(x) = fa(x) + x(xn + 1)a0(x
2)g+ fb(x) + (xn + 1)be(x

2)g: (8)

Ûõ�ª �ú�� �ÜÞ� ß�óø� �î Ý����üõ 7 �Î��¤ ¥� .À�µÆû ÂþÁ�Ç¿� g1(x) Â� ,8 �Î��¤ ¤¢ �ÜÞ� ø¢ Âû
,Àª��üÞ÷ ý¤�ÂØ� Ûõ��ä Ûõ�ª g1(x) ö�� .Àª��üõ x ¢Âê ý�ûö��� Ûõ�ª �ú�� üõø¢ ø x �ø¥ ý�ûö���

.À�µÆû ÂþÁ�Ç¿� g2
1
(x) Â� âì�ø ¤¢ �ÜÞ� ø¢ Âû

:Ýþ¤�¢ 8 �Î��¤ ¥�

w(x) = (xn + 1)a(x) + c(x) + (xn + 1)ce(x
2);
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.´¨� ÂþÁ�Ç¿� g2(x) Â� �ÜÞ� Âû �î ý¤�Ï��
�¤ Âþ¥ ��Ìì Å� .(3 �Î��¤ �� á��¤�) ´¨� j a j a+ cj �ÞÜî ¥� üµÈðý�� ,w �ÞÜî ,b = a+ c ö��

:Ýþ�ù¢Âî ��±��

À��î ­Âê ø Àª�� g1(x) Àó�õ �� (¢Âê) n ñ�Ï �� üþø¢ø¢ ý¤ø¢ Àî ×þ C1 À��î ­Âê .1.6.10 ��Ìì

�� C üþø¢ø¢ ý¤ø¢ Àî �¤�¬ßþ� ¤¢ ;Àª�� g1(x)g2(x) Àó�õ �� n ñ�Ï �� üþø¢ø¢ ý¤ø¢ Àî ×þ C2
ý�¤�¢ C ,ß þ�Â �� � � ;Àª� �üõ C2 ø C1 ¥� ju ju + v j á�Þ¹õ � � ¥ ¤�Ýû g2

1
(x)g2(x) Àó�õ � � 2n ñ�Ï

.Àª��üõ minf2d1; d2g �Ü¬�ê-ßþÂµÞî
¥� ü¨� î ¢��ø Â þ¥ � �Ì ì ,� õ� .À ÷¤�À ÷ ¢� �ø �ø¥ ñ� Ï � � ý¢� þ¥ ��¡ ý¤ø¢ ü þø¢ø¢ ý� ûÀ î

.Àû¢üõ ö�È÷ �¤ ���ú� ý�ûñ�·õ

°��Â� ×þ ´½�) ´¨� ý¤ø¢ ,ùÀªù���î üþø¢ø¢ Ù��Þû Àî ×þ ¥� �ø¥ ö¥ø �� ÀîÂþ¥ .2.6.10 ��Ìì
.(�ûÛ±Þ¨ ¥� °¨��õ

üõ�Þ�) ´Æ�÷ ,ùÀªù���î ü÷�Øõ �� ýø¤ Àî �îßþ� ¤¢ ü�ø�Ô� �î Àª��üÞ÷ ÛØÈõ Âõ� ßþ� öÀþ¢ .��±��
éÂãõ m1(x) �î À��î ­Âê ß���Ýû .n = 2s � 1 À��î ­Âê .(À�ª��üõ ¥¤�Ýû ,Û¬�� ý�ûÀî

Àî ×þ Àó�õ ý��ÜÞ�À�� m1(x) �¤�¬ßþ� ¤¢ ;Àª�� F2 ¥� � ��óø� �Ìä ×þ ñ�Þ���õ ý��ÜÞ�À��

.´¨� ö� ¥� �ø¥ ö¥ø � � ÀîÂþ¥ Àó�õ ý��ÜÞ�À�� (x + 1)m1(x) ø ´¨� üþø¢ø¢ [n; n � s] Ù��Þû

C ý¤ø¢ Àî ×þ �õ �¤�¬ßþ� ¤¢ ;g2(x) = m1(x) ø g1(x) = (x + 1) Ý�û¢ ¤�Âì 1.6.10 ��Ìì ¤¢

�î ¢�ªüõ �¹�µ÷ ju ju + v j ¤�µ¡�¨ ¥� .Ý���þüõ 4 �Ü¬�ê-ßþÂµÞî ø 2n� s� 2 Àã� ,2n ñ�Ï ��
ø 1 �fõ�Þ� üþ��� ÂÎ¨×þ �� ö¥���ü¨¤Â� ÅþÂ��õ ×þ Ûõ�ª C ,ßþ�Â���� ;À�µÆû �ø¥ C ý�ûö¥ø ô�Þ�
� .´¨� ùÀª ù���î Ù��Þû Àî ×þ ¥� �ø¥ ö¥ø �� ÀîÂþ¥ �� ¥ ¤�Ýû C ø¤ßþ� ¥� .Àª��üõ �Ã¹õ ý�ûö�µ¨

�¤ 1 ÛÊê) 39�Æû ÕµÈõ �õ .¢¤�¢ ¢��ø Û±ì ��Ìì ��±�� ý�Â� ü�ø�Ôµõ ý�û©ø¤ �î Ý��îüõ ùÀû�Èõ
.´¨� 1 ¤�ÂØ� �� �Èþ¤ ×þ � ø 2 ¤�ÂØ� �� �Èþ¤ ×þ ö���ä�� 1 Ûõ�ª C Àó�õ .¢Â� Ý�û��¡ ¤�î�� �¤ (À���±�

:ù�ðö� ,Àª�� �ÞÜîÀî ×þ c(x) =P
cix

i Âð� �î ´¨��ãõ ö�À� ßþ�
X

ci = 0;
X

ici = 0;
X

ci�
i = 0;

:ü�ãþ

H1 :=

0
B@
1 1 1 � � � 1 1 1 � � � 1 1

0 1 0 � � � 0 1 0 � � � 0 1

1 � �2 � � � �n�1 �n �n+1 � � � �2n�2 �2n�1

1
CA ;

39Hasse
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ý�û�Èþ¤ ø �Æû ÕµÈõ ´�¬�¡ ýÂ�ð¤�î�� �� ôø¢ ÂÎ¨ �¹�þ�¤¢ ;´¨� C ý�Â� ö¥���ü¨¤Â� ÅþÂ��õ ×þ
ßØÞõ ý�ûö�µ¨ üõ�Þ� Ûõ�ª H1 ÅþÂ��õ �¹�þ�¤¢ .�n = 1 �î À��î ´ì¢ .´¨� ùÀõ� ´¨¢�� Óä�Ìõ
�� ÀîÂþ¥ �� ¥ ¤�Ýû âì�ø ¤¢ Àî ßþ� ü�ãþ ;´¨� (1100 � � �0)T ø (1000 � � �0)T Ã��� ,��� ¤¢ 1 ×þ ��

.´¨� ùÀªù���î Ù��Þû Àî ×þ ¥� �ø¥ ö¥ø

�µê�þ©ÂµÆð Âó�õ-Àþ¤ ý�ûÀî 6.11

Âó�õ-Àþ¤ ý�ûÀî �� ¥ ¤�Ýû �î ¢�Þ÷ Ý�û��¡ ÓþÂã� �¤ Fq ýø¤ (�µê�þ©ÂµÆð) ý¤ø¢ ý�ûÀî ¥� ü¨�î �õ
üþ��q ¢�Àä� ù�Úµ¨¢ �¤�¬�� �î ü½�½¬ ¢�Àä� �� �¤ Ù��Þû ö¥ø ùÀþ� �Àµ��¤¢ .À�µÆû q = 2´ó�� ¤¢

.Ý�û¢üõ Ý�Þã� ,À÷�ªüõ �µª�÷

ø 0 � �i < q ý�Â � ø À ª� � 2 ýø� Æ õ � þ Â �ï¤Ã � ¼ � ½ ¬ ¢À ä × þ q Â ð� .1.6.11 ÓþÂã�

.wq(j) :=
Pm�1

i=0
�i Ý��îüõ ÓþÂã� �¤�¬ßþ� ¤¢ ,j =Pm�1

i=0
�iq

i Ý�ª���µª�¢ i = 0;1; � � � ;m� 1
ùÀª ÓþÂã� Âþ¥ �¤�¬�� �ûÀî ßþ� ¥� ýÀþÀ� §�î .´¨� ù¢�¢  ¤ Z ¤¢ á�Þ¹õ ßþ� �î À��î ´ì¢

.´¨�

n = qm � 1 ñ�Ï �� ô�r �±�Âõ ¥� (GRM Àî) �µê�þ©ÂµÆð Âó�õ-Àþ¤ ùÀªù���î Àî .2.6.11 ÓþÂã�
:´¨� Âþ¥ Àó�õ �� ý¤ø¢ Àî ,Fq ýø¤

g(x) :=

(r)Y
(x� �j);

ýø¤ Â� �Â®Û¬�� �î Àû¢üõ ö�È÷ (r) üþ��� ÅþÀ÷� ø ´¨� Fqm ¤¢ ��óø� �Ìä ×þ � ö� ¤¢ �î

.0 � wq(j) < (q � 1)m� r ø 0 � j < qm � 1 ö�¤¢ �î Àª��üõ j ¼�½¬ ¢�Àä�

GRM Àî ¥� G Àó�õ ÅþÂ��õ ¥� �î ´¨� G� Àó�õ ÅþÂ��õ ý�¤�¢ qm ñ�Ï �� ô�r �±�Âõ ¥� GRM Àî
.´¨� ùÀõ� ´¨¢�� ,×þ �fõ�Þ� ÂÎ¨ ×þ Å³¨ ø ÂÔ¬ �fõ�Þ� ö�µ¨ ×þ ë�½ó� �� ùÀªù���î

�µÆ� q Â� �Â® ´½� âì�ø ¤¢ ,ùÀªù���î GRM ý�ûÀî ¥� ÓþÂã� ßþ� ¤¢ �ûö��� �ä�Þ¹õ �î À��î ´ì¢
ßþ� ö�ðø¢ �¤�¬ßþ� ¤¢ ;Àª�� r �±�Âõ ¥� GRM ùÀªù���î Àî ü¨¤Â� ý��ÜÞ�À�� h(x) À��î ­Âê .´¨�
x ý�ûö��� �±�ÂõÉ�Ê¿� �� h(x) ¥� h�(x) ö� ¤¢ �î ,´¨� Àó�õ ö���ä�� h�(x) ý��ÜÞ�À�� Ûõ�ª Àî

.´¨� ùÀª ÓþÂã� ,0 < wq(j) � r ¯Âª �� �¹�þ�¤¢ ,g(x) �� ���Èõ üªø¤ �� ö� .´¨� ùÀõ� ´¨¢��
.Ýþ¤�¢ �¤ 8.4.5 ��Ìì ¥� Âþ¥ Ý�Þã�
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(q�1)m�r�1 �±�Âõ �� GRM Àî ×þ �� ¥ ¤�Ýû ,qm ñ�Ï �� ô�r �±�Âõ GRM Àî ö�ðø¢ .3.6.11 ��Ìì
.´¨�

ñ�� .´¨� (q � 1)m� r � 1 �±�Âõ �� GRM ùÀªù���î Àî Àó�õ (x� 1)h�(x) �î ÝþÀþ¢ ��� ¤¢ .��±��
�¤ Àó�õ ÅþÂ��õ ý�ûÂÎ¨ Àõ�ã� Àþ�� ,Ý�û¢ ñ�Ï Çþ�Ãê� GRM ý�ûÀî �� öÀ�¨¤ �� �¤ ý¤ø¢ ý�ûÀî Âð�

,Àª�±÷ ùÀªù���î ý�ûÀî üÚ÷�ðø¢ ¥� ý��¹�µ÷ ,°ÜÎõ ßþ� �� ¢�ªüõ ¶ä�� �î ýÃ�� �ú�� .Ý�û¢ ö�È÷

qm �� Â��Â� ,ñ�Ï �î ´�ãì�ø ßþ� ø �ûÀó�õ ¤¢ (x� 1) Ûõ�ä ,�ûÂÎ¨ ßþ� ¢¤�õ ¤¢ .´¨� 1 �fõ�Þ� ý�ûÂÎ¨

ô�¹÷� ,Ýþ¢�� ö� ñ�±÷¢ �� �¤ �»÷� ,´¨� qm �� Â��Â� Àî ø¢ ßþ� ý�ûÀã� âÞ� ö�� .´¨� Àõ�ã� Û�ó¢ ,´¨�

� .Ýþ�ù¢�¢

.Ýþ¤�¢ Ýó ×þ �� ¥��÷ ,üþø¢ø¢ ´ó�� �� ü��þ´¨¢ ý�Â�

ü¨¤Â � ý� ûý�� Ü Þ �À � � � � Fq ýø¤ n ñ� Ï� � ý¤ø¢ ý� ûÀ î C2 ø C1 À � � î ­Â ê .4.6.11 Ýó

Àª�� ñ�Ï ö�Þû �� ý¤ø¢ Àî C À��î ­Âê .À�ª�� Qk2
j=1

(x� �j) ,°��Â��� ,f1(x) :=
Qk1
i=1

(x� �i)

;Àª�� ¢�¡ ý�û�Èþ¤ ö���ä�� �i�j ý�û�Â®Û¬�� üõ�Þ� Ûõ�ª ö� ü¨¤Â� ý��ÜÞ�À�� �î ý¤�Ï��

.b 2 C2 ø a 2 C1 �î ´¨� ab ��ÞÜî üõ�Þ� Ûõ�ª C �¤�¬ßþ� ¤¢

,6.5 Ç¿� ý�ú µ ÷� ¤¢ ùÀª ù¢�¢ ,üÎ¡ üµÈð¥� � ý�û� ó� ± ÷¢ � � �¤ ý¤ø¢ ý�ûÀî Çþ�Þ ÷ � õ .��±��

ø al = Pk1
i=1

ci�
�l
i ý�ûá�Þ¹õ �¤�¬�� À� ÷�� �üõ b ø a ý�ûÉµ¿õ �î Ý� ÷�¢üõ .ÝþÂ �üõ ¤�î� �

� .¢¢Âðüõ Û¬�� abÓþÂã� ø Çþ�Þ÷ ßþ� �� ���� �� �f¤�ê �¹�µ÷ .À÷�ª ù¢�¢ Çþ�Þ÷ bl =
Pk2

j=1
c0j�
�l
j

.À�îüõ ����� �¤ Ç¿� ßþ� ¤¢ �µê¤ ¤�î�� ��Î¬� ,Âþ¥ ��Ìì

.´¨� 2m ñ�Ï �� r �±�Âõ Âó�õ-Àþ¤ Àî �� ¥ ¤�Ýû 2m ñ�Ï �� r �±�Âõ üþø¢ø¢ GRM Àî .5.6.11 ��Ìì

Âû ,2.6.11 ø 6.4.5Óþ¤�ã� Í¨�� ùÀª ÓþÂã� ý�ûÀî ,r = 0 ý�Â� .´¨�ÂÖµ¨� �þ��Â� ��±�� .��±��
��±�� r = 1 ý�Â� ,ßþ�Â��� � ;´¨� ý¤ø¢ ,üþø¢ø¢ Ù��Þû Àî �î Ý�÷�¢üõ .À�µÆû ¤�ÂØ� ý�ûÀî ø¢
.Àª� � ´¨¤¢ r ¤�ÀÖ õ ×þ ý�Â � �ä¢� � î À � � î ­Âê .´¨� ¼®�ø 8.4.5 � �Ìì �¹� µ ÷ � � ��� � � �
ý�û�Èþ¤ .w2(j) � r �î ´¨� �j ý�û�Èþ¤ ý�¤�¢ ùÀªù���î GRM Àî ¥� h�(x) ü¨¤Â� ý��ÜÞ�À��
ñ�� .À�µÆû w2(j) = 1 ¯Âª �� �j ý�ûö��� Ûõ�ª ,1 �±�Âõ ¥� RM ùÀªù���î Àî ü¨¤Â� ý��ÜÞ�À��
� .¢�ªüõ ��±�� 4.6.11 Ýó ø 6.4.5 ÓþÂã� ,�ÂÖµ¨� ­Âê �� ���� �� ��Ìì
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��Ìì ¥� ýÂÚþ¢ ¢Â�¤�î ,ßþ� .Ý��îüõ ô�Þ� RM ý�ûÀî ý�ûö¥ø ù¤��¤¢ ý���Ìì �� �¤ Ç¿� ßþ� �õ
.´¨� 5.6.8

Fm
2
ýø¤ ùÀª ÓþÂã � r ��¤¢ � � ý�� ÜÞ�À�� F = F (x1; x2; � � � ; xm) À� � î ­Âê .6.6.11 ��Ìì

.G � F Ý�Æþ�÷üõ ,À�û¢ �¤ F ý�ûý��ÜÞ�×� ¥� ý��ä�Þ¹õÂþ¥ Û�ØÈ� G ý�ûý��ÜÞ�×� Âð� .Àª��

�� �¤ G ¤¢ ý�ûý��ÜÞ�×� ¢�Àã� ø À�ª�±÷ G ¤¢ ñ�ÞÈõ �î Ý��îüõ ÓþÂã� üþ�ûÂ�çµõ ¢�Àã� �¤ v(G)

:ù�ðö� ,À�ª�� Fm
2
¤¢ F ý�û�Èþ¤ ¢�Àã� N(f) Âð� .Ý�û¢üõ Çþ�Þ÷ jG j

N(F ) = 2
m�1 +

X
G�F

(�1) jG j2 jG j+v(G)�1:

,G ý�ûý��ÜÞ�×� üõ�Þ� �î Ý��îüõ ÓþÂã� Fm
2
¤¢ üÏ�Ö÷ ¢�Àã� �¤ f(G) ,G � F Âû ý�Â� .��±��

:Ýþ¤�¢ ��®ø�� .1 ¤�ÀÖõ ý�¤�¢ F ý�ûý��ÜÞ�×� Âþ�¨ ø À�ª�� ÂÔ¬ ¤�ÀÖõ ý�¤�¢

X
H�G

f(H) = 2
v(F�G)

�¤� ¬� � ùÀ ª Ó þÂ ã � Fm
2
ß � ê� ý� Ì êÂ þ¥ ¥� ü Ï� Ö ÷ ¢�À ã � � � Â ��Â � ¤�À Ö õ ß þ� �Â þ¥)

6.6.8 ��Ìì ¥� .(À�µÆû F �G ¤¢ âì�ø üþ�ûÂ�çµõ �ûxik ö� ¤¢�î ,´¨� xi1 = xi2 = � � � = xiv = 1

:¢�ªüõ �¹�µ÷
f(G) =

X
H�G

�(H;G)2v(F�G):

:ßþ�Â�ùø�ä
N(F ) =

X
G�F; jF�G j�0mod2

f(G):

:Ýþ¤�¢ PG�F f(G) = 2m ö��

N(F ) = 2m�1 + 1

2

P
G�F (�1) jF�G j f(G)

= 2m�1 + 1

2

P
G�F (�1) jF�G j

P
H�G �(H;G)2v(F�H)

= 2m�1 + 1

2

P
H�F (�1) jF�G j2v(F�H)P

H�G�F 1

= 2m�1 + 1

2

P
H�F (�1) jF�G j2v(F�H)2 jF�H j

= 2m�1 + 1

2

P
G�F (�1) jG j2v(G)+ jG j :

�
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.ÝþÂ�üõ ¤�î�� RM ý�ûÀî ýø¤ �¤ °ÜÎõ ßþ� ñ��

.À�ª��üõ ÂþÁ�Ç¿� 2dm=re�1 Â� R(r;m) ¤¢ ��ÞÜîÀî ý�ûö¥ø .7.6.11 ��Ìì

m �� r Â·î�À� ��¤¢ �� ý�ûý��ÜÞ�À�� Í¨�� ùÀªù¢�¢ Âþ¢�Öõ ¥� üþ�û�ó�±÷¢ Ûõ�ª R(r;m) Àî .��±��
ø G � F Âð� .´¨� 2m �N(F ) ö¥ø ý�¤�¢ ,F ý��ÜÞ�À��×þ �� ÂÒ��µõ �ÞÜîÀî .´¨� üþø¢ø¢ Â�çµõ

:ö�� . jG j � dm�v(G)
d e ü�ãþ ;v(G) � m� jG j :d ù�ðö� ,Àª�� d ��¤¢ ý�¤�¢ G

v(G) + dm� v(G)

d
e � dm

d
e;

� .¢�ªüõ Û¬�� 6.6.11 ��Ìì �� ���� �� �¹�µ÷

�û¢�ú�È�� 6.12

Àþ�� ,´¨� �û��±�� ¤¢ �µê¤ ¤�î�� ,¢�þ¥ ö¥ø �� ý�ûö���¢�¡ ø Â�� â��� ùÀû�Èõ �� À�õ�ì�ä �î ý�ùÀ�÷��¡
.Àþ�Þ÷ �ãó�Îõ �¤ ]46[ â�Âõ 15 ÛÊê

,�ûö¥ø ù¤��¤¢ ý¢�þ¥ °ó�Îõ .´êÂð Àû��¡ ¤�Âì ü¨¤Â� ¢¤�õ 9 ÛÊê ¤¢ BCH ý�ûÀî ¥� üÞ�Þã�
�î Ý��îüõ ý¤ø�¢�þ �¤ 40�õ����-Ãµ�ó¤�î ö�Âî �õ .¢¤�¢ ¢��ø BCH ý�ûÀî ¥� ùÂ�è ø üÈª�� á�ãª ,Àã�
]42[ â�Âõ �� ,ö�Âî ßþ� ùÀû�Èõ ý�Â� .¢¤�¢ üÚµÆ� 41Ûþø Í¨�� ¢�Àä� �þÂÑ÷ ¤¢ Õ�Þä ��Ìì ×þ ��
¤¢ ,´¨� ñø� ¢Àä ×þ ¥� ü÷��� �î n ñ�Ï �� ��ÞÜî �� QR ý�ûÀî ¥� üÞ�Þã� ý�Â� .Ý�û¢üõ á��¤�
43Ãõ��Üþø×õ ø 42´��óöø Í¨�� ý��ó�Öõ �� �¤ ùÀ�÷��¡ ,´¨� 6.9 Ç¿� �� ���Èõ ��Ìì �î üµó��

.Ý�û¢üõ á��¤� (]45[ â�Âõ ;1978)

Û��Æõ 6.13

.Àª��üõ ý¤ø¢�÷ Àî ×þ ,üþ���¨ [4;2]Ù��Þû Àî �î À�û¢ ö�È÷ .1.6.13

.À��î ß��ã� �¤ üþø¢ø¢ [15;11]Ù��Þû Àî ×þ ö���¢�¡ .2.6.13
40Carlitz-Uchiyama
41A. Weil
42J. H. van Lint
43F. J. MacWilliams
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ý¤ø¢ Àî ×þ � � ¥ ¤�Ý û 3.4.6 ÓþÂã � ¤¢ r � ± �Â õ � � ü þø¢ø¢ Â ó� õ-À þ¤ À î À � û¢ ö�È ÷ .3.6.13

.´¨� �µê�þ©ÂµÆð

.Àþ¥�Æ� �¤ 5 ùÀªü��ÂÏ �Ü¬�ê ø 26 ñ�Ï �� üþ���¨ BCH Àî ×þ .4.6.13

BCH Àî ×þ .Àª�� ,�5 = �2 + 1 �Î��¤ ¤¢ ë¢�¬ ,F2s ¥� ��óø� �Ìä ×þ � À��î ­Âê .5.6.13

:Ýþ�ù¢Âî ´ê�þ¤¢ �¤ Âþ¥ ¤�¢Â� .´¨� �µêÂð ¤�Âì ù¢�Ôµ¨�¢¤�õ ,5 ùÀªü��ÂÏ �Ü¬�ê �� 31 ñ�Ï �� ­ÂäÝî

(1001 0110 1111 0000 1101 0101 0111 111 )

.À��î üþ�ÈðÀî 6.7Ç¿� ¤¢ ¢���õ ©ø¤ ¥� ù¢�Ôµ¨� �� �¤ ô��� ßþ�

ñ�Ï �� C üþø¢ø¢ ý¤ø¢ Àî ×þ .F2m ¥� ��óø� �Ìä ×þ � ø Àª�� ¢Âê ý¢Àä m À��î ­Âê .6.6.13

�Ü¬�ê-ßþÂµÞî �î À�û¢ ö�È÷ .g(�) = g(��1) = 0 �î ý¤�Ï�� Àþ¥�Æ� �¤ g(x) Àó�õ �� ø n = 2m�1
.´¨� 5 Â��Â� Ûì�À� C ý�Â� d

ÕÜãµõ C ü�ãþ ;d < q À�û¢ ö�È÷ .´¨� (¢Âê q) Fq ýø¤ [q+1;2; d] Àî ×þ C À��î ­Âê .7.6.13
.À��î á��¤ 1.5.2 �¹�µ÷ �� ,Àª��üÞ÷ MDS Àî ×þ ��

4.3Ç¿� ¤¢ ¢���õ Àî �� ¥ ¤�Ýû Àî ßþ�) ´¨� Ûõ�î ,QR üþ���¨ [11;6] Àî �î À�û¢ ö�È÷ .8.6.13

.(´¨�

.À��î ß��ã� �¤ 47 ñ�Ï �� üþø¢ø¢ QR Àî �Ü¬�ê-ßþÂµÞî .9.6.13

.À��î ß��ã� �¤ �Î¡ 1 ùÀ��î¼�½Ê� ø Ûõ�î QR ý�ûÀî üõ�Þ� .10.6.13

×þ n ,e > 2 À��î ­Âê .À�û¢ �ã¨�� Â þ¥ ý��ãõ�� �¤ 6.9 Ç¿� ¤¢ ¢���õ ý�ûùÀþ� .11.6.13
ý���� .q(n�1)=e � 1 mod n ø Àª�� ñø� ¢Àä ×þ ¥� ü÷��� q ø e j (n� 1) �î ý¤�Ï�� Àª�� ñø� ¢Àä
(1) ´ÞÆì 2.6.9 ��Ìì �î À�û¢ ö�È÷ .ÀþÂ±� ¤�î�� �¤ ô�e ý�ûö��� ,Fn ¤¢ üã�Âõ Â¬��ä ýÂ�ð¤�î��

.À��î ß��ã� �¤ 31 ñ�Ï �� ü±ãØõ ùÀ÷�õüì�� Àî �Ü¬�ê-ßþÂµÞî .¢�ª ù¢�¢ �ã¨�� de > n �� À÷���üõ
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­Âê .Àª�� F2m ¥� ��óø� �Ìä ×þ � ø n = 2m � 1 ,Àª�� ¢Âê ¢Àä ×þ m À��î ­Âê .12.6.13
À��î ´��� Âþ¥ ©ø¤ ø¢ �� .g(�) = g(�5) = 0 �î ý¤�Ï�� ,Àª�� xn � 1 ¥� ��Üäô�ÆÖõ ×þ g(x) À��î

:´¨� 4 ýø�Æõ �þ Â�ï¤Ã� �Ü¬�ê-ßþÂµÞî ý�¤�¢ g(x) Àó�õ �� üþø¢ø¢ ý¤ø¢ Àî �î

.ÛÊê ßþ� ¥� ��Ìì ×þ ýÂ�ð¤�î�� �� (Óó�

,À�µÆû F2m �� ÕÜãµõ � ø � �îüµìø 1+ �5 + �5 = 0 ø 1+ � + � = 0 Í��ø ¤ �îßþ� ö¢�¢ ö�È÷ �� (�

.´¨� ßØÞõÂ�è

.d � 5 Ýþ¤�¢ âì�ø ¤¢ �î À�û¢ ö�È÷ (�) ¤¢ ¢���õ ùÀþ� ýÂ�ð¤�î�� �� (�

.´¨� ý¤ø¢�÷ Çþ�Þ÷ ×þ ý�¤�¢ üþ���¨ üÜð Àî �î À�û¢ ö�È÷ .13.6.13

�ú�� BCH ö�Âî �îüó��¤¢ ´¨� d � 7 ý�¤�¢ QR [31;16] Àî ,2.6.9 ��Ìì ¥� ù¢�Ôµ¨� �� .14.6.13

.d � 7 �î À�îüõ ��¹þ� Ã�÷ 6.6 Ç¿� ¥� AB ©ø¤ �î À�û¢ ö�È÷ .d � 5 �î À�îüõ ��¹þ�



7 ÛÊê

´¡���Øþ ¤�Ï�� ý�ûÀî ø Ûõ�î ý�ûÀî
ùÀªýÀ���µÆ�

Àþ�ó ��Ìì 7.1

ù�ðÀþ¢ ×þ ö¢¤ø� ´¨¢�� ý�Â� .¢Âî Ý�û��¡ ¢øÀ½õ üþø¢ø¢ ý�ûÀî ýø¤�� �¤ ¢�¡ ���� ,ÛÊê ßþ� ¤¢
ýÃ��Âû �fÂ �¡� .´¨� üê�î ,´þ¢øÀ½õ ßþ� ,ý¤�ÁðÀî �þÂÑ÷ ¥� Ç¿� ßþ� ý� þ�Ìì ø �û©ø¤ ýø¤
¥� ý¤��Æ� ,ü÷�õ¥ ù¤ø¢ ßþ� ¤¢ .¢ÂþÁ� ô�¹÷� (ÂµÈ�� ¤�î üÞî ¤�ÀÖõ ��) Fq ù��¿ó¢ ý�ûö�À�õ ý�Â� À÷���üõ
Ç¿� ¤¢ �õ �î ýÂ±� ¢Âîýø¤ .´¨� ù¢Âî ´ê¤Ç�� ,�Ï��Âõ Û��Æõ ø Ûõ�î ý�ûÀî �ãó�Îõ ý�û©ø¤
.Ý��îüõ áøÂª �ø�Ôµõ �f õ�î ©ø¤ ×þ �� �õ .Àª�� �ú÷� ßþÂ��±þ¥ ¥� üØþ Àþ�ª ¢�Þ÷ Ý�û��¡ ¶½� ýÀã�
ùÀ��î¼�½Ê��e üþø¢ø¢ Ûõ�î ý�ûÀî ¢��ø ý�Â� ý�ì ô¥� ¯Âª ×þ ¥� ü��õÀÖõ �fãì�ø ��±�� ×þ �õ
ýÂ�ð¤�î�� �� (q = 2 ý�Â� âì�ø ¤¢) (1957) 1Àþ�ó Í¨�� �Àµ�� ¤¢ �Ï��Âõ ��Ìì .¢�¢ Ý�û��¡ �þ�¤� �Î¡
ù¢�¢ Ý�Þã� (¢�ª á��¤ ]44[ ��) ß�Ôó�õ ¥� ý¤��Æ� Í¨�� Àã��� ¥ø ¤ ö� ¥� .Àª ��±�� üÜ�Ü½� ý�û©ø¤
3´��óöø ø 2×þ�Øe µ c̈ Í¨�� Ç¿� ßþ� ¤¢ ¢���õ ��±�� .¢�ªüõ ù¢�¢ á��¤� Àþ�ó ��Ìì �� ¥��û �õ� ,Àª

.´¨� ùÀª �þ�¤� (]17[ â�Âõ ;1977)
1 S. P. Lloyd
2 D. M. Cvetkovi�c
3 J. H. van Lint



149 ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî ø Ûõ�î ý�ûÀî .7 ÛÊê

�¤ �ûö�µ¨ ø �ûÂÎ¨ .´¨� ùÀª ÓþÂã� Âþ¥ �¤�¬�� 2k ù¥�À÷� � � Ak üã�Âõ ÅþÂ��õ .1.7.1 ÓþÂã�
j ø i ý�ûÇþ�Þ÷ Âð� ´¨� 1 Â��Â� Ak(i; j) �þ�¤¢ .À��î ý¤�Áðù¤�Þª 2k � 1 �� 0 ¥� üþø¢ø¢ Çþ�Þ÷ ��

.Ak(i; j) = 0 �¤�¬ßþ� Â�è¤¢ ,Àª�� 1 Ù��Þû �Ü¬�ê ý�¤�¢

:�î Ý����üõ �f¤�ê 1.7.1 ÓþÂã� ¥�

Ak+1 =

 
Ak I

I Ak

!
: (1)

.À�µÆû �kj� ¤�ÂØ� �� (0 � j � k) �k + 2j �� Â��Â� Ak ùÄþø Âþ¢�Öõ .2.7.1 Ýó

x ü÷�µ¨ ¤�¢Â� À��î ­Âê .¢�ªüõ ´��� ÝØ� ü÷�¨��� k = 1 ý�Â� .´¨�ÂÖµ¨� �þ��Â� ��±�� .��±��

:Ýþ¤�¢ 1ÓþÂã� �� ���� �� �¤�¬ßþ� ¤¢ ;Àª�� � ùÄþø ¤�ÀÖõ �� ÂÒ��µõ Ak ùÄþø ¤�¢Â�

Ak+1

�x
x

�
= (�+ 1)

�x
x

�
;

Ak+1

� x
�x
�

= (�� 1)� x�x�;
� .¢�ªüõ �¹�µ÷ ,ý��ÜÞ�ø¢ °þ�Â® ¥� ùÀª�µ¡��ª «��¡ �� ���� �� ��±�� ñ��

¤¢ �î ´¨� 4ýÂÎì�¨ ý�ûÅþÂ��õ ùÄþø Âþ¢�Öõ ß��ã� ,üØ��Ø� ÂÑ÷ ¥� Ç¿� ßþ� ÛØÈõ ´ÞÆì ßþÂ�Ýúõ
.ÝþÂ�üõ ¤�î �� �¤ Âþ¥ ÓþÂã� ,ý¤�Áð¢�Þ÷ Çû�î ý�Â� .Àû¢üõ  ¤ ��Ìì ��±��

:´¨� Âþ¥ �¤�¬�� ýÂÎì�¨ üÆþÂ��õ Qe = Qe(a; b) ÅþÂ��õ .3.7.1 ÓþÂã�

(Qe)i;i := a; 0 � i � e;

(Qe)i;i+1 := b� i; 0 � i � e� 1;

(Qe)i;i�1 := i; 1 � i � e;

:Ý��îüõ ÓþÂã� ßþ�Â�ùø�ä

Pe := Pe(a; b) :=

0
BBBBBB@

1

1

Qe�1(a; b)
...
1

00 � � �0 e 1

1
CCCCCCA
:

4 tridiagonal matrices
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.¢�ªüõ ù¢�¢ Çþ�Þ÷ �Pe °��Â��� , �Qe �� �ûÅþÂ��õ ßþ� ö���õÂ�¢

1.1.2ÓþÂã� ¤¢ ùÀª ÓþÂã� Ke(x�1;n�1;2)í���Âî ý��ÜÞ�À�� 	e(x) À��î ­Âê .4.7.1 Ýó

:�¤�¬ßþ� ¤¢ ;Àª�� (1 ÛÊê) 19 �Î��¤ ø (1 ÛÊê)

�Pe(2y � n; n) = (�1)ee!	e(y):

:Ýþ¤�¢ Â¡� ÂÎ¨ �� ´±Æ÷ â�¨�� Å³¨ ø Â¡� ö�µ¨ �� �ûö�µ¨ ô�Þ� ö¢�Þ÷�ê�®� �� .��±��

�Qe = (a+ e) �Qe�1 � e(a+ b) �Pe�1:

:Ýþ¤�¢ Â¡� ÂÎ¨ �� ´±Æ÷ �Pe ÍÆ� ��

�Pe = �Qe�1 � e �Pe�1:

:¢�ªüõ ¢�¹þ� �Pe ý�Â� Âþ¥ üµÈð¥�� �Î��¤ ,Í��ø ¤ ßþ� °�îÂ� ��

�Pe+1 = (a� 1) �Pe � e(b� a) �Pe�1: (2)

ø (1 ÛÊê) 13 �Î��¤ ¥� .Àª��üõ ö�¨� ,´¨� ´¨¤¢ e = 2 ø e = 1 ý�Â� Ýó ßþ� �î �ä¢� ßþ� ü¨¤Â�

.À��îüõ ëÀ¬ ü÷�ÆØþ üµÈð¥�� �Î��¤ ¤¢ ¤�îÁõ ý��ÜÞ�À�� ø¢ �ä¢� ßþ� ¤¢ �î ¢�ªüõ �¹�µ÷ 2 �Î��¤
� .À�îüõ ��±�� �¤ Ýó ,°ÜÎõ ßþ�

.Ýþ¤�¢ ùÄþø Âþ¢�Öõ ¢¤�õ ¤¢ Â�ö�¨� Ýó ×þ �� ¥��÷ �õ

:´¨� Âþ¥ ÛØª �� �î Àª�� m ¤¢ m ù¥�À÷� �� üÆþÂ��õ A À��î ­Âê .5.7.1 Ýó

A =

0
BBBB@
A11 A12 � � � A1k

A21 A22 � � � A2k

� � � � � � � � � � � �
Ak1 Ak2 � � � Akk

1
CCCCA ;

Âû ý�Â� �î À��î ­Âê .´¨� ,j = 1;2; � � � ; k ,i = 1;2; � � � ; k ,mj ¤¢ mi ù¥�À÷� ý�¤�¢ Aij ö� ¤¢ �î

¤¢ ;Àª�� bij ý�û�þ�¤¢ �� ÅþÂ��õ B À��î ­Âê .´¨� bij ´��� ýÂÎ¨ á�Þ¹õ ý�¤�¢ Aij ÅþÂ��õ ,j ø i

.Àª��üõ A ùÄþø ¤�ÀÖõ ×þ Ã�÷ B ùÄþø ¤�ÀÖõ Âû �¤�¬ßþ�
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:À��î ÓþÂã� Âþ¥ �¤�¬�� �¤ y .x = (x1; x2; � � � ; xk)T ö� ¤¢ �î Bx = �x À��î ­Âê .��±��

yT := (x1; x1; � � � ; x1; x2; x2; � � � ; x2; � � � ; xk; xk; � � � ; xk);

� .Ay = �y �î ´¨� ¼®�ø ,B ÓþÂã� ¥� ù¢�Ôµ¨� �� .¢�ªüõ ¤�ÂØ� ¤�� mi ù¥�À÷��� xi Âû ö� ¤¢ �î

.¢¤�¢ Â�¤¢ �¤ üÞúõ ¸þ�µ÷ �î Ýþø ¤üõ ü¨�¨� ý���Ìì å�Â¨ �� ñ��

	e(x) ù�ðö� ,Àª�� �µª�¢ ¢��ø n ñ�Ï �� �Î¡ ùÀ��î¼�½Ê��e üþø¢ø¢ Ûõ�î Àî ×þ Âð� .6.7.1 ��Ìì
.´¨� n ,� � � ,2 ,1 ¼�½¬ ¢�Àä� ö��õ ¤¢ Ãþ�Þµõ �Èþ¤ e ý�¤�¢

´¨� í���Âî ý�ûý��ÜÞ�À�� ¥� éøÂãõ ´�¬�¡ ×þ ,À�µÆû Ãþ�Þµõ �û�Èþ¤ �î ´�ãì�ø ßþ� .��±��

Àî C �î Ý��îüõ­Âê ,À�µÆû ¼�½¬ Âþ¢�Öõ �ú÷� �îßþ� ö¢�¢ ö�È÷ ý�Â� .(17 �Î��¤ �� á��¤�)

ý�ûö�µ¨ ø �ûÂÎ¨ .(1.7.1 ÓþÂã� �� á��¤�) ÀþÂ�Ú� ÂÑ÷¤¢ �¤ An ÅþÂ��õ .Àª�� ��Ìì ¤¢ ùÀª�µ¨��¡
ÂÑ÷¤¢ �ÞÜîÀî ×þ �� ÂÒ��µõ ¢Àä ×þ �� �¤ �ûö�µ¨ ø �ûÂÎ¨ �Àµ�� ¤¢ .À��î ´±� Âþ¥ �¤�¬�� �¤ ö�
,Ci := fx 2 Fn

2
j d(x; c) = ig ¤¢ ¢���õ ��ÞÜî �� ÂÒ��µõ ¢�Àä� �� üó��µõ ¤�Ï�� �¤ �ú÷� Å³¨ .ÀþÂ�Ú�

�»÷� À�÷�õ üþ�ûí�Ü� �� An ¥� ý¥�Âê� ¢�¹þ� ¶ä�� ßþ� ,´¨� Ûõ�î C ö�� .ÀþÂ�Ú� ÂÑ÷¤¢ ,1 � i � e

:Ýþ¤�¢ ö��î� .¢¢Âðüõ ,Àõ� 5.7.1 Ýó ¤¢

B =

0
BBBBBBBBB@

0 n 0 0 0 � � � � � � � � � � � �
1 0 n� 1 0 0 � � � � � � � � � � � �
0 2 0 n� 2 0 � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � �
0 � � � � � � � � � � � � 0 e� 1 0 n� e+ 1

0 � � � � � � � � � � � � 0 0 e n� e

1
CCCCCCCCCA
:

:Ýþ¤�¢ ,det(B � xIe+1) ¤¢ x = n� 2y ü��È÷�� ��

det(B � xIe+1) = 2y �Pe(2y � n; n):

� .¢¢Âðüõ Û¬�� 5.7.1 ø 4.7.1 ,2.7.1 ý�ûÝó �� ���� �� �¹�µ÷ ñ��

ý�¤�¢ 	e ý�û�Èþ¤ �þ� ñ�·õ ý�Â�) Àû¢üÞ÷ ¤�î �õ�¢� ù¤��¤¢ ýÀþ¢ º�û ,Ç¿� ßþ� ¤¢ ùÀªù¢�¢ ��±��
��ä�Ï� ý�Â� Ã���) Àª��üõ ü��õÀÖõ �f õ�î �î ´¨� ´þÃõ ßþ� ý�¤�¢ �õ� ,(?´¨� ü���±�îÂ� ý��ãõ ×þ
üõ�Þ� ßµê�þ ý�Â� �¤ 6.7.1 ��Ìì ,7.5 Ç¿� ¤¢ .(í���Âî ý�ûý��ÜÞ�À��«��¡ ¥� ýÂþÁ��÷���µ��

.ÝþÂ�üõ ¤�î�� Ûõ�î ý�ûÀî
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Àî ×þ �Ê¿Èõ ý��ÜÞ�À�� 7.2

¤¢ ø Ýþ¢Âî ÓþÂã� �¤ Àî ×þ ü÷¥ø âþ¥�� ,1.3.5 ÓþÂã� ¤¢ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ n ñ�Ï �� C üþø¢ø¢ Àî
ùÀ÷¤�Þª ,�ó�±÷¢ ßþ� �� ÂÒ��µõ .Ýþ¢�¢ Ý�Þã� (Ai)

n
i=0 üÜ¡�¢ âþ¥�� �þ �Ü¬�ê âþ¥�� �� �¤ ö� 2.5.3 ÓþÂã�

:Ýþ¤�¢ Âþ¥ �¤�¬�� �¤ 5�Ü¬�ê

AC(z) :=
nX
i=0

Aiz
i = jcj�1

X
u;v2C

zd(u;v): (3)

B À�÷�õ üÆþÂ��õ �¤ 6ü�¤�¡ âþ¥�� �¹�þ� ¤¢ ,�û�Ü¬�ê ù¤��¤¢ ÂµÈ�� ��ä�Ï� ö¢¤ø� ´¨¢�� ý�Â� üµ�
ý¤�Ï�� ,(À÷�ùÀª ý¤�ÁðÅþÀ÷� n ,� � � ,1,0 �� �ûö�µ¨ ø R = Fn

2
Â¬��ä �� �ûÂÎ¨) Ý��îüõ ÓþÂã�

:�î

B(x; i) := j fc 2 cjd(x; c) = ig j : (4)

:�î À��îüõ ùÀû�Èõ .¢�ªüõ ù¢�¢ Çþ�Þ÷ B(x) �� ,ùÀª ý¤�ÁðÅþÀ÷� x �� �î B ¥� ýÂÎ¨

(A0; A1; � � � ; An) = jcj�1
X
x2C

B(x); (5)

ø

x 2 C , B(x;0) = 1: (6)

0 ö�Øõ ¤¢ 1 ×þ ý�¤�¢ B ý�ûÂÎ¨ üõ�Þ� Âð� ,¢�ªüõ ùÀ�õ�÷ 7ÝÑ�õÀî ×þ C Àî .1.7.2 ÓþÂã�
:Âð� ,¢�ªüõ ùÀ�õ�÷ 8ÝÑ�õ�f õ�î Àî ßþ� .À�ª�� Â��Â�

8x2R8y2R[(�(x;C) = �(y;C)), (B(x) = B(y))];

.´¨� Àî �� x �Ü¬�ê ,�(x;C) ö� ¤¢ �î

.Àª��üõ AC(z) Â��Â� C ü÷¥ø ùÀ÷¤�Þª ù�ðö� ,0 2 C ø Àª�� ÝÑ�õ C Àî Âð� �î À��îüõ ùÀû�Èõ
.(¢�ª �ã��Âõ 11.1.1 ÓþÂã� ��) Ý��îüõ üêÂãõ Â±� ý¢�Àã� �Àµ�� ¤¢ ,B ÅþÂ��õ �ãó�Îõ ¤�Ñ�õ��

5 distance enumerator
6 outer distribution
7 regular code
8 completely regualr



153 ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî ø Ûõ�î ý�ûÀî .7 ÛÊê

Âµú� � þ) FG 9üûøÂð Â±� ù�ðö� ,Àª�� ö�À�õ ×þ F ø Àª�� üãÞ� ùøÂð ×þ G Âð� .2.7.2 ÓþÂã�

� �Â® ø � âÞ� ö� ¤¢ �î ´¨� � þ� � ö�� �ä� � G Â¬��ä � � F ýø¤ ý¤�¢Â � ý�Ìê ×þ ((FG;�; �)
:À÷�ùÀª ÓþÂã� Âþ¥ �¤�¬��

X
g2G

�(g)g �
X
h2G

�(h)h :=
X
k2G

(
X

g+h=k

�(g)�(h))k:

¼��Â� �¤ Â þ¥ �¤�¬�� ý¤�¬ �Â® ýÂ�ð¤�î� � ø z üê�®� Û±Þ¨ ×þ üêÂãõ ,ß�Ô ó�õ ü¡Â�
:À�û¢üõX

g2G
�(g)zg �

X
h2G

�(h)zh :=
X
k2G

(
X

g+h=k

�(g)�(h))zk :

.Ý�û¢üõ Çþ�Þ÷ A � � �¤ Â±� ßþ� .Àª�� F = C ø R = Fn
2
� � Â ��Â � �î ´êÂð Ý�û��¡ ý¤�Ï �¤ G �õ

ÆPx2R �(x)x �¤�¬�� �¤ üûøÂð âÞ� Â¬��ä ,A Â¬��ä âÞ� �� G ¤¢ âÞ� ù¤��¤¢ öÀÈ÷ ¸�ð ý�Â�
ö�¨Ýû A ¤¢ ÆPx2S x ÂÊ�ä �� �¤ �ä�Þ¹õÂþ¥ ßþ� ù�ðö� ,Àª�� R ¥� ý��ä�Þ¹õÂþ¥ S Âð� .Ý�Æþ�÷üõ
ö¥ø �� ��ÞÜî �ä�Þ¹õ ý�Â� �¤ Âþ¥ ý�û¢�Þ÷ �¹�þ� ¤¢ .(Ý�û¢üõ Çþ�Þ÷ S �� Ã�÷ �¤ ö� �õ) ÝþÂ�ðüõ ÂÑ÷¤¢

:Ý��îüõ ÓþÂã� ,ÂÔ¬ ñ�� ý�ûý�ð °��Â��� ,´���

Yi := fx 2 R jw(x) = ig; (7)

Sj := fx 2 R jw(x) � jg: (8)

:�î À�îüõ ��¹þ� ,Ýþ¢Âî �ÂÎõ ��� ¤¢ �î ý¢�¢¤�Âì ù�ðö� ,Àª�� B ü�¤�¡ âþ¥�� �� ýÀî C Âð�

Yi � C := Æ
X

x2RB(x; i)x: (9)

ù�ðö� ,(D(x; j) =
P

i�j B(x; i)) Àû¢ ö�È÷ �¤ x � � j Â·î�À� �Ü¬�ê �� ��ÞÜîÀî ¢�Àã� D(x; j) Âð�
:Ýþ¤�¢

Sj � C :=
X
x2R

D(x; i)x: (10)

:�¤�¬�� �¤ �u : R! C ´ª�Ú÷ ,u 2 R Âû ý�Â� .Àª�� �(1) = �1 �� F2 ´ªÂ¨ � À��î ­Âê

8v2R[�u(v) := �(< u; v >) = (�1)<u;v>]; (11)
9 group algebra
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.�¤�¬ßþ� Â�è¤¢ -1 ø u?v Âð� �u(v) = 1 ü�ãþ ;Ý��îüõ ÓþÂã�
.Ý�û¢üõ ©ÂµÆð Âþ¥ �¤�¬�� A üûøÂð Â±� ýø¤ Â� üÎ¡ â��� �� �¤ ´ª�Ú÷ ßþ�

�u(Æ
X

�(x)x) :=
X

�(x)�u(x): (12)

ùÀ�÷��¡ ùÀúäÂ� ö�¨� üþ�ûßþÂÞ� �¤�¬�� �¤ �ú÷� ��±�� .À÷�ªüõ �¹�µ÷ �õ ÓþÂã� ¥� �f¤�ê ,Âþ¥ ý�ä¢� ø¢
.Ýþ¤�Áðüõ

8u2R8A2R8B2R[�u(A �B) := �(A)�u(B)]; (13)

(�0(S) = 2
n; 8u6=0[�u(S) = 0]), S = Sn: (14)

:¢�ª �µª�÷ Âþ¥ �¤�¬�� À÷���üõ (q = 2 Ýþ¤�¢ �¹�þ�¤¢) 1.5.3 Ýó �¹�µ÷

�u(Yk) = Kk(w(u)): (15)

:ù�ðö� ,w(u) = x Âð� �î ¢�ªüõ �¹�µ÷ ßþ� ¥�

�u(Sj) =
jX

k=0

Kk(x) = 	j(x): (16)

.(¢�ª �ã��Âõ 19 �Î��¤ ��)
.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ ¢�Àä� .Àª�� Àî ×þ C À��î ­Âê

Cj := jcj�1
X
u2Yj

�u(C):

�î Àûüõ ö�È÷ �õ �� 2.3.5 ��Ìì ��±�� ù�ðö� ,Àª�� üÎ¡ Àî ×þ C Âð� .Ýþ�ùÀþ¢ �f ±ì �¤ ¢�Àä� ßþ�
ÂÑ÷¤¢ �¤ Cj ¢�Àä� Ý�÷���üõ ¥��û ù�ðö� ,Àª�±÷ üÎ¡ C Âð� .´¨� C? ¤¢ j ö¥ø�� ��ÞÜî ¢�Àã� ,Cj

ùÀ÷¤�Þª 2�njcjPn
j=0Cj(1� z)j(1+ z)n�j �î Ý���þ¤¢ �� Ý�û¢ �õ�¢� �¤ 2.3.5 ��Ìì ��±�� ø ÝþÂ�Ú�

ÛØª ×þ ,� ×Þî � � ùÀª ÓþÂã � ,Cj ¢�Àä� ø ü÷¥ø ùÀ ÷¤�Þª ß� �� õ �Î ��¤ ßþ� .´¨� C Àî ü÷¥ø
.´¨� ÃÞ�Üþø×õ �Î��¤ ¥� üÎ¡Â�è

.Ý��îüõ ÓþÂã� �´ªÂ¨ ýÂ�ð¤�î�� �� �f¢À¹õ �¤ ¢�Àä� ¥� üõø¢ �ó�±÷¢ �¹�þ� ¤¢

:À÷�ùÀª ÓþÂã� Âþ¥ �¤�¬�� C Àî ¥� (0 � j � n) Bj
10�Ê¿Èõ ¢�Àä� .3.7.2 ÓþÂã�

Bj := jcj�2
X
u2Yj

j�u(C) j 2:

10characteristic numbers
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.Àª�� üÎ¡ Àî ×þ C Âð� ,´¨� C? Àî ¤¢ j ö¥ø �� ��ÞÜî ¢�Àã� Bj ,ÝþÀþ¢ �f ±ì �î ¤�Ïö�Þû
Â þ¥ �¤�¬�� C Àî ¥� FC �Ê¿Èõ ý��ÜÞ�À�� .N(C) := fj j1 � j � n;Bj 6= 0g À��î ­Âê

:´¨� ùÀª ÓþÂã�

FC(x) := 2
njcj�1

Y
j2N(C)

(1� x

j
): (17)

�¤�¬ßþ� ¤¢ ;À�ª�� FC í���Âî â�¨�� ¤¢ ¢���õ °þ�Â® �n ,� � � ,�1 ,�0 À��î ­Âê .4.7.2 ��Ìì

:Ýþ¤�¢ A ¤¢

�u(Æ
X

�iYi � C) = Sn:

:Ýþ¤�¢ 15 ø 13 Í��ø ¤ ¥� ù¢�Ôµ¨� �� .w(u) = j ,u 2 R À��î ­Âê .��±��

�u(Æ
X

�iYi � C) = �u(Æ
X

�iYi)�u(C) = �u(C)
X

�iKi(j) = �u(C)FC(j):

ù�ðö� ,u = 0 Âð� .´¨� ÂÔ¬ �� Â��Â� FC ÓþÂã� ¥� ù¢�Ôµ¨� �� ë�ê �ó¢�ãõ ´¨�¤ éÂÏ ù�ðö� ,u 6= 0 Âð�
� .¢�ªüõ ��±�� 14 �Î��¤ �� ���� �� ÝØ� ,ñ�� .´¨� 2n �� Â��Â� ´¨�¤ éÂÏ

:ù�ðö� ,u 2 R ø À�ª�� FC í���Âî â�¨�� ¤¢ ¢���õ °þ�Â® �n ,� � � ,�1 ,�0 Âð� .5.7.2 ýÂ�ð�¹�µ÷
nX
i=0

�iB(u; i) = 1:

� .ÀþÂ±� ¤�î�� �¤ 9 �Î��¤ .��±��

.¢�ªüõ ùÀ�õ�÷ C 11ü÷øÂ�� �Ü¬�ê ,s := jN(C) j ¢Àä .6.7.2 ÓþÂã�
ýÀ��� �î ô�÷ ßþ� .´¨� C? ¤¢ âì�ø ÂÔ¬�÷ ý�ûö¥ø ¢�Àã� s ù�ðö� ,Àª�� üÎ¡ C Âð� �î Àþ¤�¢ ����
(À���±� �¤ 3.4 Ç¿�) Àî ×þ ¥� �(C) üÈª�� á�ãª Àû¢üõ ö�È÷ �î 5.7.2 �¹�µ÷ Í¨�� ,´¨� °�¹ä

.¢�ªüõ ����� üÞî ù¥�À÷� �� ,´¨� s �� Â��Â� Â·î�À�
11external distance
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ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî 7.3

���� .(¢�ª �ã��Âõ 2 �Î��¤ ��) À�µÆû Ûõ�î ý�ûÀî Ý�Þã� �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ üþ�ûÀî ,Ç¿� ßþ� ¤¢
ý�ûÀî ñ�� .Se � C = Sn Ýþ¤�¢ A ¤¢ ù�ðö� ,Àª�� �Î¡ ùÀ��î¼�½Ê��e Ûõ�î Àî ×þ C Âð� �î Àþ¤�¢
C �î ´¨��ãõ ö�À� ßþ� ù�ðö� ,d = 2e+ 3 Âð�) ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ �(C) = e+ 1 ø d � 2e+ 1 �� C
¥� üØþ ¤¢ �î ý��ÞÜî Âû ø À�µÆû �Ã¹õ ,��ÞÜîÀî ÃîÂõ �� ø e� 1 á�ãª �� ý�û ý�ð ßþ� .(´¨� Ûõ�î

.´¨� �ÞÜîÀî ×þ Ûì�À� �� e+ 1 �þ e �Ü¬�ê ý�¤�¢ ,Àª�±÷ �ûý�ð ßþ�

r Âµõ�¤�� �� 12ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� g � 2e + 1 ø �(C) = e+ 1 �� C Àî .1.7.3 ÓþÂã�

.Àª�� �ÞÜîÀî r �fÖ�ì¢ �� e+ 1 �þ e �Ü¬�ê ý�¤�¢ �(u;C) � e �� u �ÞÜî Âû Âð� ,¢�ªüõ ùÀ�õ�÷

�� u �ÞÜî ×þ �µ±ó� .´¨�Î¡ ùÀ��î¼�½Ê��e Ûõ�î Àî ×þ C ù�ðö� ,r = 1 Âð� �î Àþ¤�¢ ����
À��î ­Âê Ã�÷ ø �(u;C) = e + 1 À��î ­Âê .´¨� �ÞÜîÀî ×þ �fÖ�ì¢ �� e �Ü¬�ê ý�¤�¢ �(u;C) = e

ý�¤�¢ Àþ�� �ú÷� ö�� .À�ª��üõ e+ 1 ö¥ø ý�¤�¢ ,u �� e+ 1 �Ü¬�ê �� ��ÞÜîÀî �¤�¬ßþ� ¤¢ ;u = 0

:�¹�µ÷ ¤¢ ;À�ª�� 2e+ 1 ýø�Æõ �þ Â�ï¤Ã� Ûc ��Öµõ ý�û�Ü¬�ê

r � n

e+ 1
: (18)

ùÀ�õ�÷ 13Ûõ�î �f±þÂÖ� ,r = bn=(e + 1)c ö� ¤¢ �î ýÀî .À�Ø÷ ¢�ä �¤ n+ 1 ,e + 1 Ý��î ­Âê ñ��
ýø�Æ� ´ó�� ¤¢ (3) ö�Æ÷�� ö�Âî ¤¢ C �î ´¨��ãõ ö�À� ßþ� �î ¢�Þ÷ ×� ö���üõ ü÷�¨��� .¢�ªüõ
�� 1.7.3 ÓþÂã� ,´¨� ùÀõ� ]25[ â�Âõ 15ïÂ±Ü�� öø ø 14Ãó���ð Í¨�� �î ý��ó�Öõ ¤¢ .À�îüõ ëÀ¬

.´¨� ùÀª ù¢�¢ Ý�Þã� ,�(u;C) = e �þ e+ 1 �îßþ� �� �µÆ��ø ,¢Àä ø¢ �� r ü��È÷��

´¨� r Âµõ�¤�� �� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� d � 2e+ 1 ø �(C) = e+ 1 �� C Àî .2.7.3 ��Ìì
:Ý�ª�� �µª�¢ A ¤¢ Âð� �ú�� ø Âð�

fY0 � Y1 � � � � � Ye�1 �
1

r
(Ye � Ye+1)g � C = Sn:

� .¢�ªüõ �¹�µ÷ 1.7.3 ÓþÂã� ø 9 ,3 Í��ø ¤ �� ���� �� °ÜÎõ ßþ� .��±��

12uniformly packed
13nearly perfect
14J. M. Goethals
15H. C. A. van Tilborg



157 ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî ø Ûõ�î ý�ûÀî .7 ÛÊê

´¨� r Âµõ�¤�� �� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� d � 2e+ 1 ø �(C) = e + 1 �� C Àî .3.7.3 ��Ìì
:í���Âî °þ�Â® ø s = e+ 1 ��¤¢ ý�¤�¢ �Ê¿Èõ ý��ÜÞ�À�� Âð� �ú�� ø Âð�

�0 = �1 = � � � = �e�1 = 1; �e = �e+1 =
1

r
;

.Àª��

.��±��

.¢�ªüõ �¹�µ÷ 2.7.3 ��Ìì ø 4.7.2 ��Ìì �� ���� �� Âð� ´ÞÆì (1

.´¨� s � e+ 1 ��¤¢ ý�¤�¢ FC �î Ý�÷�¢üõ .Àª�� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� C À��î ­Âê (2
Âð� .�e = �e+1 = 1=r ,�0 = �1 = � � � = �e�1 = 1 �� F (x) := Pe+1

i=0
�iKi(x) À��î ­Âê

��Ìì ø 15 ø 14 ø 13 Í��ø ¤ ¥� ù¢�Ôµ¨� �� �¤�¬ßþ� ¤¢ ;�u(C) 6= 0 ø w(u) = j 6= 0 ,u 2 R
¢�ä �¤ F (x) ,FC(x) �î ¢�ªüõ �¹� µ ÷ 17 �Î��¤ ¥� ù¢� Ô µ¨� � � ñ�� .F (j) = 0 Ýþ¤�¢ 2.7.3
Ýþ¤�¢ x = 0 ü��È÷�� �� .a ¤�ÀÖõ ×þ ý�Â� F (x) = aFC(x) ø s = e + 1 ,ßþ�Â��� � ;À�îüõ
� .(2.7.3 ��Ìì ýÂ�ð¤�î�� �� �f¢À¹õ) a = 1

.´¨� 3.7.3 ��Ìì ¥� ü�ø�Ôµõ ýÀ��ñ�õÂê Âþ¥ ��Ìì

,Àª�� ¢���õ d � 2e+ 1 ø �(C) = e+ 1 �� C ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� Àî Âð� .4.7.3 ��Ìì

:ý��ÜÞ�À�� ù�ðö�

F (x) :=
e�1X
i=0

Ki(x) +
1

r
[Ke(x) +Ke+1(x)]

.F (0) = 2njcj�1 ø Àª��üõ [1; n] ù¥�� ¤¢ �Ã¹õ ¼�½¬ �Èþ¤ e+ 1 ý�¤�¢

¥� ù¢�Ôµ¨� �� �¤�¬ßþ� ¤¢ ;d = 2e+ 3 ü�ãþ ;´¨� Ûõ�î Àî ×þ C �î À��îüõ ùÀû�Èõ �Àµ��¤¢
.´¨� (6.7.1 ��Ìì) Àþ�ó ��Ìì ö�Þû 4.7.3 ��Ìì ø F (x) = 	e+1(x) ø r = 1 Ýþ¤�¢ 19 �Î��¤

:¢�ª �µª�÷ Âþ¥ �¤�¬�� À÷���üõ F (0) ù¤��¤¢ ô¥� ¯Âª �î Ýþ¤�¢ ���� ö� ¥� Å�

jcjf
e�1X
i=0

 
n

i

!
+
1

r

 
n+ 1

e+ 1

!
g = 2

n; (19)

ö�Þû ,r = bn=(e + 1)c �î üµó�� ¤¢ ø (3 ÛÊê) 6.3.1 �Î��¤ ö�Þû ,r = 1 �î üµó�� ¤¢ ,19 �Î��¤
.´¨� (5 ÛÊê) 3 �Î��¤
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�þ e �Ü¬�ê �� ��ÞÜîÀî Í¨�µõ ¤�ÀÖõ ö���ä�� �¤ r Âð� ,´¨� ´¨¤¢ üÜî ´ó�� ¤¢ 19 �Î��¤ âì�ø ¤¢
.Ý�þ�Þ÷ Â�ÆÔ� �(u;C) � e ý�Â� u �ÞÜî �� ´±Æ÷ e+ 1

´¡�� � Ø þ ¤� Ï� � Ó þÂ ã � ß þ� ¥� ù¢� Ô µ ¨� � � ùÀªù¢�¢ À î ×þ � îß þ� ö¢� Þ ÷ ×� üÜ î ´ ó�� ¤¢
.´Æ�÷ ü÷�¨� ¤�î ,´¨� ùÀªýÀ���µÆ�

¤�Ï�� C �îßþ� ý�Â� .e = 1 � � üÎ¡ Àî ×þ ü�ãþ ;ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ü¬�¡ ´ó�� �¹�þ� ¤¢
¥� .(3.7.3 ��Ìì ¥� ù¢�Ôµ¨� ��) Àª�� 2 ��¤¢ ý�¤�¢ Àþ�� �Ê¿Èõ ý��ÜÞ�À�� ,Àª�� ù¢ÂÈê ´¡���Øþ
­Âê ñ�� .Àû¢üõ  ¤ w2 ø w1 ÂÔ¬�÷ ö¥ø ø¢ �ú�� C? ¤¢ �î ´¨��ãõ ö�À� ßþ� �î Ýþ¤�¢ ���� Û±ì

:ü÷¥ø ùÀ÷¤�Þª �� ü÷¥ø-ø¢ Àî ß��� C? �î À��î

AC?(z) = 1+N1z
w1 +N2z

w2 ;

�� á��¤�) (1+ z)n�x(1� z)x ý�Â� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (7.2 Ç¿� �� á��¤�) Ãõ��Üþø×õ �Î��¤ .Àª��
:À��î ß�È÷�� �¤ Âþ¥ �Î��¤ (7 �Î��¤

1X
k=0

Kk(x)z
k:

,z2 ø z1 ,z0 °þ�Â® ö¢¤ø� ´¨¢ �� �� ,´¨� d � 3 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C �î Ýþ�ù¢Âî ­Âê ö��
:Ýþ¤�¢ Âþ¥ �¤�¬�� �ó¢�ãõ �¨

1+N1 +N2 = 2njcj�1;

Kk(0) +N1Kk(!1) +N2Kk(!2) = 0; (k = 1;2):

°þ�Â® ý�Â� �¤�¬ßþ� ¤¢ ;FC(0) = 2njcj�1 ø FC(w1) = FC(w2) = 0 Ýþ¤�¢ ÓþÂã� ¥� ù¢�Ôµ¨� ��
:Ýþ¤�¢ 11 �Î��¤ ¥� ù¢�Ôµ¨� �� FC(x) í���Âî â�¨�� ¤¢ �2 ø �1 ,�0

�0 + �1n+ �2
�n
2

�
= 2njcj�1;

�0 + �1(n� 2!i) + �2f2!2i � 2n!i +
�n
2

�g = 0; (i = 1;2):

.�0 = 1 �î Àû¢üõ ö�È÷ °ÜÎõ ßþ� .Ý��îüõ �Æþ�Öõ N2 ø N1 �� ÂÒ��µõ ��¢�ãõ �� �¤ ��¢�ãõ ßþ� �õ
:Ý��îüõ ÓþÂã�

r := 2(n+ 1)!1 � 2!21 �
1

2
n(n+ 1):

�¤ Âþ¥ ý¥�¨�Ê¿Èõ ,ßþ�Â���� ;w1 +w2 = n+1 Âð� �1 = �2 = 1=r �î ¢�ªüõ �¹�µ÷ �¤�¬ßþ� ¤¢
:Ýþ¤�¢ ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�Î¡ ùÀ��î¼�½Ê�-1 ý�ûÀî ¥�
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C? Âð� �ú�� ø Âð� ´¨� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� d � 3 ø �(C) = 2 �� C üÎ¡ Àî .5.7.3 ��Ìì

.Àª�� w1 + w2 = n+ 1 �Î��¤ ¤¢ ë¢�¬ w2 ø w1 ý�ûö¥ø �� ü÷¥ø-ø¢ Àî ×þ

�¤ ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî Â�üÜî ÓþÂã� �õ Âð� �î ´¨� ùÀª ù¢�¢ ö�È÷ ]25[ â�Âõ ¤¢
�� e > 1 ý�Â� Ã�÷ ��Ìì ßþ� .Ý��î éÁ� �¤ w1 + w2 = n+ 1 ´þ¢øÀ½õ Ý�÷���üõ ù�ðö� ,ÝþÂþÁ³�

.´¨� ´¨¤¢ ,�� ø¢ ý���� C? ¤¢ ö¥ø e+ 1

ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî ¥� üþ�ûñ�·õ 7.4

(4.1Ç¿� �� á��¤�) ¢¤�õ�¢�û Àî ×þ .1.7.4

Â»�� C (11;24;5) Àî ö¢¤ø� ´¨¢�� ý�Â� �¤ Àî ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (12;24;6) ¢¤�õ�¢�û Àî
 ¤ ßþ� Âð� ø Àª�� �ÞÜîÀî ¤�ú� Â·î�À� �� 3 �þ 2 �Ü¬�ê ý�¤�¢ À÷���üõ z �ÞÜî Âû �î ´¨� ¼®�ø .À��î

:(-1 ¤¢ �ûö�µ¨ °¨��õ �Â® ø � ¢�Þ÷ �� ´õ�ä Â��ç� ¥� Å�) Ýþ¤�¢ �¤ Âþ¥ ´�ã®ø ù�ðö� ,Àû¢

z = �� +++ +++ +++;

x1 = ++ +++ +++ +++;

x2 = �� ��� +++ +++;

x3 = �� +++ ��� +++;

x4 = �� +++ +++ ���;

,(�; x3) ,(�; x2) ,(+; x1) ÂÎ¨ ¤�ú� ý�¤�¢ 12 �±�Âõ ¥� üÜ¬� ¢¤�õ�¢�û ÅþÂ��õ �î ´¨��ãõ ö�À� ßþ�
,ßþ�Â���� ;´¨� ÂÎ¨ ¤�ú� ßþ� ¥� üÎ¡ °�îÂ� (�4;�4;�4;0;0; � � � ;0) ýÂÎ¨ ¤�¢Â� .´¨� (�; x4)
¢�ªüõ �¹�µ÷ ßþ� ¥� .´¨� ßØÞõÂ�è ��®ø�� �î Àª�� ¢�Þä ¢¤�õ�¢�û ÅþÂ��õ ùÀ÷�õüì�� ý�ûÂÎ¨ �� Àþ��
Í¨�µõ ¤�ÀÖõ �î ¢�ªüõ �¹�µ÷ 19 �Î��¤ ¥� .´¨� �ÞÜîÀî �¨ Â·î�À� �� 3 �þ 2 �Ü¬�ê ý�¤�¢ z �ÞÜî �î
�� Â��Â� ù¤��Þû ¢�Àã� ßþ� ,ßþ�Â���� ;´¨� �¨ Â��Â� ,�(z; C) > 1 �� z �ÞÜîÀî �� 3 �þ 2 �Ü¬�ê �� ��ÞÜîÀî

.´¨� üÎ¡Â�è C ,ñ�·õ ßþ� ¤¢ .´¨� r = 3 �� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� C ø¤ßþ� ¥� .´¨� �¨
�� Â��Â� �õ� ,´¨� ¤�ÂìÂ� 19 �Î��¤ ,ßþ�Â���� ;À�îüõ ¢�ä �¤ n+ 1 ,e+ 1 ,ñ�·õ ßþ� ¤¢ �î Àþ¤�¢ ����

.Àª��üÞ÷ Ûõ�î �f±þÂÖ� Àî ×þ Àî ßþ� .´Æ�÷ 3
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ùÀªÂ»�� RM Àî ×þ .2.7.4
¤¢ x �ÎÖ÷ 35 �� �ä�Þ¹õW À��î ­Âê .Àª�� F2 ýø¤ ýÀã� 6 �� ý¤�¢Â� ý�Ìê V À��î ­Âê
üþ�ûö�µ¨ ö���ä�� �¤ �û¤�¢Â� ßþ� .Àª�� x1x2 + x3x4 + x5x6 = 0 �ó¢�ãõ �� 2 ��¤¢ ôÂê ýø¤ V nf0g
�Ê¿Èõ â��� ,G ÂÎ¨ ß�õ�i �î Ý����üõ ,4.5 Ç¿� À�÷�õ .ÀþÂ�Ú� ÂÑ÷¤¢ G ,35 ¤¢ 6 ÅþÂ��õ ×þ ¥�
aTG üÎ¡ °�îÂ� ×þ ö¥ø ,ßþ�Â���� ;´¨� (1 � i � 6) xi = 1 �ó¢�ãõ �� üþ�û�½Ô¬Â�� ø W í�Âµª�

:ý�û���� ¢�Àã� ,(a 2 V )

x1x2 + x3x4 + x5x6 = 0;
6X
i=1

�ixi = 1;

¥� ù¢�Ôµ¨� ø ö¢Âîß�È÷�� �� .(a = 0 �îßþ� ÂÚõ) a1 = 1 Ý��îüõ­Âê ´�Üî ¥� ßµ¨�î öøÀ� .´¨�
:ß�ê� ÛþÀ±�

y2 = x2; y3 = x3 + a4x2; y4 = x4 + a3x2;

y5 = x5 + a6x2; y6 = x6 + a5x2;

:Ýþ¤�ÞÈ� �¤ Âþ¥ �ó¢�ãõ ý�û���� ¢�Àã� Àþ�� �î Ý����üõ (´¨� ÂþÁ�§�Øãõ �î)

(1+ a2 + a3a4 + a5a6)y2 + y3y4 + y5y6 = 0:

¢�Àã� ù�ðö� ,Àª�� 0 Â��Â� ö� Âð� ;´¨� 16 �� Â��Â� ¢�Àã� ßþ� ù�ðö� ,Àª�� 1 �� Â��Â� y2 °þÂ® Âð�
ö�ðø¢ ý�¤�¢ ,´¨� ö¥���ü¨¤Â� ÅþÂ��õ ö���ä�� G Ûõ�ª �î C Àî ,ßþ�Â���� ;´¨� 20 �� Â��Â� �û����
ù¢�Ôµ¨� �� .d � 3 Ýþ¤�¢ ,´¨� ýÂþ�Ê� C Àî ö�� .´¨� ,20 ø 16 ý�ûö¥ø �� ü÷¥ø-ø¢ Àî ×þ ,C?

´¡���Øþ ¤�Ï�� C ,5.7.3 ¥� ù¢�Ô µ¨� � � ,ßþ�Â �� � � ;�(C) = 2 Ýþ¤�¢ (6.7.2 �Î��¤) Â þ¥ �Ñ��õ ¥�
.À�îüõ ¤�î Â���� ¢�ã�� ¤¢ ���Èõ ©ø¤ .(19 ¥� ù¢�Ôµ¨� ��) ´¨� r = 10 �� ùÀªýÀ���µÆ�

���¤��Â� ý�ûÀî .3.7.4

ü��ÂÏ �¤ �Î¡ ùÀ��î¼�½Ê�-2 üÎ¡Â�è ý�ûÀî ¥� ü¨�î ]57[ â�Âõ 16���¤��Â� ,1968 ñ�¨ ¤¢
ý�ûÀî ¥� ü±�îÂ� �þ� �Â� ø� ÓþÂã� .À�µÆû ü±ó�� ¤��Æ� «��¡ ý�¤�¢ �ú÷� ´¨� ùÀª ´��� �î ¢�Þ÷
´¨� üî��µÈ�ø ��±¨�½õ Ûõ�ª �ûÀî ßþ� Û�Ü½� .´¨�Î¡ ùÀ��î¼�½Ê�-2 BCH ý�ûÀî ø Ù��Þû
.í.¤) ��µî ßþ� Óó�õ ø 18ßÆÜþø ø 17Âî�� Í¨�� ���¤��Â� ý�ûÀî ¥� Âþ¥ Ó�¬�� .(]11[ â�Âõ .í.¤)

.´¨� (]72[ â�Âõ
16F. P. Preparata
17R. D. Baker
18R. M. Wilson
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Ý�û��¡ ÓþÂã� �¤ 2n+ 2 = 2m+1 ñ�Ï �� �T Àî �õ .n = 2m � 1 ø ´¨� ¢Âê (m � 3) m ,Âþ¥ ¤¢
,ñ�Þãõ ¤�Ï�� .Y � F2m ø X � F2m ö� ¤¢ �î À÷�ªüõ Ó�¬�� (X;Y ) ý�û�ø¥ Í¨�� ,��ÞÜî .¢Âî
.´¨� 2m+1 ñ�Ï �� ¤�¢Â��(0;1) ×þ �î Ý��îüõ Â�ÆÔ� ÂÒ��µõ �Ê¿Èõ â��� ö���ä�� �¤ (X;Y ) �ø¥

üõ�Þ� Í¨�� ùÀª Ó�¬�� ��ÞÜîÀî Ûõ�ª ,2m+1 ñ�Ï �� �T �µê�þ©ÂµÆð ý���¤��Â� Àî .4.7.4 ÓþÂã�

:´¨� Âþ¥ Í��ø ¤ ¤¢ ë¢�¬ (X;Y ) ý�û�ø¥

.´¨� �ø¥ jY j ,´¨� �ø¥ jX j (1

.Px2X x =
P

y2Y y (2

.Px2X x3 + (
P

x2X x)3 =
P

y2X y3 (3

.´¨� ùÀõ� ´¨¢�� ,�Þ�÷ ß�óø� ¤¢ ÂÔ¬ ý�ûö�Øõ �� ÂÒ��µõ ��Êµ¿õ ¥� ö¢Âî ÂÑ÷éÂ¬ �� T Àî

2n �� �¤ (1) ¯Âª ¤¢ ë¢�¬ X Ý�÷���üõ .´¨� �ÞÜî 22n�2m ý�¤�¢ T �î Ý�û¢üõ ö�È÷ �Àµ�� ¤¢
F2m ý�Â� m3(x) ñ�Þ���õ ý��ÜÞ�À�� ,´¨� ¢Âê m ö�� �î Ý��îüõ ùÀû�Èõ Å³¨ .Ý��î ��¿µ÷� ÕþÂÏ
ßþ� .´¨� n� 2m Àã� ý�¤�¢ 5 ùÀªü��ÂÏ �Ü¬�ê ø n ñ�Ï �� BCH Àî ,ßþ�Â���� .´¨� m ��¤¢ ý�¤�¢
Y � F�

2m
���� 2n�2m ý�¤�¢ (3) ø (2) ��¢�ãõ ,ùÀª ù¢�¢ X ý�Â� �î À�îüõ ��¹þ� �õ�¢� ¤¢ °ÜÎõ

ßþ� .À�î ëÀ¬ (1) ¯Âª ¤¢ �� Ý��î �ê�®� Y ßþ� �� �¤ ÂÔ¬ �Ìä ,Àª�� ô¥� Âð� ,Ý�÷���üõ .À�ª��
.À�îüõ ´��� �¤ �ä¢� ,°ÜÎõ

Ý����üõ (1) ´ÞÆì 4.7.4 ÓþÂã� ¥� .´¨� 6 �Ü¬�ê-ßþÂµÞî ý�¤�¢ �T �î ´¨� ßþ� ýÀã� ý�ä¢�
ù� ðö� ,À � î ëÀ¬ ë� ê ¯Âª ø¢ ¤¢ (X;Y ) Â ð� � îß þ� ß � � �Ýû ø ´¨� �ø¥ ,� Ü¬� ê-ß þÂ µ Þ î � î
¤¢ ;Y := Y1�Y2 À�û¢ ¤�Âì ø Ýþ¤�¢ �¤ (X;Y2) ø (X;Y1) �ÞÜî ø¢ À��î ­Âê .´¨� ß��� Ã�÷ (Y;X)

:Ýþ¤�¢ (2) ´ÞÆì 4.7.4 ÓþÂã� ¥� �¤�¬ßþ�

X
y2Y

y =
X
y2Y

y3 = 0;

�þ Â�ï¤Ã� �Ü¬�ê ý�¤�¢ �ÞÜî ø¢ ´ó�� ßþ� ¤¢ ,ßþ�Â���� ; jY j � 5 Ýþ¤�¢ BCH ö�Âî ¥� ù¢�Ôµ¨� �� ü�ãþ
Âþ¥ ¯Âª �� �¤ (X2; Y2) ø (X1; Y1) ñ�Þµ�� �î ´¨� ßþ� À÷�õüõ üì�� �î ü±ÜÎõ �ú�� .À�µÆû 6 ýø�Æõ

:ÝþÂ�Ú� ÂÑ÷¤¢

jX1�X2 j = jY1�Y2 j = 2:

¤¢ .Àª�� X1 ¤¢ Â¬��ä á�Þ¹õ s+ � À��î ­Âê ø Y1�Y2 = f
; Æg ø X1�X2 = f�; �g À��î ­Âê
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:À��îüõ ��¹þ� 4.7.4 ¥� (3) ø (2) ´ÞÆì ,�¤�¬ßþ�

�+ � = 
 + Æ;

s2(�+ �) + s(�+ �)2 = 
3 + Æ3:

´��� �¤ �õ ý�ä¢� °ÜÎõ ßþ� .´¨� Ëì��� ×þ �î 
 = Æ ü�ãþ ;(s+ 
)3 + (s+ Æ)3 = 0 Ýþ¤�¢ �ú�þ� ¥�
:Ýþ�ù¢Âî ´��� �¤ Âþ¥ ��Ìì Å� .À�îüõ

ö� ¤¢ � î j T j = 2k (´ ¨� ¢Â ê m � 3) 2m+1 � 1 ñ� Ï � � T ý� ��¤� �Â � À î ¤¢ .5.7.4 ��Ìì
.´¨� 5 �� Â��Â� �Ü¬�ê-ßþÂµÞî ø k = 2m+1 � 2m� 2

18 �Î��¤ Å³¨ ø ´¨� (2m+1 � 1)=3 Â��Â� T Àî ý�Â� r Í¨�µõ ¤�ÀÖõ �î Ý���þüõ ¤¢ 19 �Î��¤ ¥�
.´¨� Ûõ�î �f±þÂÖ� T ü�ãþ ;´¨� (2m+1 � 1)=3 Â��Â� ø ù¢�� ´��� r �î À�îüõ ��¹þ�

4.4 Ç¿� ¤¢ �î Ýþ¤�¢ �¤ ßÆ����¤-ôøÂµ¨�¢Â÷ Àî ù�ðö� ,m = 3 ÝþÂ�Ú� ÂÑ÷¤¢ 4.7.4 ÓþÂã� ¤¢ Âð�
.Àª üêÂãõ

� � �¤ 3 Ý � ÷�� �ü õ .À � ª� �ü Þ ÷ ý¤øÂ ® (3) ´ Þ Æ ì 4.7.4 Ó þÂ ã � ¤¢ 3 ý� ûö�� � .6.7.4 ÂîÁ�

�� Fm ¥� 1-1 ý�û´ª�Ú÷ x ! xs�2 ø x ! xs Ýþ¤�¢ ¥�� ÷ ö� ¤¢ �î Ý��î ßþÃðý�� s := 2t + 1

��Ìì �� ¯��Âõ ñ�Àµ¨� �� �Ü¬�ê-ßþÂµÞî �� ¯��Âõ ñ�Àµ¨� ñø� ´ÞÆì �¤�¬ßþ� ¤¢ ;À�ª�� ©¢�¡
.Ý��îüõ ¤�Áð�ø ùÀ�÷��¡ �� ö�¨� ßþÂÞ� ×þ �¤�¬�� �¤ °ÜÎõ ßþ� .¢�ªüõ ßþÃðý�� 5.6.6

ñ�Ï �� �µê�þ©ÂµÆð Ù��Þû Àî ,4.7.4 ÓþÂã� (2) ø (1) Í��ø ¤ ¤¢ ë¢�¬ Àî �î À��îüõ ùÀû�Èõ
ÝþÂ�Ú� ÂÑ÷¤¢ �¤ T �õ Âð� �î ÝþÂ�ðüõ �¹�µ÷ üª¤�Þª ñ�Àµ¨� ×þ ø °ÜÎõ ßþ� �� ���� �� .´¨� 2m+1

´¨¢� � �¤ 2m+1 � 1 ñ�Ï � � Ù� �Þû Àî ,Ý � � î � ê�®� T � � 3 � Ü¬� ê � � ��Þ Ü î üõ�Þ � � � �¤ ö� ø
.Ý�û¢üõ ���¤� Ý�ÖµÆõ ¤�µ¡�¨ ×þ 7.7.4 ��Ìì ¤¢ .Ýþ¤ø�üõ

�Ü¬�ê ý�¤�¢ ��ÞÜî �ä�Þ¹õ ø (¢Âê m) n = 2m+1 � 1 ñ�Ï �� T ý���¤��Â� Àî á�Þµ�� .7.7.4 ��Ìì
.´¨� n ñ�Ï �� Ù��Þû Àî Â��Â� ,T �� 3

.¢¤�¢ ¢��ø T �� 3 �Ü¬�ê ý�¤�¢ �ÞÜî j T j :n�1
2

�î Ý�÷�¢üõ ,À�îüõ ëÀ¬ 3 �Î��¤ ¤¢ T ö�� .��±��
.´¨� n ñ�Ï �� Ù��Þû Àî ù¥�À÷� �� �î ´¨� �ÞÜî 2n�m�1 Ûõ�ª C á�Þµ�� ,ßþ�Â����

�ÞÜî ö¢�Þ÷�ê�®� Í¨�� ùÀõ� ´¨¢�� Àî �¤ C� ,� 2 F�
2m

ý�Â� ø C0 := �T Ý��îüõ ÓþÂã� ñ��
ö¥ø �� ý�û¤�¢Â� Ûõ�ª �ú�� C� Âû ��®ø�� .Ý��îüõ ÓþÂã� C0 ��ÞÜî �� (f0; �g; f0; �g) �� ÂÒ��µõ
Y = f0; �; �; 
g ,X = f0; �g � � ÂÒ� � µõ ý��ÞÜî Ûõ�ª C0 ù�ðö� ,Àû¢  ¤ 2 ö¥ø Âð� .´¨� �ø¥
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4 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C� Âû ,ßþ�Â���� .´¨� Ëì��� ¤¢ (2) ´ÞÆì 4.7.4 ÓþÂã� �� �î ¢�� Àû��¡
�î Ý��îüõ �ä¢� .(� 2 F := F2m ) À�µÆû �Ã¹õ ø¢��ø¢ �ûC� �î ¢�ªüõ �¹�µ÷ 22 ��Ìì ��±�� ¥� .´¨�
Û� �� ,(3) ´ÞÆì 4.7.4 ÓþÂã� ¥� ù¢�Ôµ¨� � � ,°ÜÎõ ßþ� ö¢�¢ ö�È÷ .´¨� üÎ¡ �H := [�2FC�

üÎ¡ ø �ûÂµõ�¤�� ßþ� ¥� .´¨� ¢Âê m �Âþ¥ ,´¨� ÂþÁ�ö�Øõ� �î ¢¢Âðüõ Â¹�õ x3 = � á�÷ ¥� ý��ó¢�ãõ
�¤ C ù¤��¤¢ �ä¢� ,°ÜÎõ ßþ� .´¨� n+ 1 ñ�Ï �� �µê�þ©ÂµÆðÙ��Þû Àî , �H �î ÝþÂ�ðüõ �¹�µ÷ ,ö¢��
� .À�îüõ ��±��

Àî ¤¢ ñ�ÞÈõ ,���¤��Â� Àî �c �ÞÜîÀî üÎ¡ ��±�îÂ� �î ¢�ªüõ �¹�µ÷ 7.7.4 ��Ìì ¥� �î Àþ¤�¢ ����
.´¨� Ù��Þû

¢��ø ôÀä ý�þ�Ìì 7.5

ý�ûÀî �ú�� üÜð ý�ûÀî �î ´¨� ùÀª ù¢�¢ ö�È÷ ]41[ 20´��óöø ø ]68[ 19ß�þ�ø�µ�� Í¨�� °ÜÎõ ßþ�
ü÷��� jQ j �î ý¤�Ï�� ,À�µÆû Q ù��¿ó¢ ý�±Ôó� ýø¤ e > 1 �� �Î¡ ùÀ��î¼�½Ê� �e üúþÀ�Â�è Ûõ�î
ø ]7[ 21´Æ� Í¨�� �î ü�¤�¬�� À÷���üõ Q ýø¤ ´þø¢øÀ½õ ,e > 2 ý�Â� .´¨� ñø� ¢Àä ×þ ¥�
,e = 1 ý�Â� .Àª��üõ Â�ÛØÈõ ¤��Æ� ö� ��±�� �õ� ,¢¢Âð éÁ� ,´¨� ùÀª ù¢�¢ ö�È÷ ]74[ 22Ù÷�û
�� á��¤�) ¢¤�¢ ¢��ø e = 1 �� üÎ¡Â�è Ûõ�î ý�ûÀî ¥� üþ�ûñ�·õ ß���Ýû .Ýþ�ùÀþ¢ �¤ Ù��Þû ý�ûÀî

.(4.7.7 �ó�Æõ
ùÀ��î¼�½Ê��e ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî �î ¢�¢ ö�È÷ ]69[ 23ïÂ±Ü�� ,197 ñ�¨ ¤¢
¯��Âõ �ûùÀþ� ü¡Â� ,Ç¿� ßþ� ¤¢ .À÷�ùÀª �µ¡��ª üÚÞû e � 3 �î üþ�ú÷� ø À÷¤�À÷ ¢��ø e > 3 �� �Î¡
.ÝþÂ�Ú� ÂÑ÷¤¢ �¤ üþø¢ø¢ ´ó�� �� ´¨�üê�î .¢�¢ Ý�û��¡ ���¤� �¤ ¸þ�µ÷ ßþ� ��±�� ý�Â� �µê¤ ¤�î�� ©ø¤ ��

¤�ÂØ� Àî ×þ C ù�ðö� ,Àª�� e > 1 �� �Î¡ ���î ¼�½Ê� �e Ûõ�î üþø¢ø¢ Àî ×þ C Âð� .1.7.5 ��Ìì
.´¨� üþø¢ø¢ üÜð Àî ×þ �þ

x1 < x2 < � � � < xe ý�û�Èþ¤ ý�¤�¢ 	e ý��ÜÞ�À�� ,(6.7.1) À þ� ó � �Ìì ¥� ù¢� Ô µ¨� � � .��±��

ö¤�Öµõ â���� ,(12) �Î��¤ ø 	e ÓþÂã� ¥� ù¢�Ôµ¨� �� .À�µÆû [1; n] ù¥�� ¤¢ ü½�½¬ ¢�Àä� �î Àª��üõ
19A. Tiet�av�ainen
20j. H. van Lint
21M. R. Best
22Y. Hong
23van Tilborg
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:À�µÆû ùÀª�µ¡��ª �û�Èþ¤ ¥� 2 ø 1 ��¤¢ ¥� ü��õÀÖõ
eX

i=1

xi =
1

2
e(n+ 1); (20)

X
i<j

xixj =
1

24
e(e� 1)f3n2 + 3n+ 2e+ 2g: (21)

:Àû¢üõ ö�È÷ �î ¢�ªüõ �¹�µ÷ 6 �Î��¤ ¥� Ã�÷ 20 �Î��¤ �î À��îüõ ùÀû�Èõ

xe�i+1 = n+ 1� xi: (22)

:Ýþ¤�¢ 21 ø 20 Í��ø ¤ ¥�
eX

i=1

eX
j=1

(xi � xj)
2 =

1

2
e2(e� 1)fn� 2e� 1

3
g: (23)

Ý þ¤�¢ 1.1.2 Ó þÂ ã � ¥� .Ý � � îü õ � ± ¨� ½ õ �¤ 	e(0) ,� û� È þ¤ �Â ®Û ¬� � ß µ ê� þ ý�Â �
:Ýþ¤�¢ (1 ÛÊê) 12 �Î��¤ �� 6.3.1 �Î��¤ �� ÓþÂã� ßþ� °�îÂ� �� .	e(0) =

Pe
j=0

�n
j

�
eY

i=1

xi = e!2l; l*�½¬ ¤�ÀÖõ ×þ ý�Â�: (24)

:¢�ªüõ Â¹�õ Âþ¥ Í��ø ¤ �� �î Ý��îüõ �±¨�½õ �¤ 	e(2) ø 	e(1) ,���Èõ üªø¤ ¤¢
eY

i=1

(xi � 1) = 2
�e(n� 1)(n� 2) � � � (n� e); (25)

eY
i=1

(xi � 2) = 2
�e(n� 1� 2e)(n� 2) � � � (n� e): (26)

ßþÂ �ï¤Ã� A(x) À��î ­Âê .Ý� �îüõ ��Â¿µ¨� Í��ø ¤ ßþ� ¥� �¤ xe ,� � � ,x2 ,x1 ù¤� �¤¢ �¹�µ ÷ ñ��
:�î Àû¢üõ ö�È÷ 24 �Î��¤ �¤�¬ßþ� ¤¢ .Àª�� x ¢Âê ��Üäô�ÆÖõ
eY

i=1

A(xi) = A(e!) < e!:

A(xi) = A(xj) �î ý¤�Ï�� À�ª� � �µª�¢ ¢��ø xj ø xi ÂÔ¬ ø¢ Àþ� � �î À�îüõ ��¹þ� °ÜÎõ ßþ�
:À�îüõ ��¹þ� 23 �Î��¤ ñ�� .2x1 � xe ø¤ßþ� ¥� ø 2xi � 2xj ,ßþ�Â���� ;(i < j)

xe � x1 �
1

3
(n+ 1): (27)

:Âð� ,´¨� ¤�ÀÖõ ßþÂµÞî ý�¤�¢ 23 �Î��¤ ²� ´Þ¨ ù�ðö� ,Ýþ¤�¢ �Ú÷ ´��� �¤ xe ø x1 �õ Âð�

x2 = x3 = � � � = xe�1 =
1

2
(x1 + xe):
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:Ýþ¤�¢ ,23 �Î��¤ ¤¢ Âþ¢�Öõ ßþ� ö¢�Þ÷ ß�È÷�� ��

(xe � x1)
2 � 1

2
e(e � 1)(n� 2e� 1

3
); (28)

:´¨� Âþ¥ �¤�¬�� �¹�µ÷ .Ý��îüõ °�îÂ� 27 �Î��¤ �� �¤ ö� �õ �î

n+ 1 � 9

2
e(e� 1): (29)

,´¨� �ø¥ ù¤��Þû (x � 1)(x � 2) ù� ðö� ,x 2 N Âð� ö�� .À þÂ �Ú � ÂÑ ÷¤¢ �¤ 26 ø 25 Í��ø ¤ ñ��
:Ýþ¤�¢

(n� 1� 2e)(n� 1)(n� 2)2(n� 3)2 � � � (n� e)2 � 0 mod 23e: (30)

.e < 1

2
(n�1) À��î ­Âê .´¨� ý¤�ÂØ� Àî C ü�ãþ ;´¨� üúþÀ� °ÜÎõ ßþ� ù�ðö� ,e = 1

2
(n�1) Âð�

Û õ� ª � î À þÂ � Ú � ÂÑ ÷¤¢ 30 �Î ��¤ ²� éÂÏ ¤¢ n � j Ûõ� ä Â û ¤¢ 2 ö�� � ß þÂ �ï¤Ã � �¤ 2� Ã � ÷
�� Â��Â� Â·î�À� À�îüõ ¢�ä �¤ 30 �Î��¤ ²� éÂÏ �î 2 ö��� ßþÂ�ï¤Ã� �¤�¬ßþ� ¤¢ ;Àª�� n�1� 2e

.� � 1

3
e+ 1 À�îüõ ��¹þ� �î ´¨� 23�+2e�3

:ßþ�Â����

n > 2
1+(1=3)e: (31)

,29 �Î��¤ �Î¨�ø�� �î e ×��î Âþ¢�Öõ .´¨� 29 �Î��¤ �� Ëì��µõ 31 �Î��¤ ù�ðö� ,Àª�� ï¤Ã� e Âð�
ÛÞä Â�Õ�ì¢ üÞî n ß�Þ¿� ¤¢ Âð� ,âì�ø ¤¢ .À÷�ªüõ ü¨¤Â� ü÷�¨��� ,À�îüõ ��¹þ� �¤ n×��î Âþ¢�Öõ
�ú�� e = 3 �î ¢�ªüõ ´��� .À÷¤�¢ ü¨¤Â� �� ¥��÷ �î À÷¤�¢ ¢��ø üÞî ¤��Æ� ���� �ú�� ù�ðö� ,Ý��î
.¢�ª âì�ø ¶½� ¢¤�õ Àþ�ó ��Ìì ¥� ù¢�Ôµ¨� öøÀ� �f õ�î üµ� À÷���üõ e = 3 ,âì�ø ¤¢ .´¨� ßØÞõ ´ó��
� .´¨� ùÀª ù¢�¢ ö�È÷ 1.7.7 �ó�Æõ ¤¢ °ÜÎõ ßþ�

À÷�ùÀª �µ¡��ª ,ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî üõ�Þ� �îßþ� ö¢�¢ ö�È÷ ý�Â� �µê¤ ¤�î�� Û�ó¢
Û�ó¢ �� �õ� ,¢Â�ðüõ ¤�î �� �¤ üú��Èõ À÷ø ¤ ,(À��îüõ ëÀ¬ 1.7.3 �Î��¤ ¤¢ �î üþ�ú÷� üõ�Þ� ;ü�ãþ)

.´¨� ô¥� üê�®� À�êÂ� üÞî ¢�Àã� ,ö� ¤¢ r Âµõ�¤�� á�ìø

.À�îüõ ´Æ�ó �¤ ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî üõ�Þ� ,7.1 ñøÀ� .2.7.5 ��Ìì
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�Î��¤ �î üªø¤ �� ���Èõ �fÖ�ì¢ ýÀ÷ø¤ ¤¢ .4.7.3 ��Ìì ü�ãþ ;Ý��îüõ áøÂª Àþ�ó ��Ìì Ý�Þã� �� .��±��
:Ýþ¤�¢ ,Ýþ¢Âî ´��� �¤ ,31 �Î��¤ °��Â��� ,28

xe+1 � x1 � (e+ 1)(
n+ 1

2
)1=2; (32)

n > 2
e=7: (33)

,� � � ,y2 ,y1 �¤�¬�� �¤ �û�Èþ¤ ,�ø�Ôµõ üªø¤ ¤¢ .À�î Â�ç� Àþ�� ¢¢Âð 27 �Î��¤ �� Â¹�õ �î üÜ�ó¢
��) Ýþ¤�¢ ÂÚþ¢ éÂÏ ¥� .�1 � �2 � � � ��e+1 ø yj = A(yj)2

�j ö� ¤¢ �î Ý��îüõ ý¤�Áðù¤�Þª ye+1
:(b ø a ô.ô.� ý�Â� (a; b) ßµª�÷

Qe
i=1

j yi�yi+1 j
yi

� Qe
i=1

(yi;yi+1)
yi

=
Q
i
(A(yi);A(yi+1))2

�i

yi

� Qe
i=1

1

A(yi)
� 1

A(y1;���;ye+1) =
A(jcj)

A(r)A((e+1)!)

� 1

rA((e+1)!)
:

:Ýþ¤�¢ ,ÂÚþ¢ éÂÏ ¥� .¢�ªüõ �¹�µ÷ 19 �Î��¤ ¥� Â¡� �ó¢�ãõ ,�¹�þ� ¤¢
Qe
i=1

j yi�yi+1 j
yi

� (xe+1�x1)e
y1���ye � n(xe+1�x1)e

x1x2���xe+1

= 1

n(xe+1�x1)e r(e+ 1)!:2
e+1jcj
2n

:

:Ýþ¤�¢ ýø�Æõ�÷ ø¢ ßþ� °�îÂ� ��

(xe+1 � x1)
e � (e+1)!

A((e+1)!)
1

2e+1
: 2

n

njcj

� (e+1)!
A((e+1)!)

1

2e+1
:1n
Pe

i=0

�n
i

� � (e+1)!
A((e+1)!)

1

2e+1
1

n

�n
e

�
;

:ßþ�Â����

(xe+1 � x1)
e � (e+ 1)

A((e+ 1)!)

1

2e+1
(n� 1)(n� 2) � � � (n� e+ 1): (34)

ý�û�ø¥ ¥� üû��µõ ¢�Àã� �ú�� ù�ðö� ,e � 3 Âð� .À��î �Æþ�Öõ 34 �Î��¤ � � �¤ 33 ø 32 Í��ø ¤ ñ��
Í¨�� Ý�ÖµÆõ ¤�Ï�� ø ü÷�¨��� e = 2 ø e = 1 ���� .À��îüõ ëÀ¬ ýø�Æõ�÷ �¨ ßþ� üõ�Þ� ¤¢ (e; n)
�Ã¹õ ¤�Ï�� ý¤��Æ� üû��µõ ���� ,�¹�µ÷ ×þ ö���ä�� .À÷Â�ð ¤�Âì ¶½� ¢¤�õ À�÷���üõ 4.7.3 ��Ìì
ùÀª´Æ�ó ý�ûÀî ,�¹�µ÷ ×þ ö���ä�� .Ý��îüõ éÁ� �¤ (]69[ â�Âõ .í.¤) ���þÃ� �õ .À÷�ùÀª ü¨¤Â�
� .Ýþ¤�¢ �¤ Âþ¥ ñøÀ� ¤¢

�ûÀî ßþ� ¥� ö�ÆØþ ý�ûÂµõ�¤�� �� ý�ûÀî üõ�Þ� �¤�¬�� \���¤��Â� Àî" ø \Ù��Þû Àî" Â¬��ä �¹�þ� ¤¢)
.(À÷�ªüõ Â�±ã�
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.ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ø Ûõ�î �f±þÂÖ� ,Ûõ�î ý�ûÀî üõ�Þ� ñøÀ� :7.1 ñøÀ�

e n jcj á�÷ Ó�¬��

0 n 2n Ûõ�î f0;1gn
1 2m � 1 2n�m Ûõ�î (�ûÀî Âþ�¨ ø) Ù��Þû Àî
1 2m � 2 2n�m Ûõ�î �±þÂÖ� ùÀªù���î Ù��Þû Àî

1.7.7 �� á��¤
1 22m�1 � 2m�1 � 1 2n�2m ù¢ÂÈê ´¡���Øþ ¤�Ï�� 2.7.4 �� á��¤
2 22m � 1 2n+1�4m Ûõ�î �±þÂÖ� ���¤��Â� Àî
2 22m+1 � 2 2n�4m�2 ù¢ÂÈê ´¡���Øþ ¤�Ï�� (2.7.7 �� á��¤)BCH Àî
2 11 24 ù¢ÂÈê ´¡���Øþ ¤�Ï�� (1.7.4 �� á��¤
3 23 212 Ûõ�î üÜð Àî
e 2e+ 1 2 Ûõ�î ¤�ÂØ� Àî
e e 1 Ûõ�î f0g

�û¢�ú�È�� 7.6

,Ù��Þû �Ü¬�ê Ã��� ýÂÚþ¢ ý�û×þÂµõ ñ�·õ ý�Â�) À÷��µê� þ Ý�Þã� ©ø¤ ßþÀ�� �� Ûõ�î ý�ûÀî
.À�î �ã��Âõ ]44[ â�Âõ �� Àþ�� ùÀ�÷��¡ (â���õ ¥� ý¤��Æ� Ûõ�ª) ü¨¤Â� ×þ ý�Â� .(ùÀª°�îÂ� ý�û�±Ôó�

ÂÚþ¢ â���õ ¥� ý¤��Æ� Ã�÷ ø ]46[ â±�õ ¤¢ À÷���üõ ß�þ�ø�µ�� ¢c��ø ôÀä ��±�� ¥� ý��µê�þ Â��ç� �¿Æ÷
.¢�ª ´ê�þ

.¢�ª ´ê�þ ]69[ â�Âõ ¤¢ À÷���üõ ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� ý�ûÀî ù¤��¤¢ ��ä�Ï� ßþÂ�Ûõ�î
.Ý�û¢üõ á��¤� ]46[ ø ]11[ â��Âõ �� , 24�ÂÏ �þÂÑ÷ �� ¯�±�¤� ùÀû�Èõ ý�Â�

üµó�� ¤¢ ,Q ý�û�±Ôó� ýø¤ Â� ùÀÈ÷ �µ¡��ª ý�Î¡ ùÀ��î¼�½Ê�-2 ý�ûÀî ¢��ø ö�Øõ� �ó�Æõ
e = 1´ó�� .´Æ�÷ ßØÞõÂ�è �õ� ,Àþ�üõ ÛØÈõ ¤��Æ� ÂÑ÷�� ,Àª�±÷ ñø� ¢Àä ×þ ¥� ü÷��� jQ j �î

.À¨¤üõ ÂÑ÷�� ùÀ��î¤�øÀ�õ�

Í¨� � (7.2 Ç¿� ñ� · õ ý�Â �) À ÷�� µ ê¤ ¤� î� � Ç¿ � ß þ� ¤¢ � î ü þ� û©ø¤ ø � ûùÀ þ� ¥� ý¤� �Æ �
.À÷�ùÀª �ÂÎõ 25�¤�Æó¢

24design theory
25P. Delsarte
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Û��Æõ 7.7

.´¨� Ûõ�î �f±þÂÖ� [2m � 2;2m �m� 2] ùÀªù���î üþø¢ø¢ Ù��Þû Àî À�û¢ ö�È÷ .1.7.7

�� .Àª�� 5 ùÀªü��ÂÏ �Ü¬�ê �� ø n = 22m+1 � 1 ñ�Ï �� üþø¢ø¢ BCH Àî C À��î ­Âê .2.7.7
¤�Ï�� C À�û¢ ö�È÷ ,�(u;C) � 2 �� u �ÞÜîÀî �� 3 �Ü¬�ê �� ��ÞÜîÀî ¢�Àã� ¼þÂ¬ �±¨�½õ ¥� ù¢�Ôµ¨�

.´¨� r = 1

6
(n� 1) Âµõ�¤�� �� ùÀªýÀ���µÆ� ´¡���Øþ

.´¨� ôøÂµ¨�-¢Â÷ Àî �C �î ý¤�Ï�� ¢¤�¢ ¢��ø C Ûõ�î �f±þÂÖ� Àî ×þ �î À�û¢ ö�È÷ .3.7.7

Âð� f(c) = 1 ø f(0) = 0 �� H ýø¤ �¤ f .Àª�� üþø¢ø¢ [7;4] Ù��Þû Àî ,H À��î ­Âê .4.7.7

:��ÞÜîÀî �� 15 ñ�Ï �� Àî C À��î ­Âê .À��î ÓþÂã� c 6= 0

(x; x+ c;
P7

i=1 xi + f(c)); c 2 H;x 2 F7
2
ö� ¤¢ �î :

.´Æ�÷ üÎ¡ Àî ×þ �� ¥ ¤�Ýû C ø ´¨� Ûõ�î C À�û¢ ö�È÷ .Àª��

.´¨� üúþÀ� �Î¡ ùÀ��î¼�½Ê�-2 üþø¢ø¢ Ûõ�î Àî ×þ �î À�û¢ ö�È÷ .5.7.7

ö�È÷ .Àª�� r = 6 ø e = 1 ,n ñ�Ï �� ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� Àî ×þ C À��î ­Âê .6.7.7
.À�û¢ ���¤� �¤ C ¥� ¤�µ¡�¨ ×þ ø n = 27 À�û¢

À î .À � îü õ À � ó� � �¤ [7;4] Ù� � Þ û À î ,PG(2;2) ¯� Î ¡ � î Ý þÀ þ¢ 3.3.3 ñ� · õ ¤¢ .7.7.7
ýÂ�ð¤�î� � � � �î Àª� � �µª�¢ À�õ� ´¨� ßØÞõ ÂÔ ÷ ×þ .´¨� [8;4;4] Àî ×þ Â��Â � � µ ê� þ©ÂµÆð
üó�·õ âì�ø ¤¢ ßþ� .À���� ,jcj = qn�4 ø d = 4 ,q2 + q + 2 ñ�Ï �� �¤ Fq ýø¤ C Àî ö���üõ ,PG(2; q)
ø q = 3´ó�� .(]25[ â�Âõ .í.¤) ´¨� Â�üÜî ´ó�� ¤¢ ùÀªýÀ���µÆ� ´¡���Øþ ¤�Ï�� Àî ×þ ¥�

.¢¤�À÷ ¢��ø ýÀî ß��� À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ jcj = 310

Å³¨ ø A4 .À��î ©¤�Þª d(x; c) = 2 ø c 2 C ,x 2 F14
3

�� ©ø¤ ø¢ �� �¤ (x; c) ý�û�ø¥ :üþ�Þ�û�¤
.À��î �±¨�½õ �¤ A5

ñ�Ï �� �Î¡ ×þ ùÀ��î¼�½Ê� Ûõ�î Àî ×þ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ üó �Ü¬�ê �� (¢Âê m) Zm ý�±Ôó� .8.7.7
.Àþ¥�Æ� n = 1

2
(m2 � 1)
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Z
4
ýø¤ ý�ûÀî

üþ��¤�ú� ý�ûÀî 8.1

ßþÀ�� �î Àª ù¢�¢ ö�È÷ (À��î ùÀû�Èõ ÛÊê ßþ� ý�Â� üþ�Þ�û�¤ ö���ä�� �¤ ]88[ â�Âõ) 1994 ñ�¨ ¤¢
,Z2

2
�� ö� ��Êµ¿õ ö¢Âî Â þ�Ê� Å³¨ ø Z4 ý�±Ô ó� ýø¤ Àî ×þ ć ¡�¨ � � �¤ éøÂãõ üþø¢ø¢ Àî

.Ý��îüõ �ãó�Îõ üÜî ´ó�� ¤¢ �¤ Z4 ýø¤ ý�ûÀî �Àµ��¤¢ .´¡�¨ ö���üõ

ýø¤ n ñ�Ï �� üÎ¡ üî�Ü� Àî ×þ �¤ C ù�ðö� ,Àª�� Zn
4
¥� üãÞ� ùøÂðÂþ¥ ×þ C Âð� .1.8.1 ÓþÂã�

.Ý�õ�÷üõ 1üþ��¤�ú� Àî ×þ �þ Z4
ñ�±÷¢ �¤ ý¤�ÁðÀî �þÂÑ÷ ��Î¬� �õ ,´Æ�÷ ý¤�¢Â� ý�Ìê ×þø ´¨� ñøÀõ-Z4 ×þ C ��Âð�

.Ý��îüõ ù¢�Ôµ¨� °¨��õ�÷ �¤�¬�� \üÎ¡" �ÞÜî ¥� ø ù¢Âî
�¤ C? ö�ðø¢ Àî Ý�÷���üõ .¢�ªüõ ÓþÂã� ñ�Þãõ ¤�Ï�� ,Zn

4
�ÞÜî ø¢ ¥� < a;b > üÜ¡�¢ �Â®

.Ý�þ�Þ÷ üêÂãõ ,4.3.2 ÓþÂã� �� ���Èõ ÛØª��
ý�ûö�Øõ ´Èðý�� �� ö��µ� ýÂÚþ¢ ¥� �¤ üØþ Âð� ,Ý�õ�÷üõ 2¥ ¤�Ýû �¤ Àî ø¢ �õ ,ñ�Þãõ ¤�Ï��
ù¢�¢ Ý�Þã� ,�ûö�Øõ üÌã� ¤¢ �û´õ�ä ¥�¹õ Â��ç� �� ÓþÂã� ßþ� ��ìø� ü¡Â� .¢¤ø� ´¨¢�� ��Êµ¿õ

.(ÅØäÂ� ø À�îüõ ßþÃðý�� 3 ý���� �¤ 1 Û±Þ¨ ,Â��ç� ßþ�) ;¢�ªüõ
1 quaternary
2 equivalent
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.Ýþ¤ø�üõ ñ�·õ ×þ �Àµ��¤¢ .Ý��î ´ì¢ Àþ�� ,Àó�õ ÅþÂ��õ ô�úÔõ Ý�Þã� ¤¢

(x; y 2 Z4) (y; y + 2; y + 2) ø (x; x; x) ��ÞÜî üõ�Þ� Ûõ�ª �î �¤ Z3
4
¥� üãÞ� ùøÂðÂþ¥ .2.8.1 ñ�·õ

ü Î ¡ �� ± � îÂ � � ä� Þ ¹ õ ö�� � ä� � �¤ ü þ� �¤� ú � À î ß þ� Ý � ÷�� �ü õ .À þÂ � Ú � Â Ñ ÷¤¢ ,À ª� �

.(4 �÷�Þ�� �� âÞ�) b 2 Z2 ø a 2 Z4 ö� ¤¢ �î ÝþÂ�Ú� ÂÑ÷¤¢ a(1;1;1) + b(0;2;2)

ý�ûùøÂð) ´¨� 2 �þ 4 �±�Âõ �� ý�ûÀîÂþ¥ Ý�ÖµÆõ �Â®Û¬�� ,üþ��¤�ú� Àî ×þ ,üÜî ´ó�� ¤¢
ÛØª�� Àó�õ ÅþÂ��õ �� ¥ ¤�Ýû Àî ×þ �î ´¨� ö� ùÀ�û¢ö�È÷ °ÜÎõ ßþ� .(2 �þ 4 �±�Âõ ¥� üãÞ� ý¤ø¢

:´¨� Âþ¥

G :=

 
Ik1 A B

0 2Ik2 2C

!
(1)

aG ÛØª�� ,�ÞÜîÀî ×þ .À�µÆû Z4 �� ÕÜãµõ B ý�û�þ�¤¢ ø 1 ø 0 �� Â��Â� C ø A ý�û�þ�¤¢ ö� ¤¢ �î
ý�¤�¢ C? ö�ðø¢ Àî .À�ª��üõ Z2 �� ÕÜãµõ ak1+k2 �� ak1+1 ø Z4 �� ÕÜãµõ ak1 �� a1 ö� ¤¢ �î Àª��üõ

:´¨� Âþ¥ ÛØª�� ýÀó�õ ÅþÂ��õ

H :=

 �B> � C>A> C> In�k1�k2
2A> 2Ik2 0

!
(2)

ö���ä�� .Ýþ¥�À��� üû�Ú÷ ü÷¥ø ý�ûùÀ÷¤�Þª �� Àþ�� ö��î� ,3 ÛÊê ¥� üÎ¡ ý�ûÀî ¶½� ö¢Âî ñ�±÷¢ ��
Àî ×þ ö¤�Öµõ ü÷¥ø ùÀ÷¤�Þª .À÷��µêÂð ¤�Âì ¶½� ¢¤�õ 3.6 Ç¿� ¤¢ °ó�Îõ ßþ� ,ÛÊê ßþ� Â� ý��õÀÖõ
Àî ×þ üó ö¥ø ý�ûùÀ÷¤�Þª �î ¢�� ´�ãì�ø ßþ� ,Ýúõ �¹�µ÷ .Ýþ¢�Þ÷ ÓþÂã� �¤ üó ö¥ø ùÀ÷¤�Þª ø Zn

4
¤¢

.À��îüõ ëÀ¬ Ãõ��Üþø×õ Í��ø ¤ ¤¢ ö� ö�ðø¢ ø

Z4 ýø¤ ý�ûÀî ¥� ùÀõ� ´¨¢�� üþø¢ø¢ ý�ûÀî 8.2

ø À�îüõ Âþ�Ê� Ù��Þû �Ü¬�ê �� �¤ Z4 ¤¢ üó �Ü¬�ê �î ¢¤�¢ ¢��ø Z22 �� Z4 ¥� � üã�±Ï ´ª�Ú÷ ×þ
:´¨� Âþ¥ �¤�¬��

�(0) = (0;0); �(1) = (0;1); �(2) = (1;1); �(3) = (1;0)



171 Z4 ýø¤ ý�ûÀî .8 ÛÊê

�¨ �õ�¢� ¤¢ ,ý¤�Áð¢�Þ÷ ¤¢ üð¢�¨ ý�Â� .Ý�û¢üõ Ý�Þã� Zn
4
�� ÕÜãµõ ý�ûÀî �� �¤ ´ª�Ú÷ ßþ� �¹�þ� ¤¢

:Ý��îüõ üêÂãõ Âþ¥ �¤�¬�� �¤ Z2 �� Z4 ¥� â���

i 2 Z4 �(i) �(i) 
(i)

0 0 0 0

1 1 0 1

2 0 1 1

3 1 1 0

:

.´¨� (�(i)); �(i)) �¤�¬�� ,´Æ¿÷ Ýì¤ ¤¢ ©¥¤� ßþÂµÈ�� �� i ¢Àä üþø¢ø¢ Çþ�Þ÷ �î À��î ����
.¢�ªüõ ù¢�¢ Ý�Þã� Zn

4
�� üúþÀ� ¤�Ï�� ,��� ¤¢ ùÀª ÓþÂã� �´ª�Ú÷ .
(i) = �(i) + �(i) ùø�ä��

.1.8.2 ÓþÂã�

�(C) := (�(c); 
(c)); (c 2 Zn
4
):

C üþø¢ø¢ Âþ�Ê� ,C 0 := �(c) Àî ,C üþ��¤�ú� Àî ý�Â� ø ¢�ªüõ ùÀ�õ�÷ 3ýÂð ´ª�Ú÷ ,´ª�Ú÷ ßþ�

üþø¢ø¢ Âþ�Ê� éÂãõ C 0 �È�Þû ,�õ�¢�¤¢ .¢�ªüõ ùÀ�õ�÷ üÎ¡-Z4 ,üþø¢ø¢ Àî ß��� .¢�ªüõ ùÀ�õ�÷

.Àª��üõ C üþ��¤�ú� Àî

�ú�þ�) ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (0;2;2) ø (1;1;3) Í¨�� ùÀª À�ó�� 3 ñ�Ï �� C üþ��¤�ú� Àî .2.8.2 ñ�·õ

üÎ¡ ��±�îÂ � ,üþø¢ø¢ Âþ�Ê� ¤¢ ñø�ÂÎ¨ Ýú¨ .(À�µÆû k1 = k2 = 1 � � 1 �Î��¤ ¤¢ G ý�ûÂÎ¨

��±�îÂ� �õ ô�¹÷�Â¨ .Àû¢üõ ´îÂª �¤ (011011) ÍÖê ôø¢ ÂÎ¨ .Àª��üõ (110001) ø (001110)
Âþ¥ ÛØª �� Àó�õ ÅþÂ��õ �� üÎ¡ Àî ×þ C 0 üþø¢ø¢ Âþ�Ê� ,´ó�� ßþ� ¤¢ ,ßþ�Â���� ;Ýþ¤�¢ �¤ �ú�þ� üÎ¡

:´¨�0
B@
1 1 1 1 1 1

0 1 1 0 1 1

0 0 1 1 1 0

1
CA :

ýÀó�õ ÅþÂ��õ �� üþ��¤�ú� Àî ×þ C 0 Âð� �î À�î ü¨¤Â� À÷���üõ ùÀ�÷��¡ ,ñ�·õ ßþ� �� �Æþ�Öõ ��
ÛØª�� ýÀó�õ ÅþÂ��õ ý�¤�¢ C 0 ù�ðö� ,Àª�� üÎ¡ üþø¢ø¢ Àî ×þ ,C 0 üþø¢ø¢ Âþ�Ê� ø ù¢�� 1 À�÷�Þû
3 Gray map



172

:´¨� Âþ¥

G0 :=

0
B@
Ik1 A �(B) Ik1 A �(B)

0 Ik2 C 0 Ik2 C

0 0 �(B) Ik1 A 
(B)

1
CA : (3)

�î ´¨� ßþ� �õ ý�Â� �ó�Æõ ßþÂ�Ýúõ .´Æ�÷ üÎ¡ ´ª�Ú÷ ×þ � �Âþ¥ ,Àª��üÞ÷ üÎ¡ C 0 ,üÜî ´ó�� ¤¢
ö�÷� ý�ûÂþ�Ê� Ù��Þû �Ü¬�ê ýø�Æõ C ¤¢ �ÞÜîÀî ø¢ üó �Ü¬�ê ü�ãþ ;´¨� �Ü¬�ê Ðê�� �´ª�Ú÷

.´¨�
Û��ì \ë�±Î÷�" ×þ ý�Â� üú���� �ú÷� �î ´¨� °ÜÎõ ßþ� ,Z4 ýø¤ ý�ûÀî �� ���� Ûþ�¢ ¥� üØþ
.À� µÆû üÎ¡Â�è ø¢ Âû ,� ��Èõ ñ�Ï � � 4� ��¤� �Â � Àî ×þ ø í�¢Âî Àî ×þ .À�û¢üõ ���¤� �¤ ��� �
ö�ðø¢ �� À��îüõ ©�� �ú÷� ,ÂÚþ¢ ö��� �� .À��îüõ ëÀ¬ Ãõ��Üþø×õ Í��ø ¤ ¤¢ �ú÷� �Ü¬�ê ý�ûùÀ÷¤�Þª
ßþ� Ó�¬�� ý�Â� ¢�¡ ©ø¤ ýø¤ �õ ,´¨��ãõü� üÎ¡Â�è ý�ûÀî ý�Â� ô�úÔõ ßþ� ��Âð� ,À�ª�� Ýû
âì�ø ¤¢ �î À�µÆû üþ��¤�ú� ý�ûÀî üþø¢ø¢ ý�ûÂþ�Ê� �ûÀî ßþ� ýø¢ Âû .Ý�µÆû ÝÞÊõ ö���Ýû �ûÀî

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ üÚ÷�ðø¢-Z4 �õ ,ßþ�Â���� ;À�µÆû ÂÚþÀØþ ö�ðø¢

ø C 0 = �(C) ù� ðö� ,À ª� � ö� ö� ðø¢ À î C? ø ü þ� �¤� ú � À î × þ C Â ð� .3.8.2 ÓþÂã�
.À÷�ªüõ ùÀ�õ�÷ ö�ðø¢-Z4 ý�ûÀî ,(C?)0 := �(C?))

.´¨�þ�� �Ü¬�ê ´½� ,C 0 ü�ãþ ,ö� üþø¢ø¢ Âþ�Ê� �î ¢�ªüõ �¹�µ÷ ,´¨� üÎ¡ C �îßþ� ¥�

� � ÂÒ� � µ õ ü÷¥ø ý�ûâ þ¥� � ù� ðö� ,À�ª� � Ýû ö�ðø¢ ø üþ� �¤�ú� ý�ûÀî C? ø C Âð� .4.8.2 ��Ìì
.À��îüõ ëÀ¬ 2.3.5 ��Ìì ¥� Ãõ��Üþø×õ Í��ø ¤ ¤¢ ,�ûÀî ßþ� ¥� (c?)0 ø C 0 üþø¢ø¢ ý�ûÂþ�Ê�

ù�ðö� ,Àª�� n �� Â��Â� C ñ�Ï Âð� .´¨� wL(C) ýø�Æõ �(C) Ù��Þû ö¥ø �î Ýþ¢Âî �Ñ��õ .��±��

:Ýþ¤�¢ ,4.3.6 ��Ìì ø 3.3.6 �Î��¤ ¥� ,ßþ�Â���� .´¨� 2n Â��Â� C 0 Àî ñ�Ï

Ham(C?)0(x; y) =
1

jc0 j HamC0(x+ y; x� y):

�

��±�� ,Àª�� üþ��¤�ú� Àî ×þ üþø¢ø¢ Âþ�Ê� ,üþø¢ø¢ Àî ×þ �îßþ� ý�Â� �¤ üê�î ø ô¥� Íþ�Âª �¹�þ�¤¢
×þ �î Àû¢üõ �¹�µ÷ °ÜÎõ ßþ� .�(�C) = (
(C); �(C)) �î À��î üõ ùÀû�Èõ �Àµ�� ¤¢ .¢�Þ÷ Ý�û��¡
ßþ� .Àª��üõ ´��� ,(1:n + 1)(2; n + 2):::::::(n;2n) �¤�¬�� � ´Èðý�� Í¨�� üÎ¡-Z4 Àî

.À�îüõ ������ ÂÚþÀØþ �� �¤ �ÞÜîÀî Âû �Þ�÷ ø¢ ,´Èðý��
4 Preparata
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:Ýþ¤�¢ ,a; b 2 Zn
4
üõ�Þ� ý�Â� .5.8.2 Ýó

�(a+ b) = �(a) + �(b) + (�(a) + �(�(a)))(�(b) + �(�(b))):

:¢�ªüõ �¹�µ÷ Âþ¥ °ó�Îõ �� ���� �� ��±�� .��±��

;�(a) + �(a) + 
(a) = 0 (1

;À�ª�� ¢Âê b ø a Âð� ÍÖêø Âð� �(a)�(b) = 1 (2

Â � è¤¢) À � ª� � ¢Â ê ø¢ Â û b ø a Â ð� ÍÖ ê ø Â ð� � = 1 ö� ¤¢ � î �(a + b) = �(a) + �(b) + � (3

.À�îüõ ëÀ¬ �Î��¤ ßþ� ¤¢ ���Èõ ¤�Ï�� Ã�÷ 
 ø (� = 0 �¤�¬ßþ�

�

�� Âð� �ú�� ø Âð� ´¨� üÎ¡-Z4 ,Àª��üÞ÷ üÎ¡ �fõøÃó �î �ø¥ ñ�Ï �� üþø¢ø¢ Àî ×þ .6.8.2 ��Ìì
:�î ý¤�Ï�� ,Àª�� ñ¢�ãõ C Àî ×þ

a; b 2 C ) a+ b+ (a+ �(a))(b + �(b)) 2 C:

� .¢�ªüõ �¹�µ÷ 5.8.2 Ýó ¥� �f¤�ê ��±�� ßþ� .��±��

ôÂê ý�¤�¢ ,�ÞÜîÀî Âû .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 2m ñ�Ï �� R(1;m) ñø� �±�Âõ Âó�õ-Àþ¤ Àî .7.8.2 ñ�·õ
�ÞÜîÀî ß�õø¢ b = (y; y + �) Âð� .(2m � 1 ñ�Ï ¥�) " = 1 �þ " = 0 ö� ¤¢ �î ´¨� a = (x; x + �)

��Ìì ¥� ù¢�Ôµ¨� � � ,ßþ�Â �� � � ;(a + �(a))(b + �(b)) = 1 � þ (a + �(a))(b + �(b)) = 0 ù�ðö� ,Àª��

,ÂÒ��µõ üþ��¤�ú� Àî ù�ðö� ,ÝþÂ�Ú� ÂÑ÷¤¢ �¤ m = 3´ó�� Âð� .´¨� üÎ¡-Z4 ,R(1;m) Àî ,6.8.2
:´¨� Âþ¥ ÛØª�� ýÀó�õ ÅþÂ��õ ý�¤�¢

G :=

0
B@
1 1 1 1

0 2 0 2

0 0 2 2

1
CA :
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.Ý��îüõ �À�� �¤ R(1;m) ý�Â� ¢¤�À÷�µ¨� �þ�� ý�û¤�¢Â� ,1 ÅþÂ��õ ø G ¥�
,Âþ¥ ¶½±õ .À�µÆû üþ��¤�ú� ý�ûÀî ¥� ýÂþø�Ê� �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ üþø¢ø¢ üÎ¡ ý�ûÀî ö��î�

.´¨� 6.8.2 ��Ìì ¥� üÞ�ÖµÆõ �¹�µ÷

:Âð� �ú�� ø Âð� ´¨� üÎ¡ ,C üþ��¤�ú� Àî ×þ ¥� �(C) üþø¢ø¢ Âþ�Ê� .8.8.2 ýÂ�ð�¹�µ÷

a; b 2 C ) 2(�(a)�(b)) 2 C:

:Ýþ¤�¢ 5.8.2 Ýó ö¢Â� ¤�î�� ¤�� ø¢ �� .��±��

�(a+ b+ 2(�(a)�(b))) = �(a) + �(b):

�

ý�¤�¢ ,À÷¤�¢ ¢Âê ý�û�þ�¤¢ b ø a ýø¢ Âû �î üþ�ûö�Øõ ¤¢ �î ´¨� Àî ¤¢ ý��ÞÜî ¢��ø ü�ãõ �� ßþ�
.´¨� ÂÔ¬ ¤�ÀÖõ ý�¤�¢ ÂÚþ¢ ý�ûö�Øõ ¤¢ ø ´¨� 2 ¤�ÀÖõ

üÎ¡-Z4 ,m � 5 ý�Â� n = 2m ñ�Ï�� �µê�þ©ÂµÆð Ù��Þû Àî �î ¢�¢ Ý�û��¡ ö�È÷ �¹�þ� ¤¢
.´Æ�÷

.´Æ�÷ üÎ¡-Z4 ,m � 5 ý�Â� R(m� 2;m) Àî .9.8.2 ��Ìì

Ù��Þû Àî Ûõ�ª ö� üþø¢ø¢ Âþ�Ê� �î Àª�� 2m�1 ñ�Ï�� üþ��¤�ú� Àî ×þ C À��î ­Âê .��±��
Ç¿� .Àª�� C Àó�õ ÅþÂ��õ ,1 �Î��¤ ¥� G À��î ­Âê .´¨� n = 2m ñ�Ï �� Hm �µê�þ©ÂµÆð üþø¢ø¢

�� üþ�ûÂÎ¨ Gk1 ,´¨� �ø¥ ö¥ø �� Àî ×þ Hm ö�� .Ý�õ�÷üõ 2Gk2 �¤ ü��þ�� Ç¿� ø Gk1 �¤ üþ���
:Ý��îüõ ÓþÂã� ;¢¤�¢ ¢Âê ý�û�þ�¤¢ ¥� �ø¥ ý¢�Àã�

G0k1 := ( Ik1 A �(B) ) :

C ¥� ýÀî Âþ¥ 2Gk2 ø 2G0k1 �î À��î ���� .Ý��îüõ �ãó�Îõ �¤ ùÀª À�ó�� G0k1 Í¨�� �î H 0 üþø¢ø¢ Àî
ö�� .k1 + k2 � 2m�1 � 1 ��®ø�� .À�îüõ À�ó�� ,´¨� �ø¥ ��Êµ¿õ �� ��ÞÜî Ûõ�ª �ú�� �î �¤

.Àª��üõ 2m�1 �m Ûì�À� Àã� ý�¤�¢ H 0 �î Ý����üõ ,2k1 + k2 = 2m �m� 1
ßþ� ÂÔ¬�÷ ý�ûö�Øõ ù�ðö� ,Àª�� 2 ö¥ø �� ü��ÞÜî Ûõ�ª H 0 Âð� �î Ý���þüõ ¤¢ 8.8.2 �¹�µ÷ ¥�
´¨� ßØÞõ ø �µêÂð ÂÑ÷¤¢ Àî �þ�� ý�û¤�¢Â� ö���ä �� �¤ ��ÞÜî ßþ� Ý�÷���üõ �õ .À�µÆû �Ã¹õ ,��ÞÜî
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2 ö¥ø ý�û¤�¢Â� ÂcÔ¬�÷ ý�ûö�Øõ ¥� �Ã¹õ ýÂÔ¬�÷ ý�ûö�Øõ ý�¤�¢ ,�þ�� ý�û¤�¢Â� Âþ�¨ �î Ý��î ­Âê
�µª�¢ ¢��ø 2 ö¥ø �� �ÞÜî a Âð� .(Àª�� ö�Øõ ×þ ¤¢ À÷���üÞ÷ ÂÔ¬�÷ ý�ûö�Øõ í�Âµª� �Âþ¥) À�µÆû
üþø¢ø¢ Àî ×þ Àó�õ �õ .Ý��îüõ Â»�� ��ÞÜî ßþ� ý�ûö�Øõ ¤¢ ø ù¢Âî éÁ� G0k1 ¥� �¤ �ú�þ� ù�ðö� ,Àª��
ö�Âî �� °ÜÎõ ßþ� .Ýþ¢Âî �À�� �¤ 4 �Ü¬�ê-ßþÂµÞî ø 2m�1 �m� a Ûì�À� Àã� �� 2m�1 �2a ñ�Ï��
�µê� þ©ÂµÆð Àî ×þ ©¢�¡ H 0 �î Ýþ�ù¢�¢ ö�È÷ ,ßþ�Â��� � ;a = 0 �îßþ� ÂÚõ ,¢¤�¢ Ëì��� Ù��Þû
Àî ×þ ¤¢ 4 ö¥ø �� ��ÞÜî �î ¢�ªüõ ùÀþ¢ ü÷�¨��� ,À�µÆû Ûõ�î Ù��Þû ý�ûÀî ö�� .´¨� Ù��Þû
üþ�ûí�Ü� �ÂÏ ßþ� ,m � 4 ý�Â� .À�û¢üõ 3� (2m;4;1) �ÂÏ ×þ Û�ØÈ� Ù��Þû �µê�þ©ÂµÆð
ü�·µÆõ 8.8.2 �¹�µ÷ Í¨�� °ÜÎõ ßþ� .(ö�¨� �±¨�½õ ×þ ��) À�¨¤üõ ÂÚþ¢Ýû �� �ÎÖ÷ ×þ ¤¢ �î ¢¤�¢
� .À�îüõ Ûõ�î �¤ ��±�� ßþ� .Ýþ¤�¢ Ëì��� ×þ �õ Å� ,´¨� ùÀª

Z4 ýø¤ ��ó�ð ý�û�ÖÜ� 8.3

¥��÷ Â±� ¥� üîÀ÷� �� ,¤�îßþ� ý�Â� .Ý�û¢ Ý�Þã� Z4 ýø¤ ý�ûÀî ý�Â� �¤ ý¤ø¢ ý�ûÀî ô�úÔõ Ý�û��¡üõ
Àª�� À��ø ô�n �Èþ¤ Ûõ�ª �î �µê�þ©ÂµÆð ö�À�õ ×þ �� ,F2 ýø¤ n ñ�Ï �� ý¤ø¢ ý�ûÀî ý�Â� .Ýþ¤�¢
.ÝþÂ�Ú� ÂÑ÷¤¢ À��ø ô�n �Èþ¤ �Î¨�ø�� �¤ Z4 ¥� â�¨�� ×þ Àþ�� �õ .´¨� ���Èõ üÜãê ´�ãì�õ .Ýþ¤�¢ ¥��÷

.Ý�õ�÷üõ 5��ó�ð �ÖÜ� �¤ üã�¨�� ß���
ý��ÜÞ�À�� .Ýþ¤�¢ Z4[x] ¤¢ ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À�� ¢¤�õ¤¢ �û���õ¥ Ç�� ü¡Â� �� ¥��÷ �õ
´õ�ä �õ ö� ¤¢ �î) À�Æþ��� f(x) = a(x2)� xb(x2) �¤�¬�� �¤ö� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Z2[x] ¤¢ f(x)
:�¤�¬�� �¤ �´ª�Ú÷ .(¢�¢ Ý�û��¡ ô�¹÷� Z4 ýø¤ �¤ ýÂÊµ¿õ ��±¨�½õ �Âþ¥ ,ÝþÂ�üõ ¤�î�� �¤ üÔ�õ

�(f)(x) = F (X) := �(a(x)2 � xb(x)2) 2 Z4[x];

� � Â ��Â � x ö�� � ßþÂ ��� � °þÂ® �î Ý þ�ù¢Âî ��¿µ ÷� ý¤�Ï �¤ � ´õ�ä ö� ¤¢ �î Ý� � îüõ ÓþÂã �
ö� Þ û ,§�Ø ã õ ´ª�Ú ÷ ��®ø� � .Àª� � ¢Â ê n Â ð� �(xn � 1) = xn � 1 � î À � � î ��� � .´¨� 1

.Àª��üõ f(x) � F (x) mod 2

,ö� §�Øãõ Ýû ø � Ýû ö�� .�(fg) = �(f)�(g) �î ¢�Þ÷ ×� ö���üõ üþÃ� �±¨�½õ ×þ ô�¹÷� ��
�� ÂþÁ�� ÷Ûþ�½� ý�ûý��ÜÞ�À�� ,À�û¢üÞ÷ Â��ç� �¤ x ö��� ßþÂ�ï¤Ã� °þÂ® ø ý��ÜÞ�À�� ��¤¢
ö� ¤¢ �î) xn � 1 Âð� �î Àû¢üõ �¹�µ÷ °ÜÎõ ßþ� .À÷�ªüõ ÂÒ��µõ ÂþÁ��÷Ûþ�½� ý�ûý��ÜÞ�À��
ÂþÁ��÷ Ûþ�½� ý�ûý��ÜÞ�À�� ¥� f1(x)f2(x) � � � fl(x) �Â®Û¬�� �¤�¬�� ö��µ� �¤ (n = 2m � 1
5 Galois Ring
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¤¢ xn � 1 ¢Âê��ÂÊ½�õ �þÃ¹� ,Fi := �(fi) ö� ¤¢ �î F1(x)F2(x) � � �Fl(x) ù�ðö� ,´ª�÷ Z2[x] ¤¢
.¢�ªüõ ùÀ�õ�÷ Z4[x] ¤¢ 6�þ�� üþ�Àµ�� ý��ÜÞ�À�� ,m ��¤¢ ¥� h(x) ÂþÁ��÷Ûþ�½� Ûõ�ä .Àª��üõ Z4[x]
¤¢ ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ×þ �� Z2[x] ¤¢ ÂþÁ��÷Ûþ�½� ý��ÜÞ�À�� ×þ 7ö¢�¢ �ã¨�� ©ø¤ ßþ�
¥� «�¡ ¢¤�õ ×þ °ÜÎõ ßþ� .(]99[ â�Âõ .í.¤) ´¨� éøÂãõ 8Ó��Âð ©ø¤ �� (�´ª�Ú÷ ��) Z4[x]

.(]93[ â�Âõ .í.¤) ´¨� 9ÛÆ�û Ýó �� éøÂãõ ,�¹�µ÷ ×þ

Â Ñ ÷¤¢ �¤ x7 � 1 ¥� ü Ü õ� ä ö�� � ä � � f(x) = x3 + x + 1 � � óø� ý�� Ü Þ �À � � .1.8.3 ñ�·õ

,ß þ�Â �� � � ,b(x) = �1 � x ø a(x) = 1 Ý þ¤�¢ ,�� � ¤¢ � µ ê¤ ¤� î� � ý¤�Á ð¢� Þ ÷ � � .À þÂ � Ú �

:Ýþ¤�¢ �¤ Âþ¥ �þÃ¹� ,©ø¤ ßþ� ¤¢ .F (x) = x3 + 2x2 + x� 1 � x3 + x+ 1 mod 2

x7 � 1 = (x3 + 2x2 + x� 1)(x3 � x2 + 2x� 1)(x� 1);

.À�µÆû Z4[x] ¤¢ �þ�� ��óø� ý�ûý��ÜÞ�À�� ,ñø� Ûõ�ä ø¢ �î

h(x) ¥� ý��Èþ¤ � ö� ¤¢ �î ´¨� ùÀª ÓþÂã� Z4[�] �¤�¬�� GR(4;m) ��ó�ð �ÖÜ� .2.8.3 ÓþÂã�
.((Z4[�] = Z4[x]

(h(x)) ) Ýþ¤�¢ ;´¨� À��ø �Èþ¤ ô�n � ö��) ´¨�

:Ýþ¤�¢ �f¢À¹õ �î À��îüõ ´ì¢

h(x) = x3 + 2x2 + x� 1 = (x� �)(x� �2)(x� �4):

m ¥� Â µÞî ��¤¢ � � ý�ûý��ÜÞ�À�� �¤�¬�� �¤ GR(4;m) Â¬��ä ö�� �üõ ,19.1.1 ñ�·õ � ��Èõ
.¢�¢ ö�È÷ ,Z4 ¤¢ °þ�Â® �� � °Æ�Â�

�ä�Þ¹õ ý�Â � �¤ Â þ¥ ñøÀ� ,x3 + 2x2 + x � 1 Í¨� � ùÀª À � ó� � ,GR(4;m) ý�Â � .3.8.3 ñ�·õ
:�¹�þ�¤¢ .Ýþ¤�¢ f0;1; �; �2; �3; :::; �6g

C =
2X
i=0

ai�
i; (�3 = 1+ 3� + 2�2):

:�ä�Þ¹õ ¤¢ �î �¤ GR(4;m) ¥� ýÂ¬��ä �÷�Ú� �î Àþ�ðüÞ÷ �õ �� üóøÀ� ß���
6 basic primitive polynomial
7 lifting
8 Grae�'s method
9 Hensel
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c a0 a1 a2

0 0 0 0

1 1 0 0

� 0 1 0

�2 0 0 1

�3 1 3 2

�4 2 3 3

�5 3 3 1

�6 1 2 1

� := f0;1; �; �2; :::; �n�1g;

Ý����üõ ,� �� ´±Æ÷ m ¥� ÂµÞî ��¤¢ �� ý��ÜÞ�À�� �¤�¬�� �i Çþ�Þ÷ ùÀû�Èõ �� .Ý��î ö��� ,À�µÆ�÷

2t Â¬��ä �Þû ù�ðö� ,À�î Â��ç� � ¤¢ t Âð� ø ¤ ßþ�¥� .� = 1 ü�ãþ ;�i = 1 �î Àû¢üõ �¹�µ÷ 2�i = 2 �î

.À�µÆû Ãþ�Þµõ

,a+2b = a0+2b0 Âð� .À÷¤�¢ ¤�Âì � �ä�Þ¹õ ¤¢ b ø a �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ a+2b ÛØª�� á�Þ¹õ 4m

;À�µÆû �ø�Ôµõ üÚÞû a+ 2b ý�ûá�Þ¹õ ,Å� ;b = b0 ø¤ßþ� ¥� ø a = a0 ,ßþ�Â���� ;2a = 2a0 ù�ðö�

Â¬��ä ý�ûâ�Âõ �ä�Þ¹õ ,� �ä�Þ¹õ .À�û¢üõ Çþ�Þ÷ �¤ GR(4;m) Â¬��ä üõ�Þ� �ú÷� ,ßþ�Â��� �

.´¨� GR(4;m)

.Ý��îüõ ù¢�Ôµ¨� Âþ¥ Ýó ¥� ,ùÀªù¢�¢ ÂÊ�ä ×þ Çþ�Þ÷ ßµê�þ ý�Â�

:Ýþ¤�¢ .4.8.3 Ýó

(x+ y)2
k � x2

k

+ 2x2
k�1

y2
k�1

+ y2
k

mod 4:

� .¢�ªüõ ��±�� �ÂÖµ¨� �� �¹�µ÷ ,éÂÏ ø¢ Âû ö¢Âî â�Âõ �� .´¨� üúþÀ� ��±�� k = 1 ý�Â� .��±��

:ù�ðö� ,c = a+ 2b ø a 2 � ,b 2 � Âð� ,ßþ�Â����

c2
m

= a2
m

= a:

:�Î��® �� � : c 7�! a´ª�Ú÷ ,ø ¤ßþ� ¥�

�(c) = c2
m

; (c 2 GR(4;m); n = 2
m � 1); (4)
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.¢�ªüõ �¹�µ÷ c = a+ 2b ¥� b ,Àª üêÂãõ a �î ß�Þû .´¨� ùÀª ù¢�¢
:Ýþ¤�¢ 4.8.3 Ýó ¥� ù¢�Ôµ¨� �� ø �(cd) = �(c)�(d) ��®ø��

�(c+ d) = �(c) + �(d) + 2(cd)2
m�1

:

,R ¤¢ ¢Âê��ÂÊ½�õ ñ�Þ�Æî�õ ñ�ùÀþ� .Ý��î ¼þÂÈ� �¤ R := GR(4;m) �ÖÜ� ¤�µ¡�¨ Ý�÷���üõ ö��î�
ô�ÆÖõ R ¤¢ ,ßþ�Â����) ´¨� ÂÔ¬ �� Â��Â� �ä�Þ¹õ ßþ� ¤¢ ÂÊ�ä ø¢ Âû �Â®Û¬�� .´¨� 2� �ä�Þ¹õ
.´¨� ùÀª Û�ØÈ� ÂþÁ� §�Øãõ Â¬��ä ¥� ,R� := R

(2�)
,ùÀ÷�õüì�� �ä�Þ¹õ .(¢¤�¢ ¢��ø ÂÔ¬ ý�û��Üä

¥� Ý�ÖµÆõ �Â®Û¬��×þ ,ùøÂð ßþ� .À�û¢üõ (2m � 1)2m �±�Âõ ¥� ü�Â® ùøÂð ×þ Û�ØÈ� �ú÷�
1+ 2t; t 2 � ÛØª�� ýÂ¬��ä Ûõ�ª �î " ùøÂð ø ùÀª À�ó�� � Í¨�� �î ´¨� n �±�Âõ ¥� H ý¤ø¢ ùøÂð

.(À�µÆû R üÜ¬� ý�û�Øþ �ú�þ�) ;Àª��üõ ,´¨�
ö� ¤¢ �î ti + tj = aij + 2bij ù�ðö� ,À�ª�� � ¤¢ tj ø ti Âð� �î À��î ���� ," ¤�µ¡�¨ ßµÆ÷�¢ ý�Â�
ñøÀ� À�÷�õ) aij üãÞ� Çþ�Þ÷ ,ßþ�Â�ùø�ä .(1 + 2ti)(1 + 2tj) = 1+ 2aij ,ßþ�Â���� ;aij ; bij 2 �
ßþ� ¤¢ ¢���õ Â¬��ä ,2 �÷�Þ�� ¤¢ .´¨� Â��Â� ti ø tj ¥� üþ�ûÇþ�Þ÷ á�Þ¹õ �� 2 �÷�Þ�� ¤¢ ,(3.8.3 ñ�·õ
Çþ�Þ÷ ×þ ý�¤�¢ R� �Ìä Âû .´¨� ´¿þ¤×þ ùøÂð ßþ� �� " ,ßþ�Â���� ;À�µÆû F2m üãÞ� ùøÂð ,ñøÀ�
¥� ùÀ÷�õüì�� §�î ×þ ,´��� r �� Â¬��ä .´¨� ,0 � r < n; t 2 � �î �r(1+2t) ÛØª�� ¢Âê��ÂÊ½�õ
h2(x) ¥� �Èþ¤ ×þ � À��î ­Âê .´¨� ÂÔ¬ �� ÂÒ��µõ §�î 2� ø À�û¢üõ Û�ØÈ� �¤ R

(2R)
= R

(2�)
�ÖÜ�

ñøÀ� ×þ ,2 �÷�Þ�� �� ,�r Âþ¢�Öõ ý�Â� ñøÀ� ßþ� �î Ýþ�ùÀþ¢ �f ±ì .F2m ¥� ��óø� ÂÊ�ä ×þ ü�ãþ ;Àª��
,À�îüõ Âþ�Ê� ÂÔ¬ �� �¤ ÂÔ¬ ø �r �� �¤ � r �î �´ª�Ú÷ ,�¹�µ÷¤¢ .´¨� � Àó�õ �� F2m ý�Â� üãÞ�

.´¨� F2m ö�À�õ ýø¤ R
(2�)

ùÀ÷�õüì�� ü¨�î �ÖÜ� ¥� üµ¿þ¤×þ ×þ
.´ª�¢ Ý�û��¡ ¥��÷ ,�¤ r = s Àû¢üõ �¹�µ÷ 2�r = 2�s �î °ÜÎõ ßþ� �� ø üµ¿þ¤×þ ßþ� �� ,Âþ¥ ¤¢
Ýó ×þ °ó�ì ¤¢ �¤ °ó�Îõ ßþ� .Ý��îüõ �À�� ¥��÷ �r ý�ûö��� ö��õ üÚµÆ��ø ¸þ�µ÷ ¥� ý¢�Àã� �� ,ß��»Þû

.Ý��îüõ ö���

;(n = 2m � 1 ý�Â�) �n = 1 �� GR(4;m) = Z4[�] ÀþÂ�Ú� ÂÑ÷ ¤¢ .m � 2 À��î ­Âê .5.8.3 Ýó
:Ýþ¤�¢

.´¨� ÂþÁ� §�Øãõ ,0 � j < k < n ý�Â� ��j � �k (1

.�j � �j 6= ��l Ýþ¤�¢ [0; n� 1] ù¥�� ¤¢ Ãþ�Þµõ i; j; k ý�Â� (2
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:ù�ðö� ,[0; n� 1] ù¥�� ¤¢ i 6= j; k 6= l ø m � 3 Âð� (3

�i � �j = �k � �l ) i = k; j = l:

:ù�ðö� ,Àª�� ¢Âê m ø m � 3 Âð� (4

�i + �j + �k + �l = 0) i = j = k = l:

.��±��

��j = ��k + 2� �ó¢�ãõ éÂÏ ø¢ ö¢�Þ÷ â�Âõ �� ù�ðö� ,� 2 R ×þ ý�Â� ��j � �k = 2� Âð� (1

.j = k Ýþ¤�¢

ø ùÀ÷�¨¤ 2m ö�� � � � �¤ éÂÏ ø¢ .À�� þ Û�ÜÖ � 1 + �a = �b �� À÷�� �üõ á�÷ ßþ� ¥� � ó¢�ãõ ×þ (2

.´¨� Ëì��� ×þ �î 2�a:2m�1 = 0 Ýþ¤�¢ .ÝþÂ�üõ ¤�î�� �¤ 4.8.3Ýó

Ýþ¤�¢ ,4.8.3 Ýó ö¢Â� ¤�î�� �� .À��þ Û�ÜÖ� 1+ �a = �b + �c �� À÷���üõ á�÷ ßþ� ¥� �ó¢�ãõ ×þ (3
2(�b � 1)(�c � 1) = 0 �¤�¬�� �ó¢�ãõ ßþ� .�a = �b+c ,ßþ�Â���� ;2(�a)2m�1 = 2(�b+c)2

m�1

.Ýþ�ù¢�¢ ô�¹÷� (1) �Ü�Âõ ¤¢ �¤ ´ó�� ßþ� �õ ø Àþ�üõ ¤¢

âÞ� � ö��� ¤�ú� Âð� .ÝþÂ�üõ ¤�î�� �¤ � üµ¿þ¤×þ �õ .Ý��î ¤�î F2m �� �î ´¨� ô¥� ,�¹�þ� ¤¢ (4
ö�� ,ßþ�Â�ùø�ä .´¨� 1 �� Â��Â� �ûö��� ¥� üØþ �î ¢¤�¢ ¢��ø üú��Èõ �Î��¤ ,À÷¢Âð ÂÔ¬ ø ¢�ª

:Ýþ¤�¢ Å� .À�µÆû �ø¥ �ûö��� ��Ö� �î Ý��î ­Âê ´¨� ßØÞõ �n = 1

�2a + �2b = ��2c � 1:

:Ýþ¤�¢ ,4.8.3 Ýó ö¢Â� ¤�î��ø 2m ö��� �� éÂÏ ø¢ öÀ÷�¨¤ ��

2(�2a + �a+b + �2b) = 2�c:

.¢¤�¢ F2m ¤¢ üõ�úÔõ °ÜÎõ ßþ� �õ� ,Ýþ¤ø� ´¨¢�� R ¤¢ �¤ ý��¹�µ÷ Ý�÷���üÞ÷ �ó¢�ãõ ßþ� ¥�
ÝþÂ�ðüõ �¹�µ÷ Â¡� �ó¢�ãõ ¥� .z := �c ø y := �b ,x := �a Ý�Æþ�÷üõ ø ù¢Â� ¤�î�� �¤ � ´ª�Ú÷
,ß þ�Â �� � � ;x2 + y2 + z2 + 1 = 0 �î À � îüõ ��¹þ� üÜ¬� � ó¢� ã õ .x2 + xy + y2 = z �î
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°ÜÎõ ßþ� �î Ý�û¢ ö�È÷ Àþ�� .x2 + y2 = (x + 1)(y + 1) Ýþ¤�¢ ,ø¢ ßþ� ¥� .x + y = z + 1

.a = b = c = 0 Àû¢üõ ö�È÷ ö� �î �Âþ¥ ;x = y = z �î À�îüõ ��¹þ�

.Ýþ¤�¢ �¤ u2(t2 + t+ 1) = 0 �ó¢�ãõ .y = ut+ 1 ,x = u+ 1 Ý�Æþ�÷üõ .x 6= 1 À��î ­Âê
Ëì��� ¤¢ ´¨� ¢Âê m �îßþ� �� °ÜÎõ ßþ� �î ,t2 + t+ 1 = 0 Ý�ª�� �µª�¢ Àþ�� ,u 6= 0 ö��

.´¨�

�

Z4 ýø¤ ý¤ø¢ ý�ûÀî 8.4

.Ý��îüõ ü¨¤Â� �¤ Z4 ýø¤ ý¤ø¢ ý�ûÀî ×�þ� ,Ýþ¢�¢ ô�¹÷� Fq ´ó�� ¤¢ �î �»÷� �� ���Èõ üªø¤ ¤¢
�ÖÜ� ¥� c(x) := c0 + c1x+ � � � + cn�1xn�1 ý��ÜÞ�À�� �� �¤ c = (c0; c1; � � � ; cn�1) �ÞÜî ,�f¢À¹õ
;Àª��üÞ÷ �µØþ �þÃ¹� ��õ�¢ R !À��þüÞ÷ Ý�Þã� ýÃ�� Âû .ÝþÂ�ðüõ ÂÑ÷¤¢ ö�ÆÞû R = Z4[x]=(x

n � 1)
×þ ¥� ÂµÈ�� �� ÂþÁ��÷Ûþ�½� Ûõ��ä �Â®Û¬�� �¤�¬�� ö���üõ �¤ R ¤¢ �ûý��ÜÞ�À�� ¥� ü¡Â� ü�ãþ

.´ª�¢ Àû��¿÷ ýÂ���� �õ ¶½� ýø¤ °ÜÎõ ßþ� .´ª�÷ �¤�¬
°ó�Îõ ßþ� .Ý��îüõ ÓþÂã� ö¥���ü¨¤Â� ÅþÂ��õ �þ Àó�õ ÅþÂ��õ üêÂãõ �� �¤ �ûÀî ,ñ�Þãõ ¤�Ï��
;ý¤ø¢ ý�ûÀî ¢¤�õ ¤¢ �È�Þû À�÷�õ) Ýþ¢Âî ö��� 8.1 Ç¿� ¤¢ �î ´¨� ü±ó�Îõ ¥� Â�ù¢ÂÈê üÜØª ý�¤�¢
.(À÷�ªüõ ßþÃðý�� ,3.8.3 ñ�·õ �÷�ð �� �ú÷� Çþ�Þ÷ �� ÂÒ��µõ ,ü÷�µ¨ ý�û¤�¢Â� �� R Â¬��ä �¹�þ� ¤¢
×þ �fõ�Þ� ÂÎ¨ ×þ Å³¨ ø ÂÔ¬ �fõ�Þ� ö�µ¨ ×þ �Àµ�� ¤¢ ù�ðö� ,Ý�ª�� À�õ�ì�ä Àî ×þ â�¨�� �� �õ Âð�
Âþ�Ê� �õ� ,À�îüõ �ê�®� ¢Àä ×þ Àî�Z4 ñ�Ï �� ,¤�î ßþ� .Ý��îüõ �ê�®� ö� ö¥���ü¨¤Â� ÅþÂ��õ ��

.¢�ªüõ Â�ü÷��Ï Û±Þ¨ ø¢ ù¥�À÷� �� ö� üþø¢ø¢

ÂÑ÷¤¢ �¤ (2 2� � � � 2�n�1 ) Àó�õ � � n = 2m � 1 ñ�Ï�� C üþ��¤�ú� ý¤ø¢ Àî .1.8.4 ñ�·õ

Âþ�Ê� ��ÞÜîÀî üõ�Þ� .´¨� ö�ú�� ö� öø¤¢ üþø¢ø¢ Àî ×þ ,´¨� üúþÀ� Àî ×þ Àî ßþ� .ÀþÂ�Ú�

¤�Âì [2m � 1;2m �m� 1;3] Ù��Þû Àî ö�ðø¢ ¤¢ c ö� ¤¢ �î À�ª��üõ (c; c) ÛØª�� ö� üþø¢ø¢

.¢¤�¢

:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ �¤�¬�� Àó�õ ÅþÂ��õ �� Àî�Z4 ,Àã� �Ü�Âõ

G :=

 
1 1 1 � � � 1

0 2 2� � � � 2�n�1

!
:
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��®ø�� ø ù¢�� 2m+1 ñ�Ï ý�¤�¢ �ú÷� üþø¢ø¢ Âþø�Ê� .À�µÆû �ÞÜîÀî 2m+2 ý�¤�¢ C 0 ø C ýø¢ Âû

.´¨� üÎ¡�Z4 Àî ßþ� �î ÝþÀþ¢ 7.8.2 ñ�·õ ¤¢ �f ±ì .´¨� R(1;m+ 1) ñø� �±�Âõ Âó�õ-Àþ¤ Àî

.Àþ¢Âð Z4 ýø¤ ý�ûÀî �� �ì�ä ¤¢ ü÷�úð�÷ �ìÂ�×þ ¢�¹þ� ¶ä�� �î Ý�þ�üõ üþ�ûÀî å�Â¨ �� ñ��
:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ ö¥���ü¨¤Â� ÅþÂ��õ �� (¢Âê m) n+ 1 = 2m ñ�Ï �� Cm Àî�Z4

H :=

 
1 1 1 � � � 1

0 1 � � � � �n�1

!
;

.´¨� GR(4;m) ¤¢ À��ø ��óø� �Èþ¤ ß�õ�n×þ � ö�¤¢ �î

.´¨� 6 � d üó �Ü¬�ê ý�¤�¢ Cm .2.8.4 Ýó

¢Âê ¤�ÀÖõ �� ý�û�þ�¤¢ ¥� �ø¥ ý¢�Àã� ý�¤�¢ Cm ¤¢ �ÞÜîÀî Âû �î À�îüõ ��¹þ� H ÂÎ¨ ß�óø� .��±��
üó�Þµ�� ��ÞÜîÀî �õ ,Âþ¥ ´ó�� ¤�ú� ¤¢ .´¨� �ø¥ d Å� ;Àª��üõ �ø¥ üó ö¥ø ý�¤�¢ ,ßþ�Â���� ;´¨�

×þ ö� ¤¢ �î ÂÒ��µõ ý�û´�ãì�õ ý�Â� .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ,��óø� ý�ûö�Øõ ¤¢ �÷ ,ÂÔ¬�÷ ��Êµ¿õ ��

�¤ ö� ø À÷�ª �µêÂð ÂÑ÷¤¢ Àþ�� Â�Ýî �ÜÞ� ×þ �� ���Èõ ��¢�ãõ ,¢¤�¢ ¢��ø ñø� Í¡ ¤¢ ÂÔ¬�÷ ��Êµ¿õ

.Ý��îüõ ¤�Áð�ø ùÀ�÷��¡ ��

¤¢ ;À�ª��üõ -1 ø 1 �� Â��Â� ÂÔ¬�÷ �Ôó�õ ø¢ ù�ðö� ,Àª�� 2 üó ö¥ø ý�¤�¢ Cm ¤¢ ý��ÞÜîÀî Âð� (1

.´¨� ´¨¤¢�÷ ßþ� ø Àû¢üõ �¹�µ÷ ,�i = �j �î �¤ j ø i ¢��ø ,H ¥� ôø¢ ÂÎ¨ �¤�¬ßþ�

(2 ø 3 ,3 �þ) 2 ø 1 ,1 �� Â��Â� ÂÔ¬�÷ ý�û�Ôó�õ ø Àª�� 4 üó ö¥ø ý�¤�¢ Cm ¤¢ ý��ÞÜîÀî Âð� (2

ßþ� ,(1) ´ÞÆì 5.8.3 Ýó ¥� ù¢�Ôµ¨��� .i; j; k ü¡Â� ý�Â� �i + �j = �2�k Ýþ¤�¢ ù�ðö� ,À�ª��
.Àª��üõ ßØÞõÂ�è Âõ�

ý�ûÅþÀ÷� ù� ðö� ,Àª� � 3 �Ô ó� õ ø¢ ø 1 �Ô ó� õ ø¢ � � 4 üó ö¥ø ý�¤�¢ Cm ¤¢ ý��ÞÜîÀî Âð� (3
,(3) ´ÞÆì 5.8.3 Ýó ¥� ù¢�Ôµ¨� �� .�i � �j = �k � �l �î ý¤�Ï�� ´ª�¢ À�û��¡ ¢��ø i; j; k; l

.Àª��üõ ßØÞõÂ�è Âõ� ßþ�

(4) ´ÞÆì 5.8.3 Ýó �� ù�ðö� ,Àª�� ¢���õ Â��Â� ø ÂÔ¬�÷ �Ôó�õ ¤�ú� �� 4 ö¥ø �� ý��ÞÜîÀî Âð� (4
.Ýþ¤�¡üõ Â� Ëì��� ��

� .À�îüõ Ûõ�î �¤ ��±�� °ÜÎõ ßþ� .À�î ü¨¤Â� �¤ ÂÚþ¢ ´ó�� ¤�ú� ü÷�¨��� À÷���üõ ùÀ�÷��¡ ñ��
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Â þ�Ê � � � üû�Ú ÷ ñ�� .´¨� � Þ Ü îÀ î 4n�m�1 ý�¤�¢ Cm � î Ý � � � �ü õ ,2 �Î ��¤ ø H ÅþÂ �� õ ¥�
ö� ¤¢ � î � Ì ä 2k ¢�À ã � � � ,´ ¨� 2m+1 ñ� Ï� � ü þø¢ø¢ À î × þ ö� .Ý þ¥�À ÷�ü õ Cm ü þø¢ø¢
Àî ßþ� �õ Âð� �î Ý����üõ 7.4 Ç¿� ¥� .´¨� 6 Ûì�À� ö� �Ü¬�ê-ßþÂµÞî ø k = 2m+1 � 2m� 2
´¨¢�� ���¤��Â� Àî ×þ �� ö�ÆØþ ý�ûÂµõ�¤�� �� 2m+1 � 1 ñ�Ï �� Àî ×þ ù�ðö� ,Ý��î ù���î �¤ üþø¢ø¢
ñ�Ï �� ���¤��Â� Àî �� ���Èõ ü÷¥ø ùÀ÷¤�Þª ý�¤�¢ ø ¤ßþ� ¥� ø ´¨� Ûõ�î �±þÂÖ� Àî ×þ ,ßþ�Â���� !Ýþ¤ø�üõ
¤¢ ¢���õ Àî �� ö� �î �Â� ,À÷�ùÀ�õ�÷ \� ��¤� �Â�" Àî ×þ �¤ C 0m ,]88[ â�Âõ ¤¢ ß�Ôó�õ .´¨� ö�ÆØþ

.Àª��üÞ÷ ¥ ¤�Ýû 7.4 Ç¿�

.´¨�¤�¢ ¢�¡ Àó�õ ÅþÂ��õ ö���ä�� �¤ H ÅþÂ��õ ,Àî ßþ� .ÝþÂ�Ú� ÂÑ÷¤¢ �¤ C?m Àî ö�ðø¢ À�þ��� ñ��

.À� �îüõ ëÀ¬ Ãõ� � Ü þø×õ Í��ø ¤ ¤¢ üþø¢ø¢ Â þ�Ê� ø¢ ü÷¥ø ùÀ÷¤�Þª ,4.8.2 ��Ìì ¥� ù¢�Ô µ¨� � �
Í��ø ¤ ¤¢ ,� ��Èõ ñ�Ï � � �µ ê� þ©ÂµÆð ý���¤� �Â � Àî ø í�¢Âî Àî ü÷¥ø ý�ûùÀ÷¤�Þª �î Ý� µÆ÷�¢üõ
ù¢Âî Ýð¤¢Â¨ �ûñ�¨ �¤ ý¤�ÁðÀî ö�¥�¢Â��þÂÑ÷ �î ¢�� \ë�±Î÷�" ×þ ßþ�) ;À��îüõ ëÀ¬ Ãõ��Üþø×õ
Àî Âþ�Ê� �î üþø¢ø¢ Àî �î Ý�÷�¢üõ ñ�� .À����� �¤ ]46[ â�Âõ À�÷���üõ ö� ��±�� ùÀû�Èõ ý�Â� .(¢��
¤¢ .Àª�� ñ�Ï ö�Þû �� í�¢Âî Àî À�÷�Þû ü÷¥ø ùÀ÷¤�Þª ý�¤�¢ Àþ�� ,´¨� H Àó�õ ÅþÂ��õ �� Z4 ýø¤
üþø¢ø¢ Âþ�Ê� âì�ø ¤¢ ]75[ ¤¢ í�¢Âî Í¨�� ùÀª ÓþÂã� ý�ûÀî �î ´¨� ùÀª ù¢�¢ ö�È÷ ]88[ â�Âõ

.Ýþ¢�¢ ¤�Âì ¶½� ¢¤�õ �¹�þ� ¤¢ �¤ö� �õ �î À�µÆû �ûÀî�Z4
üÎ¡ �õ� ,ù¢�� ý¤ø¢ �î ´¨� ýÀî�Z4 üþø¢ø¢ Âþ�Ê� �î Ýþ¤ø�üõ ��¡ üþø¢ø¢ Àî ×þ ¥� üó�·õ

.´Æ�÷

�� �¤ �ú�þ� ¥� ��ø¢ �õ �î üõ�Ú�û .Àþ¥�À��� üû�Ú÷ ö� ý¤ø¢ ý�û´Ô�ª ø (11100) ¤�¢Â� �� .3.8.4 ñ�·õ

(2) ,�ø¥-�ø¥ ´Ô� ø¢ �þ ¢Âê-¢Âê ´Ô� �¨ (1) :Ýþ�ªüõ ���µõ �¤ ñ�Þµ�� �¨ ,Ý��îüõ �Æþ�Öõ Ýû

´Ô� ×þ ø ¢Âê-¢Âê ´Ô� ø¢ ,¢Âê-�ø¥ ´Ô� ø¢ (3) ,¢Âê-¢Âê ´Ô� ×þ ø ¢Âê-�ø¥ ´Ô�¤�ú�

113 �� 111 ý¤�Áðý�� Í¨�� �î ÂÚþ¢ ý���¨ ù�ÂÞû�� �¤ ÂÚþ¢ ý���¨ ø ¤�¢Â� ßþ� ñ�� .�ø¥-�ø¥

��¿µ÷� �î Ý��îüõ �ä¢� .ÝþÂ�ðüõ ,À÷�ùÀõ� ´¨¢�� 22 �þ 20 ,02 �� 00 ø �û´Èðý�� ü¡Â� � þ

üõ�Þ� ø �ú÷� üÔ�õ ,¤�¢Â� ¤�ú� ßþ� �î ´¨� ´�¬�¡ ßþ� ý�¤�¢ 11322 ,13102 ,31100 ,11120

´Ô�×þ ,üó �Ü¬�ê �±¨�½õ ô�Ú�û .À�û¢üõ �¤ 4 üó �Ü¬�ê �� Àî�Z4 ×þ Û�ØÈ� ý¤ø¢ ý�û´Ô�ª

ý¤�Áðý�� .À�û¢üõ Û�ØÈ� �¤ 2 �þ 0 ,ö�ÆØþ ü¨¤Â� �� �ø¥ ×þ ,¢ÂÞªüõ �¤ üó ö¥ø ×þ ,¢Âê-�ø¥

ù¢ÂÞª �Ü¬�ê ßþ� ¤¢�� 2 ×þ ù�ðö� ,Àª�� �µª�¢ ¢��ø �ø¥-�ø¥ °�îÂ� ø¢ Âð� �î À�îüõ ß�ÞÌ� �õ

�Ü¬�ê ßþ� ¤¢ �� 2 ù¥�À÷� �� Ã�÷ 1-3 �ø¥ ×þ .Àû¢üõ ´¨¢�� �¤ 6 �Ü¬�ê ÂÚþ¢ ��Êµ¿õ �þ ¢�ªüõ

 ¤ ü÷�õ¥ �ú� � ßþ� ?´ª�¢ Àû��¡ ¢��ø �÷�Ú� 4 ¥� ÂµÞî üó �Ü¬�ê � � �ÞÜîÀî ø¢ .À�îüõ ´îÂª
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,o2 = o0
2
ö� ¤¢ �î (�ø¥ e ,¢Âê o) (e0

1
; o0
2
; o0
3
; o0
1
; e0
2
) ø (o1; o2; o3; e1; e2) �ÞÜî ø¢ �õ �î ¢�¢ Àû��¡

��ÞÜî ¥� �ø¥ Çª �ú�� �î ´¨� ö�¨� Âõ� ßþ� öÀþ¢ ,¢�¡ ��¿µ÷� ¤¢ .Ý�ª�� �µª�¢ ,e2 = e0
2
ø o3 = o0

3

.Àû¢üÞ÷  ¤ ´ó�� ßþ� �î Ý�û¢ ö�È÷ �� À÷�ª ×� Àþ��

ø 10 ñ� Ï � � � Þ Ü î 40 Û õ� ª Â þ� Ê � ß þ� .À þÂ � Ú � Â Ñ ÷¤¢ �¤ À î ß þ� ü þø¢ø¢ Â þ� Ê � ñ� �
�� Àþ�� Àî ßþ� ,´¨�µØþ 4.4 Ç¿� ¥� Àî ßþÂµú� �î ùÀª ô�Üãõ °ÜÎõ ßþ� ö�� .´¨� 4 �Ü¬�ê-ßþÂµÞî
üÜ�¡ ¢�Àã� �Ü¬�ê �î ´¨� ´þÃõ ßþ� ý�¤�¢ (]83[ â�Âõ .í.¤) ¤�µ¡�¨ ßþ� .Àª�� ñ¢�ãõ Àî ßþÂµú�

.À÷�ª ×� üµ¨¢ Àþ�� ��ÞÜî ¥� üÞî

Û��Æõ 8.5

�ÞÜî Ûõ�ª Àþ� � ýÀî ß��� À�û¢ ö�È÷ .À þ¥�Æ� 6 ñ�Ï �� ö�ðø¢¢�¡ üþ� �¤�ú� Àî ×þ .1.8.5
?´¨� ö�ðø¢¢�¡ Ã�÷ ö� �þ� ?´¨� üÎ¡ ,Àî ßþ� üþø¢ø¢ Âþ�Ê� �þ� .Àª�� (222222)

.´¨� üÎ¡�Z4 Àî ×þ R(2;m) Âó�õ-Àþ¤ Àî À��î ´��� .2.8.5

.À����� �¤ ö� §�Øãõ .Àª�� GR(4;m) ¥� ýÂÊ�ä c = �i + 2�j À��î ­Âê .3.8.5

Ãõ��Üþø×õ ÛþÀ±� �� ö� �î À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ßÆ����¤-ôøÂµ¨�¢Â÷ Àî ü÷¥ø ùÀ÷¤�Þª .4.8.5
.´¨� Â��Â� ¢�¡

¥� .À��î ß��ã� �¤ 6 ø 5 ö¥ø �� ��ÞÜî ¢�Àã� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 5.7.4 ��Ìì ¥� P ���¤��Â� Àî .5.8.5

.À����� �¤ 16 ñ�Ï �� �µê�þ©ÂµÆð ý���¤��Â� Àî ü÷¥ø ùÀ÷¤�Þª ,ù¢�Þ÷ ù¢�Ôµ¨� ßþ�

8.4Ç¿� ¤¢ Cm ö�ðø¢ Àî üþø¢ø¢ Âþ�Ê� ¥� ýÀîÂþ¥ ,ñø� �±�Âõ Âó�õ-Àþ¤ Àî À�û¢ ö�È÷ .6.8.5

.´¨�

�î À�û¢ ö�È÷ :üþ�Þ�û�¤) À�ª��üÞ÷ ñ¢�ãõ m � 5 ý�Â� 5.7.4 Àî ø C 0m Àî À�û¢ ö�È÷ .7.8.5

.(´¨� 2 ö¥ø �� ��ÞÜî Ûõ�ª C 0m üÎ¡ ��±�îÂ�
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���ð ý�ûÀî

ùÃ�Ú÷� 9.1

ùÀõ� 2.6.6 ��Ìì ��±�� ¤¢ �î ö���ö� �¤ (­Âä Ýî) BCH Àî ×þ ö¥���ü¨¤Â� ÅþÂ��õ ÂÚþ¢ ¤�� ×þ
:ü�ãþ ;ÀþÂ�Ú� ÂÑ÷¤¢ ,´¨�

H =

0
BBBB@
1 � �2 � � � �n�1

1 �2 �4 � � � �2(n�1)

� � � � � � � � � � � � � � �
1 �d�1 �2(d�1) � � � �(d�1)(n�1)

1
CCCCA ;

ýø¤ n ñ�Ï �� ü÷�µ¨ ý¤�¢Â� �¤�¬�� �þ�¤¢ Âû ø ´¨� Fqm ¤¢ À��ø ��óø� �Èþ¤ ß�õ�n×þ � ö� ¤¢ �î
.n j (qm � 1) Àû¢üõ �¹�µ÷ � ¢��ø ;¢�ªüõ Â�ÆÔ� Fq

×þ ,ö�µ¨ d � 1 ßµêÂð ÂÑ ÷¤¢ � � ùÀªÛØÈ� H ÅþÂ�� õÂ þ¥ Âû �î ´�ã ì�ø ßþ� ýÂ�ð¤� î� � � �
�î Ýþ¢Âî ´��� 2.6.6 ��Ìì ¤¢ ,´¨� ÂÔ¬ Óó�¿õ ö���õÂ�¢ ý�¤�¢ ,ßþ�Â���� ;´¨� À÷�õ¤À÷�ø ÅþÂ��õ
Âþ¥ ÅþÂ��õ �� �¤ H �õ Âð� �î À÷��µª�¢ ���� ß�Ôó�õ ¥� ý¤��Æ� .´¨� d Â��Â� Ûì�À� ,�Ü¬�ê-ßþÂµÞî

:Àª�� ¥�¨¤�î À÷���üõ üú��Èõ Û�ó¢ Ýû ¥��û ,Ý��î ßþÃðý��

Ĥ =

0
BB@

h0�0 h1�1 � � � hn�1�n�1... ... ...
h0�

d�1
0

h1�
d�1
1

� � � hn�1�
d�1
n�1

1
CCA ;
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Ûõ��ä ù�ðö� ,(0 � j � n� 1) hj 2 Fq Âð� .À�ª�� F�qm ¥� ü�ø�Ôµõ Â¬��ä �û�i ø hj 2 F�qm ö� ¤¢ �î
Fqm ¥� ýÂ¬��ä hj Âð� �õ� .¢�ªüõ ßþÃðý�� ¥¤�Ýû Àî ×þ �� Àî ßþ� ;À÷¤�À÷ üÞúõ Â��� � º�û hj
¤��Æ� �ø�Ô� ��óø� ý�û�þ�¤¢ �� À�÷���üõ Fq ýø¤ ü÷�µ¨ ý�û¤�¢Â� ö���ä�� hj�tj ��Þ� ù�ðö� ,À�ª��

.À�ª�� �µª�¢
ÂµÈ�� âì�ø ¤¢ �¤ �õ �î �»÷� .´êÂð Ý�û��¡ ÂÑ÷¤¢ �¤ ÕþÂÏ ßþ� �� BCH ý�ûÀî Ý�Þã� ¤¢ ©ø¤ ø¢
�ûÀî ¥� üþ�û�ó�±÷¢ Ûõ�ª �ûÀî ¥� ÀþÀ� ý�û§�î ßþ� �î ¢�ªüõ üª�÷ ´�ãì�ø ßþ� ¥� À�îüõ À�õ�ì�ä
À� ,ï¤Ã� ñ�Ï �� BCH ý�ûÀî ´¨� ùÀª ´��� �îüó�� ¤¢ ;À��� þüõ ´¨¢ �Â±Ü�ð ö�Âî �� �î ´¨�

.À�µÆû

���ð ý�ûÀî 9.2

� ,n �ÞÜî ñ�Ï) d ùÀªü��ÂÏ �Ü¬�ê �� BCH Àî ×þ ¤¢ ý��ÞÜîÀî (c0; c1; : : : ; cn�1) À��î ­Âê
ý�Â � Pn�1

i=0
ci(�

j)i = 0 Ýþ¤�¢ ÓþÂã � ¥� ù¢� Ô µ¨� � � �¤�¬ßþ� ¤¢ ;Àª� � (À��ø ô�n �� óø� �È þ¤ ×þ
:�î À��îüõ ùÀû�Èõ .Ý�Æþ��� ýÂÚþ¢ ©ø¤�� �¤ ¯Âª ßþ� �� Ý�û��¡üõ .1 � j � d

zn � 1
z � ��i

=
n�1X
k=0

zk(��i)n�1�k =
n�1X
k=0

�i(k+1)zk: (1)

:Ýþ¤�¢ p(z) ý��ÜÞ�À�� ×þ ý�Â� �î Àû¢üõ �¹�µ÷ ßþ�

n�1X
i=0

ci
z � ��i

=
zd�1p(z)
zn � 1 : (2)

�÷�Þ�� ¤¢ üþ�µØþ ý��ÜÞ�À�� �¤ 1=(z � 
) ù�ðö� ,g(
) 6= 0 ø Àª�� ù��¿ó¢ ý��ÜÞ�À�� g(z) Âð�
:ü�ãþ ;(z � 
):1=(z � 
) � 1 mod g(z) �î ý¤�Ï�� ,Ý��îüõ ÓþÂã� g(z)

1

z � 

=
�1
g(
)

:(
g(z) � g(
)

z � 

): (3)

.À÷ø ¤üõ ¤�î�� Âþ¥ ÓþÂã� ý�Â� üð¢�õ� ×þ ö���ä�� ��Àû�Èõ ßþ�

À � � î ­Â ê .À ª� � Fqm ýø¤ t � �¤¢ � � (ß � Ø �) ý�� Ü Þ �À � � g(z) À � � î ­Â ê .1.9.2 ÓþÂã�
1ý� �� ð À î .0 � i � n � 1 ý�Â � g(
i) 6= 0 ø jL j = n � î ý¤� Ï� � L = f
0; 
1; � � � ; 
n�1g
1 Goppa code
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Fq ýø¤ c = (c0; c1; � � � ; cn�1) ��ÞÜîÀî �ä�Þ¹õ �¤�¬�� g(z) 2ý���ð ý��ÜÞ�À�� �� �¤ �(L; g)

:�î ý¤�Ï�� ,Ý��îüõ ÓþÂã�

n�1X
i=0

ci
z � 
i

� 0 mod g(z): (4)

.À�µÆû üÎ¡ ,���ð ý�ûÀî �î À��îüõ ùÀû�Èõ

ø g(z) = zd�1 ý���ð ý��ÜÞ�À�� �õ Âð� �î Ý��� �üõ ,ü��õÀÖõ ��Ñ��õ �� ���� � � .2.9.2 ñ�·õ

Àî ,´¨� Fqm ¤¢ À��ø ��óø� ô�n �Èþ¤ ×þ � ö� ¤¢ �î ÝþÂ�Ú� ÂÑ÷¤¢ �¤ L := f��i j0 � i � n� 1g
� ó�Æõ � � á��¤�) ´¨� d ùÀªü��ÂÏ �Ü¬� ê � � ­ÂäÝî BCH Àî ×þ ,ùÀª Û¬�� �(L; g) ý��� ð

.(2.9.8
ý�Â� °¨��õ ö¥�� �ü¨¤Â� ÅþÂ��õ ×þ �� Ý��îüõ üã¨ ,9.1 Ç¿� �� �Î��¤ ý¤�ÂìÂ � ¤�Ñ�õ ��

:�î Ý����üõ 3 ø 4 Í��ø ¤ ¥� .Ý����� �(L; g)
�

1

g(
0)
:g(z)�g(
0)(z�
0) ; : : : ; 1

g(
n�1)
g(z)�g(
n�1)
(z�
n�1)

�
;

.´¨� ö¥���ü¨¤Â� ÅþÂ��õ ×þ ,��ãõ ×þ �� ,¢�ªüõ Â�±ã� ü÷�µ¨ ¤�¢Â� ×þ �¤�¬�� �þ�¤¢ Âû ö� ¤¢ �î
�Î��¤ �� ���Èõ üªø¤ ¤¢ ù�ðö� ,g(z) = Pt

i=0 giz
i Âð� .hj 6= 0 ,ßþ�Â���� ø hj := g(
j)

�1 À��î ­Âê
:Ýþ¤�¢ 1

g(z) � g(x)

z � x
=

X
i+j�t�1

gi+j+1x
jzi:

:Ýþ¤�¢ �(L; g) ý�Â� ö¥���ü¨¤Â� ÅþÂ��õ ö���ä�� ,zi Ûõ��ä ¥� ö¢Âî ÂÑ÷éÂ¬ ��
0
BBBB@

h0gt � � � hn�1gt
h0(gt�1 + gt
0) � � � hn�1(gt�1 + gt
n�1)... � � � ...

h0(g1 + g2
0 + � � �+ gt

t�1
0

) � � � hn�1(g1 + g2
n�1 + � � � + gt

t�1
n�1)

1
CCCCA :

:ü�ãþ ;Ý���þüõ ,Ý�µ¨��¡üõ �î �¤ üÆþÂ��õ ,üÎ¡ ÛþÀ±� ×þ ¥� ù¢�Ôµ¨� ��

H =

0
BBBB@

h0 � � � hn�1
h0
0 � � � hn�1
n�1... ...
h0


t�1
0

� � � hn�1

t�1
n�1

1
CCCCA :

2 Goppa polynomial
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.(gt 6= 0 �î Ýþ�ù¢Â� ¤�î�� �¤ ´�ãì�ø ßþ� �¹�þ� ¤¢)
�¹�þ� ¤¢ �õ� ,¢�� ù��¿ó¢ hj �¹÷� �Âþ¥ ;¢¤�À÷ �¤ 9.1 Ç¿� ¥� Ĥ ÅþÂ��õ Ûõ�î ´�õ�Þä ,ÅþÂ��õ ßþ�

.hj = g(
j)
�1 Ýþ¤�¢

ø n �mt ýø�Æõ � þ Â �ï¤Ã � ýÀã � ý�¤�¢ 1.9.2 ¤¢ ùÀª ÓþÂ ã � �(L; g) ý� �� ð À î .3.9.2 ��Ìì

.´¨� t+ 1:5 ýø�Æõ �þ Â�ï¤Ã� �Ü¬�ê-ßþÂµÞî

�¹�µ÷ ,BCH ý�ûÀî �� ���Èõ �fÖ�ì¢ üªø¤ �� H ö¥���ü¨¤Â� ÅþÂ��õ �� ���� � � °ÜÎõ ßþ� .��±��

� .¢�ªüõ

��Ìì ¥� ü¬�¡ ´ó�� (­ÂäÝî BCH ý�ûÀî ý�Â�) BCH ö�Âî �î Àû¢üõ ö�È÷ 2.9.2 ùÀªù¢�¢ ñ�·õ
.´¨� 3.9.2

�¤ 10 ÛÊê) ýÂ±� ý�ûü�½�õ ýø¤ ý�ûÀî �� �ûÀî ßþ� Ý�Þã� ý�Â� üð¢�õ� ßµª�¢ ¤�Ñ�õ��
ý¤�¢Â� ý�Ìê .À��î áøÂª Fqm ö�À�õ �� .Ý��îüõ ýÀ��ñ�õÂê �f¢À¹õ �¤ ���ð ý�ûÀî ÓþÂã� �õ ,(À���±�

:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ «��¡ �� f(z) ý�þ�ð â���� ô�Þ�

ö�ÆØþ ¤�ÂØ� Ûì�À� �� ×þ Âû ,Àª�� �µª�¢ �Èþ¤ g(z) �î ´¨� üÏ�Ö÷ üõ�Þ� ¤¢ �Èþ¤ ý�¤�¢ f(z) (1
.g(z) ¤¢ �Èþ¤ ö� ��

´ó�� ö� ¤¢ ø 
n�1 ,� � � ,
1 ,
0 ¯�Ö÷ ü¡Â� ¤¢ �f �Þµ�� ÂÚõ ,Àª��üÞ÷ ü±Îì º�û ý�¤�¢ f(z) (2
.À�ª��üõ 1 �±�Âõ �û°Îì

:üþ���n �¤�¬�� ��ÞÜîÀî ßµêÂðÂÑ÷¤¢ �� Fqm ýø¤ Àî ×þ

(Res
0f;Res
1f; � � � ;Res
n�1f)

ý���ð Àî .´¨� ùÀª ÓþÂã� ñ�Þãõ �¤�¬�� 
i �ÎÖ÷ ¤¢ f(z) ùÀ÷�õüì�� ö� ¤¢ �î ´¨� ùÀª ÓþÂã�
.´¨� Àî ßþ� (Fq ýø¤) ÀîÂþ¥ ö�À�õÂþ¥ �(L; g)

�Æþ�Öõ 2.6.8 ÓþÂã� �� �¤ ´�ãì�õ ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ��� ¤¢ ùÀªÓþÂã� H ö¥���ü¨¤Â� ÅþÂ��õ
Ý����üõ .k = t ,a := (
0; g1; � � � ; 
n�1) ø v := (h0; h1; � � � ; hn�1) Ýþ��µêÂð ÂÑ÷¤¢ ö� ¤¢ �î À��î
Àî ×þ ö�ðø¢ ÀîÂþ¥ ö�À�õÂþ¥ �(L; g) ý���ð Àî ,ßþ�Â���� .´¨� GRSk(a; v) Àî Àó�õ ÅþÂ��õ H �î

.´¨� �µê�þ©ÂµÆð ßõ�ó�¨-Àþ¤
ø 2.6.8 ÓþÂã� À�÷�õ �ûý��ÜÞ�À�� �Ü�¨ø�� ùÀª ÓþÂã� ý�ûÀî �î Ýþ�ùÀþ¢ �¹�þ� � � ,ßþ�Â��� �
¤¢ .À�µÆû ö�ðø¢ ,Ýþ�ù¢Âî ÓþÂã� �¹�þ� ¤¢ ñø� �±�Âõ ý�û°Îì ¤¢ �û ùÀ÷�õüì�� ¥� ù¢�Ôµ¨� �� �î üþ�ûÀî

.¢Âî Ý�û��¡ ¢¤�¡Â� üú��Èõ ùÀþÀ� �� ,ýÂ±� �¨À�û ý�ûÀî �� ¯��Âõ ÛÊê
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���ð ý�ûÀî �Ü¬�ê-ßþÂµÞî 9.3

ýÂÚþ¢ ©ø¤ �� �¤ �ûÝ�Þã� ü¡Â� Ã�÷ ø 3.9.2 ��Ìì ´¨� ßØÞõ ,Ý�û¢ Â��ç� üÞî �¤ ¢�¡ ù�ðÀþ¢ �õ Âð�
ÓþÂã� À�÷�õ L À��î ­Âê .Àª�� Ù��Þû �Ü¬�ê �� (Fq )n éÂãõ R À��î ­Âê ,Û±ì À�÷�õ .Ýþ¤ø� ´¨¢��

:Ý��îüõ ÓþÂã� ;Àª�� 1.9.2

R� := f�(z) =
n�1X
i=0

bi
z � 
i

j (b0; b1; � � � ; bn�1) 2 Rg;

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ �(z) ø �(z) ý�þ�ð â��� ø¢ �Ü¬�ê ø

d(�(z); �(z)) := jj �(z) � �(z) jj;

.´¨� (n(z); d(z)) = 1 � � n(z)=d(z) �¤�¬�� �(z) ø ´¨� �Â¿õ ��¤¢ éÂãõ jj �(z) jj ö� ¤¢ �î
(b0; � � � ; bn�1) !

Pn�1
i=0

bi=(z � 
i) ´ª�Ú÷ âì�ø ¤¢ ø ´¨� �Ü¬�ê â��� ßþ� �î ¢�ªüõ ùÀþ¢ ü÷�¨���
ß µ êÂ ð ÂÑ ÷¤¢ � � � �� ð ý� ûÀ î � ã ó� Î õ ý�Â � �¤ ��Î¬� ß þ� � õ .´¨� R� � � R ¥� ü µ¿ þ¤×þ ×þ
.¢Â � Ý�û��¿÷ ¤�î� � �¤ 3 �Î��¤ ü�ã þ ;¢Â � Ý�û��¡ ¤�î� � R� ¥� ý�Ìä ö���ä� � 4 �Î��¤ ²� ´Þ¨
¯Âª .deg d(z) � deg n(z) + 1 ù�ðö� ,Àª� � ÂÔ¬� ÷ �ÞÜîÀî ×þ � � ÂÒ� � µõ �(z) = n(z)=d(z) Âð�
Ýþ¤�¢ ,ßþ�Â���� .deg d(z) � t+ 1 ü�ãþ ;�¤ n(z) À�î ¢�ä g(z) �î À�îüõ ��¹þ� �(z) � 0 mod g(z)

.´¨� 3.9.2 ��Ìì ¥� ý��¹�µ÷ �î jj �(z) jj � t+ 1

ý�ûÛõ�ä n ô�Þ� �Â®Û¬�� �� Â��Â� d(z) ö� ¤¢ �î Ý�Æþ��� n(z)=d(z) �¤�¬�� �¤ �(z) �õ Âð�
��¤¢ Â ð� ,Ý �È¿ � ¢� ± ú � �¤ � Ü¬� ê-ßþÂ µ Þ î ¢¤� õ¤¢ ¢�¡ ß�Þ¿ � Ý � ÷�� �üõ ù� ðö� ,´¨� (z � 
i)

.´¨� Pn�1
i=0

� � Â ��Â � n(z) ¤¢ zn�1 °þÂ® .À�ª� � � µª�¢ é�µ¡� ¢Àä ×þ ¥� Â µÈ� � ¤¢ d(z) ø n(z)
ù� ðö� ,Ý � � î � ê� ®� �¤ Pn�1

i=0
bi = 0 ü ê�®� ö¥�� �ü ¨¤Â � � ó¢� ã õ × þ � õ Â ð� � î ¢� ªü õ �¹ � µ ÷

Àû��¡ Ýî üØþ Â·î�À� ,Àî Àã � ¢¤�õ ¤¢ ø Àª Àû��¡ �ê�®� üØþ ,�Ü¬�ê-ßþÂµÞî ù¤� �¤¢ ß�Þ¿�
n(z) �Â¿õ ¤¢ zn�s�1 °þÂ® .Ý þÂ � ¤� î� � ° þ�Â® Â þ� ¨ ¢¤� õ ¤¢ �¤ üú ��È õ ùÀ þ� Ý � ÷�� �ü õ .Àª
ý�Â � jv 6= i � î Àû¢üõ ö�È ÷ P�ö� ¤¢ � î) ´¨� (�1)sPn�1

i=0
bi
P�

j1;j2;���;js 
j1
j2 � � � 
js � � Â ��Â �
�¹�µ÷ .´¨� (0 � r � s) Pn�1

i=0
bi


r
i ý�ûá�Þ¹õ ¥� üÎ¡ °�îÂ� ×þ °þÂ® ßþ� .(v = 1;2; � � � ; s

ù�ðö� ,Ý�þ�Þ÷ �ê�®� �¤ (0 � r � s) Pn�1
i=0

bi

r
i = 0 ü�ãþ ,ö¥���ü¨¤Â� �ó¢�ãõ s+ 1 �õ Âð� �î ¢�ªüõ

´ó�� ßþ� �÷�Ú� .Ýþ¤�¢ �¤ t+ s+2 Ûì�À� �Ü¬�ê-ßþÂµÞî ø n� tm� (1+ sm) Ûì�À� Àã� �� ýÀî
?¢¢Âðüõ �Æþ�Öõ ,Ý��îüõ ßþÃðý�� t+ s ��¤¢ �� ýÂÚþ¢ ý���ð ý��ÜÞ�À�� �� �¤ g(z) �îü÷�õ¥ ��
�Ü�Âõ q ¤¢ ,ßþ�Â���� ;Pn�1

i=0
bi


q
i = 0 À�îüõ ��¹þ�Pn�1

i=0
= 0 �î ´¨� ´þÃõ ßþ� ý�¤�¢ ,©ø¤ ß�óø�
.À��þüÞ÷ Çû�î Àã� �î Ý�µÆû ßÿÞÎõ �õ
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�¤�¬ßþ� ¤¢ ;Àª�± ÷ ý¤�ÂØ� �Èþ¤ º�û ý�¤�¢ g(z) À��î ­Âê ø q = 2 À��î ­Âê .1.9.3 ��Ìì
.(t = deg g(z) ö� ¤¢ �î) ´¨� 2t+ 1 Ûì�À� �Ü¬�ê-ßþÂµÞî ý�¤�¢ �(L; g)

¤¢ ;f(z) = Qn�1
i=0

(z � 
i)
ci À��î ÓþÂã� ;Àª�� �ÞÜîÀî ×þ (c0; c1; � � � ; cn�1) À��î ­Âê .��±��

�ú�� f 0(z) ¤¢ .´¨� ý¤�¬ ÕµÈõ f 0(z) ö� ¤¢ �î �(z) =Pn�1
i=0

ci=(z � 
i) = f 0(z)=f(z) �¤�¬ßþ�

À � î ¢�ä g(z) �î Ý þ¤�¢ ¥� � ÷ ö�� .´¨� Ûõ� î â �Â õ ×þ f 0(z) ü�ã þ ;À �û¢üõ  ¤ z �ø¥ ý�ûö�� �

�î À�îüõ ��¹þ� üÜ±ì ñ�Àµ¨� ,ßþ�Â��� � ;�¤ f 0(z) À�î ¢�ä g2(z) Ý�ª�� �µª�¢ âì�ø ¤¢ Àþ�� ,�¤ f 0(z)

� .d � 2t+ 1

.¢�Þ÷ °�îÂ� BCH Àî ×þ �� íÂµÈõ á�®�õ �� �¤ 1.9.3 ��Ìì ö���üõ �µ±ó�

���ð ý�ûÀî ü±÷�¹õ ¤�µê¤ 9.4

9.6.6 ��Ìì �� ´�ãì�ø ßþ� .À�µÆû À� ,ï¤Ã� ñ�Ï �� ��óø� BCH ý�ûÀî �î Ýþ¢Âî ù¤�ª� 6.6 Ç¿� ¤¢
¢¤�õ ¤¢ �î ý¤ø¢ ý�ûÀî ¥� ý�ù¢��÷�¡ �î ¢�¢ ö�È÷ (]39[ â�Âõ ;1969) 3üõ�¥�î .´¨� ¯�±�¤� ¤¢
¥� ý��ó�±÷¢Âþ¥ ¤¢ .À�ª��üõ À� ,���Èõ ô�úÔõ ¤¢ À�µÆû �þ�� ß�ê� ùøÂð ´½� �µê�þâ�¨�� ý�ûÀî �ú÷�
ö�È÷ ×�þ� .lim inf(di=ni) = 0 �þ lim inf(ki=ni) = 0 Àþ�� di �Ü¬�ê ø ki Àã� ,ni ñ�Ï �� Ci ý�ûÀî

.´¨� Â�ï¤Ã� üú��� Û��ì ¤�Ï�� ���ð §�î �î ¢�¢ Ý�û��¡

.À��þüõ ´¨¢ �Â±Ü�ð ö�Âî �� �î ¢¤�¢ ¢��ø Fq ýø¤ ���ð ý�ûÀî ¥� ý��ó�±÷¢ .1.9.4 ��Ìì

�� Ý��îüõ üã¨ ø Ý��îüõ ��¿µ÷� �¤ L = Fqm ,Ýþ¤�¢üõÂ� �¤ d ø t ,n = qm ý�ûÂµõ�¤�� �Àµ��¤¢ .��±��
�Ü¬�ê-ßþÂµÞî ý�¤�¢ �(L; g) �î Ý����� ý��÷�ð�� �¤ Fqm ýø¤ d ��¤¢ ¥� g(z) ÂþÁ��÷Ûþ�½� ý��ÜÞ�À��

ý��ÞÜî ü�ãþ ;Àª�� d > j ö¥ø �� üû��¿ó¢ �ÞÜî c = (c0; c1; � � � ; cn�1) À��î ­Âê .Àª�� d Ûì�À�

,´¨� j � 1 Â·î�À� ��¤¢ �� ùÀ÷¤�Þª ý�¤�¢ Pn�1
i=0

ci=(z � 
i) ö�� .Àª�� �(L; g) ¤¢ Ý�û��¡üÞ÷ �î

´¨��ãõ ö�À� ßþ� .´Æ�÷ c Ûõ�ª �(L; g) ö� ¤¢ �î À÷¤�¢ ¢��ø g(z) ý��ÜÞ�À�� b(j � 1)=tc Â·î�À�
ÂþÁ��÷Ûþ�½� ý��ÜÞ�À��Pd�1

j=1
b(j � 1)=tc(q � 1)j�nj� Â·î�À� Àþ�� ,d �Ü¬�ê ¥� ö���ÞÏ� ¤�Ñ�õ �� �î

¥� ù¢�Ôµ¨� �� .(1 �Î��¤ �� á��¤�) ´¨� (d=t)Vq(n; d � 1) ¥� ÂµÞî ¢�Àã� ßþ� .Ý��î �¤�¡ �¤ t ��¤¢ ��
(1=t)qmt(1 � q�(1=2)mt+m) ¥� Fqm ýø¤ t ��¤¢ � � Â þÁ�� ÷Ûþ�½� ý�ûý��ÜÞ�À�� ¢�Àã� ,4 �Î��¤
3 T. Kasami
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:�î ´¨� ßþ� Ý�µÆû ö� ñ�±÷¢ �� �õ �î �(L; g) Àî ¢��ø ý�Â� üê�î ¯Âª ×þ ,ßþ�Â���� ;À�îüõ ¥ø�¹�

d

t
Vq(n; d� 1) < 1

t
qmt(1� q�(1=2)mt+m): (5)

q �þ�� ¤¢ Ýµþ¤�Úó 5 �Î��¤ éÂÏ ø¢ ¥� .´¨� �ÞÜî qn�mt Ûì�À� Ûõ�ª Àî ßþ� ,3.9.2 ��Ìì ¥� ù¢�Ôµ¨� ��
Ýó ýÂ�ð¤�î�� �� .d=n ! 1 ø ,n ! 1 ,Àª�� Â�çµõ n À��î ­Âê .Ý��îüõ Ý�ÆÖ� n Â� ø ÝþÂ�ðüõ

:Ýþ¤�¢ 4.5.1
Hq(Æ) + o(1) <

mt

n
+ o(1):

¥� ý�� ó� ± ÷¢ Ý � ÷�� �ü õ �¹ � µ ÷ ¤¢ .´¨� 1 �mt=n ýø�Æ õ � þ Â �ï¤Ã � �(L; g) À î �� ä�Ï�  Â ÷
.À�ª�� 1�Hq(Æ) �� Ûþ�õ ��ä�Ï�  Â÷ ý�¤�¢ ,ÂÒ��µõ ý���ð ý�ûÀî �î Ý����� �¤ g(z) ý�ûý��ÜÞ�À��
� .´¨� (8.5.1 ��Ìì) �Â±Ü�ð ö�Âî ö�Þû ßþ�

���ð ý�ûÀî üþ�ÈðÀî 9.5

���ð ý�ûÀî À÷���üõ Ã�÷ ,Ýþ¢Âî ö��� 6.7 Ç¿� ý�úµ÷� ¤¢ �¤ö� �î BCH ý�ûÀî ý�Â� ²ÞØ�óÂ� ý�ÈðÀî
.´ê¤ Ý�û��¡ Ç�� 6.7 Ç¿� �� ���Èõ üªø¤ ¤¢ ,°ÜÎõ ßþ� ö¢�¢ ö�È÷ ý�Â� .Àþ�Þ÷ üþ�ÈðÀî �¤

ø Àª�� ,Àõ� 1.9.2 ÓþÂã� ¤¢ �î ö���ö� ,�(L; g) ¤¢ ý��ÞÜîÀî (C0; C1; � � � ; Cn�1) À��î ­Âê
(E0; E1; � � � ; En�1) = R�C �� �¤ �Î¡ ¤�¢Â� �õ .Ý��î ´ê�þ¤¢ �¤ (R0; R1; � � � ; Rn�1) ¤�¢Â� À��î ­Âê
�î Ý� �î ­Âê ø Ý�û¢üõ ö�È÷ t � � �¤ g(x) ��¤¢ .M := fi jEi 6= 0g À��î ­Âê .Ý�û¢üõ ö�È÷
�¤�¬�� ,¢�ªüõ ùÀ�õ�÷ ´ê¤Ýû �î S(x) ý��ÜÞ�À�� ,3 ¢�¢¤�Âì ýÂ�ð¤�î�� �� �f¢À¹õ .jM j = e < 1

2
t

:¢¢Âðüõ ÓþÂã� Âþ¥

S(x) �
n�1X
i=0

Ei

x� 
i
mod g(x): (6)

�õ ñ�� .¢�ª �±¨�½õ 4 �Î��¤ ø R ýÂ�ð¤�î� � � � ùÀ ÷Â �ð Í¨�� À÷�� �üõ S(x) �î À� �îüõ ùÀû�Èõ
6.7 Ç¿� �� ���Èõ üªø¤�� �¤ !(z) ù�ÂÞû ý��ÜÞ�À�� ×þ ø �(z) 4�Î¡-É�¿È� ý��ÜÞ�À��

.(�ú÷� §�Øãõ ý���� �ûö�Øõ ¢�¡ ýÂ�ð¤�î�� �� �Ñ½ó ßþ� ¤¢ �õ�) Ý��îüõ ÓþÂã�

�(z) :=
Y
i2M

(z � 
i); (7)

!(z) :=
X
i2M

Ei

Y
j2Mnfig

(z � 
i): (8)

4 error-locator polynomial
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e ��¤¢ ý�¤�¢ �(z) ,À÷¤�À÷ üîÂµÈõ Ûõ�ä º�û !(z) ø �(z) �î ¢�ªüõ �¹�µ÷ ÓþÂã� ßþ� �� ���� ��
Âþ¥ ñ�Àµ¨� ¥� ù¢�Ôµ¨� �� 6.7 Ç¿� ¥� !(z)=�(z) �±¨�½õ .´¨� e ¥� ÂµÞî ��¤¢ ý�¤�¢ !(z) ø ´¨�

.¢�ªüõ ßþÃðý��

S(z)�(z) � Pn�1
i=0

Ei

z�
i
Q
i2M (z � 
i)

� !(z) mod g(z):

(9)

×þ ø (�1(z) 6= 0) ��¤¢ ßþÂµÞî �� �1(z) ß�Ø� ý��ÜÞ�À�� �î Ýþ¤�¢ üÞµþ¤�Úó À��î ­Âê ñ��
:�î ý¤�Ï�� ,À��þüõ �¤ ÂµÞî ��¤¢ �� !1(z) ý��ÜÞ�À��

S(z)�1(z) � !1(z) mod g(z): (10)

:�î Àû¢üõ �¹�µ÷ ßþ�
!1(z)�(z) � !(z)�1(z) � 0 mod g(z):

;´¨� ÂÔ¬ �� Â��Â� ²� ´Þ¨ �î Ý�Þúêüõ ,´¨� g(z) ��¤¢ ¥� ÂµÞî ë�ê �ó¢�ãõ ²� ´Þ¨ ��¤¢ ö��
Ý�ª�� �µª�¢ Àþ�� ,ßþ�Â��� � ;�¤ �1(z) À�îüõ ¢�ä �(z) �î À�îüõ ��¹þ� (�(z); !(z)) = 1 ,ßþ�Â��� �
×þ ²ÞØ�óÂ� Ýµþ¤�Úó� .Ý�¨��ªüõ �¤ E �î ´¨� ¼®�ø ,Ý�µê�þ �¤ !(z) ø �(z) �îß�Þû .�1(z) = �(z)

ø¢ ô.ô.� ßµê�þ ý�Â� ü¨À�Üì� Ýµþ¤�Úó� �þ��Â� ,ýÂÚþ¢ ý�û©ø¤ .´¨� �1(z) �±¨�½õ ¤¢ �¤�î ©ø¤
.(]51[ â�Âõ .í.¤) ¢¤�¢ ¢��ø ý��ÜÞ�À��

�µê�þ©ÂµÆð BCH ý�ûÀî 9.6

L = f1; �; �2; � � � ; �n�1g À þÂ � Ú � Â Ñ ÷¤¢ .Ý þ¥�À � � � � �� ð ý� ûÀ î � � ýÂ Ú þ¢ ù� Ú ÷ À � þ� � �
­Â ê .´ ¨� ° ¨� � õ ý�� Ü Þ �À � � × þ g(z) ø F2m ¤¢ À ��ø � � óø� ô�n � È þ¤ × þ � ö� ¤¢ � î
ß õ� ó� ¨-ö� Æ �� õ ý�� Ü Þ �À � � ,2 � Î ��¤ � �� È õ .(a0; a1; � � � ; an�1) 2 �(L; g) À � � î

:ý��ÜÞ�À�� .Ý�û¢üõ ö�È÷ A(X) �� �¤ a0 + a1x+ � � �+ an�1xn�1

(Xn � 1)
n�1X
i=0

A(�i)

X � �i
= (Xn � 1)n

n�1X
i=0

ai
X � �i

;

ýø�Æõ �þ ÂµÞî ��¤¢ �� ý��ÜÞ�À�� ×þ ,�ó¢�ãõ ²� éÂÏ .(2.6.5 Ýó ¥� ù¢�Ôµ¨� ��) ÀþÂ�Ú� ÂÑ÷¤¢ �¤
1 � � �¤ n Ý� ÷�� �üõ .¢Â þÁ �üõ �¤ n��iA(�i) ¤�ÀÖõ (0 � i � n � 1) X = �i ý�Â� �î ´¨� n � 1
Xn�1 Æ A(X) ý��ÜÞ�À�� �� Â��Â� ²� ´Þ¨ ,ßþ�Â���� ;Ý��îüõ ¤�î F2 ýø¤ ö�� ,Ý�þ�Þ÷ ßþÃðý��
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ýø�Æõ �þ ÂµÞî ��¤¢ ý�¤�¢ Ã�÷ ý��ÜÞ�À�� ßþ� �Âþ¥ ;(6.5 Ç¿� ¤¢ ¢���õ ¢�Þ÷ ýÂ�ð¤�î�� ��) ´¨�
.Ýþ�ù¢Âî ��±�� �¤ Âþ¥ ��Ìì ,ßþ�Â���� ;¢ÂþÁ�üõ À��ø ô�n ý�û�Èþ¤ ¤¢ �¤ Âþ¢�Öõ ö�Þû ø ´¨� n� 1

ø ´ ¨� F2m ¤¢ À ��ø � � óø� ô�n � È þ¤ × þ � ö� ¤¢ � î L = f1; �; � � � ; �n�1g Â ð� .1.9.6 ��Ìì
ö� ¤¢ �î ´¨� (a0; a1; � � � ; an�1) ��ÞÜî Ûõ�ª �(L; g) üþø¢ø¢ ý���ð Àî ù�ðö� ,(g(z); zn � 1) = 1

:À�îüõ ëÀ¬ Âþ¥ �Î��¤ ¤¢ a(x) ¥� A(X) ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À��

Xn�1 Æ A(X) � 0 mod g(X):

ý��ÜÞ�À�� �î ´�ãì�ø ßþ� ýÂ�ð¤�î�� �� ø 4.6.5 ��Ìì ×Þî �� �¤ BCH ö�Âî ,2.6.6 ��Ìì ¤¢
,���ð ý�ûÀî ý�Â� .Ýþ¢Âî ´��� ,´¨� ×��î üê�î ù¥�À÷��� ��¤¢ ý�¤�¢ �ÞÜîÀî ×þ ßõ�ó�¨-ö�Æ��õ
¥� ,ßþ�Â���� ;(g(X);Xn�1) = 1 ø ´¨� t ��¤¢ ý�¤�¢ g(X) ý��ÜÞ�À�� .À�îüõ ¤�î üú��Èõ ñ�Àµ¨�
ý��ãõ .À�µÆû A(X) ý�û�Èþ¤ ,À��ø ô�n ý�û�Èþ¤ �� n�1� t Â·î�À� �î ¢�ªüõ �¹�µ÷ 1.9.6 ��Ìì

.Àû¢üõ �¹�µ÷ �¤ 3.9.2 ��Ìì ý�Â� üõø¢ ��±�� �î ´¨� t+ 1 Ûì�À� ö¥ø ý�¤�¢ a �î ´¨� ßþ� ö�
�î ¢¥�¨üõ ßÿÞÎõ �¤ �õ ,�µê¤ ¤�î�� À�êÂ� .Àû¢üõ ö�È÷ �¤ �ûÀî ßþ� Ý�Þã� üÚ÷�Ú� ��� Û�ó¢
¢�¡ ý�û�Èþ¤ ö���ä�� À��ø ô�n ý�û�Èþ¤ üÞî ¢�Àã� Ûõ�ª �ÞÜîÀî ×þ ßõ�ó�¨-ö�Æ��õ ý��ÜÞ�À��

.´¨� �µê¤ ¤�î�� Âþ¥ ©ø¤�� (]13[ â�Âõ ;1975) 6ü�e ø 5ß��c Í¨�� ,ùÀþ� ßþ� .´¨�

S = ø F = Fqm � � 6.5 Ç ¿ � ¤¢ � î À ª� � ö� Þ û (T;+; Æ) À � � î ­Â ê .2.9.6 ÓþÂã�
�î ý¤�Ï�� ,À�ª� � T ¤¢ ý��ÜÞ�À�� ø¢ G(X) ø P (X) À��î ­Âê .Àª ù¢¤ø� Fq [x] mod xn � 1
�� Fq ýø¤ n ñ�Ï �� (Àî GBCH) �µê�þ©ÂµÆð BCH Àî .(P (X);Xn � 1) = (G(X);Xn � 1) = 1

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� (P (X); G(X)) ý��ÜÞ�À�� �ø¥

fa(x) 2 S jP (X) Æ (�a)(X) � 0 mod G(X)g:

.´¨� üÎ¡ ��®ø�� GBCH ×þ

1 + degG(X) � � Â ��Â � Û ì�À� 2.9.6 ÓþÂ ã � ¤¢ GBCH À î ×þ � Ü¬� ê-ß þÂ µ Þ î .3.9.6 ��Ìì
.Àª��üõ

5 R. T. Chien
6 D. M. Choy
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P (X)Æ(�a)(X) ¥� üÜõ�ä ,Xn�1 ø �a ¥� f(X)íÂµÈõ Ûõ�ä .ÝþÂ�üõ ¤�î�� �¤ 4.6.5 ��Ìì .��±��
.Àª�� n� 1� degG(X) �� Â��Â� Â·î�À� Àþ�� f(X) ��¤¢ ,ßþ�Â���� ;(G(x); f(X)) = 1 �õ� .´Æû Ýû

�

GBCH ý�ûÀî ¥� üþ�ûñ�·õ ,À÷Àª �ÂÎõ 1.9.6 ��Ìì ¤¢ �î ü¬�¡ ý���ð ý�ûÀî �î Àþ¤�¢ ����
.Ýþ¤ø�üõ ´¨¢�� BCH Àî ×þ ù�ðö� ,G(X) = Xd�1 ø P (X) = Xn�1 ÝþÂ�Ú� ÂÑ÷¤¢ Âð� .À�µÆû

ßþ� ö¢�¢ ö�È÷ ý�Â� .À�µÆû 8.1 Ç¿� ¥� Ĥ ��±ª ö¥���ü¨¤Â� ÅþÂ��õ ×þ Ûõ�ª GBCH ý�ûÀî
�¤ g(x) = (��1G)(x) =

Pn�1
i=0

gix
i ø p(x) = (��1P )(x) =

Pn�1
i=0

pix
i ý�ûý��ÜÞ�À�� ,°ÜÎõ

ô�n ý�û�Èþ¤ ö�� ,À�µÆû ÂÔ¬�÷ ,g(x) ø p(x) °þ�Â® üõ�Þ� ,2.6.5 Ýó ¥� ù¢�Ôµ¨� �� .ÝþÂ�ðüõ ÂÑ÷¤¢
�� .A(X) = (�a)(X) ø Àª�� �ÞÜîÀî ×þ a(x) À��î ­Âê .À�ª��üÞ÷ G(X) �þ P (X) ý�û�Èþ¤ ,À��ø
ý¤�Ï�� ,¢¤�¢ ¢��ø n� 1� degG(X) Â·î�À� ��¤¢ �� B(X) ý��ÜÞ�À�� ,2.9.6 ÓþÂã� ¥� ù¢�Ôµ¨�

:�î

P (X) Æ A(X) = B(X)G(X) = B(X) ÆG(X):

:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;b(x) := (��1B)(x) =
Pn�1

i=0
bix

i À��î ÓþÂã�

p(x) � a(x) = b(x) � g(x);

:ü�ãþ
n�1X
i=0

piaix
i =

n�1X
i=0

bigix
i:

:À��î ÓþÂã� ø hi := pig
�1
i À��î ­Âê .(0 � i � n� 1) bi = pig

�1
i ai Ýþ�ù¢¤ø� ´¨¢�� ,ßþ�Â����

H :=

0
BBBB@
h0 h1� � � � hn�1�n�1

h0 h1�
2 � � � hn�1�2(n�1)... ... ...

h0 h1�
t � � � hn�1�t(n�1)

1
CCCCA :

:Ýþ¤�¢ 2 �Î��¤ ýÂ�ð¤�î�� �� .Bn�j = 0 �¤�¬ßþ� ¤¢ ;1 � j � t = degG(X) À��î ­Âê

Bn�j = b(�j) =
n�1X
i=0

bi�
ij =

n�1X
i=0

hiai�
ij:

n� 1� t Â��Â� Â·î�À� B(X) ��¤¢ �î Ýþ¤�¢ ù�ðö� ,aHT = 0 Âð� ,ÅØäÂ� .aHT = 0 ,ßþ�Â��� �
.´¨� GBCH Àî ¤¢ a ü�ãþ ;B(X)G(X) = B(X) ÆG(X) = P (X) ÆA(X) ,ßþ�Â���� ;´¨�
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�û¢�ú�È�� 9.7

¢¤�õ ÛÊê ßþ� ¤¢ �î �ûÀî ßþ� .À÷�ªüõ ùÀ�õ�÷ 7�ø��µõ ý�ûÀî 9.1 Ç¿� ¤¢ ùÀª Ó�¬�� ý�ûÀî
À¨¤üõ ÂÑ÷�� ,°ó�� §�îÂþ¥ ß�óø� .À�µÆû ,�i ø hi ��¿µ÷� �� �µÆ��ø ,ü¬�¡ ¢¤��õ ,À�µêÂð ¤�Âì ¶½�
,´¨� ùÀª üêÂãõ (ùÀÈ÷ÂÈµ�õ) 1967 ñ�¨ ¤¢ 9�ø�µ¨��þÂ¨� Í¨�� �î 8�ø�µ¨��þÂ¨� ý�ûÀî §�î �î
ý�ûÀî .¢�¢ ¢�ú�È�� �¤ ���õ¥ ßþ� ¤¢ ÂµÈ�� �ãó�Îõ ø ¢�¢ É�¿È� �¤ �ú÷� ö�Øõ� ]2[ 10²ÞØ�óÂ� .Àª��
���ð ý�ûÀî ¢¤�õ ¤¢ �î ü±ÜÎõ ßþÂ�°ó�� .Àª üêÂãõ (]35[ â�Âõ ;1974) 11�ÂÚÜû Í¨�� �ø��µõ

.(]4[ â�Âõ .í.¤) Àþ¢Âð �ÂÎõ 1970 ñ�¨ ¤¢ ]27[ 12���ð ¢�¡ Í¨�� ,Àª ´���
]5[ �÷Âõ ø ²ÞØ�óÂ� �õ� ,(2.9.8 �ó�Æõ �� á��¤�) À�µÆû ý¤ø¢ ý���ð ý�ûÀî �ú�� ,BCH ý�ûÀî
13Ù�þ¥ �fÀã� .À�µÆû ý¤ø¢ ,�Î¡ ùÀ��î¼�½Ê�-2 �µê�þ©ÂµÆð üþø¢ø¢ ý���ð ý�ûÀî �î À÷¢�¢ ö�È÷
���ð ý�ûÀî ùÀþ� ,ß�Ôó�õ ö�Þû ø À÷¢�Þ÷ ´��� ���ð ý�ûÀî Âþ�¨ ý�Â� �¤ üú��Èõ �¹�µ÷ ]71[ 14ßõÂÞþ¥ ø

.À÷¢�¢ Ý�Þã� �¤

Û��Æõ 9.8

.(�4 + � + 1 = 0 À��î ­Âê) Àª�� F
24

¤¢ À��ø ��óø� ô�15 ý�û�Èþ¤ Ûõ�ª L À��î ­Âê .1.9.8

.À��î ü¨¤Â� �¤ �(L; g) ý���ð üþø¢ø¢ Àî .g(z) := z2 + 1 À��î ­Âê

.L := f1; �; �2; � � � ; �n�1g À��î­Âê ø Àª�� F2m ¤¢ À��ø ��óø� ô�n �Èþ¤ ×þ � À��î­Âê .2.9.8
ý�Â� g(z) = zt À�û¢ ö�È÷ .Àª�� ý¤ø¢ Àî ×þ C = �(L; g) üþø¢ø¢ ý���ð Àî À��î ­Âê ß���Ýû

.´¨� BCH Àî ×þ C ü�ãþ ,t ¤�ÀÖõ ×þ Âþ¢�Öõ ü¡Â�

´¨¢�� Fq ýø¤ n ñ�Ï �� BCH Àî C1 À��î ­Âê .L = Fqm nf0g ,n = qm � 1 À��î ­Âê .3.9.8
�(L; g) ý���ð Àî ×þ C2 À��î ­Âê ß���Ýû .Àª�� 1.6.6ÓþÂã� ¤¢ Æ = d1 ßµêÂð ÂÑ÷¤¢ �� ùÀõ�

.d2 := 1+ degg ö� ¤¢ �î ´¨� d � d1 + d2 � 1 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C1 \ C2 À�û¢ ö�È÷ .Àª��
7 alternate codes
8 Srivistava codes
9 J. N. Srivistava
10E. R. Berlekamp
11H. J. Helgert
12V. D. Goppa
13K. K. Tzeng
14K. P. Zimmerman
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.Àª�� t ��¤¢ ý�¤�¢ G(X) �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (P (X); G(X)) ý��ÜÞ�À�� �ø¥ �� GBCH Àî .4.9.8
.À�îüõ ÓþÂã� �¤ Àî ö�Þû (P̂ (X);Xt) �ø¥ �î ý¤�Ï�� ¢¤�¢ ¢��ø P̂ (X) ý��ÜÞ�À�� �î À�û¢ ö�È÷

Àî ×þ C À�û¢ ö�È÷ .Àª�� x2 + x+ 1 Àó�õ �� 15 ñ�Ï �� üþø¢ø¢ ý¤ø¢ Àî C À��î ­Âê .5.9.8
.´Æ�÷ ���ð Àî ×þ �õ� ,´¨� BCH



10 ÛÊê

ýÂ±� �¨À�û ý�ûÀ�î

�¨À�û ý�û©ø¤ üêÂãõ ,80 �û¢ ¤¢ �Î¡ ùÀ��î¼�½Ê� ý�ûÀî �þÂÑ÷ ¤¢ �û´êÂÈ�� ßþÂ�Ýúõ ¥� üØþ
.Àª��üõ Û±ì ÛÊê ¥� � ��ð ý�ûÀî Ý�Þã� �þ� �Â � á�®�õ ßþ� .¢�� ��¡ ý�ûÀî ´¡�¨ ý�Â� ýÂ±�
ý�ûÀî ,��ìø� ü¡Â� ¤¢ 9 ÛÊê ý�ûÀî ,âì�ø ¤¢ .À÷��µêÂþÁ� ô�úó� ���ð ùÀþ� ¥� Ã�÷ ýÂ±� �¨À�û ý�ûÀî
.À÷�ªüõ ùÀ�õ�÷ \ü¨À�û" ý���ð ý�ûÀî ,À÷�ªüõ ÛÊê ßþ� �� ¯��Âõ �î üþ�ú÷� ø \×�¨�î" ý���ð

¥� ù¢�Ôµ¨� �� .¢�� ]98[ 3×�þ¥ ø 2�ø¢�ø , 1ßÞÆê Í¨�� ý��ó�Öõ ,�÷�îÂþ¥ ý�û´êÂÈ�� ¥� üØþ
�µ¡�¨ �Î¡ ùÀ��î¼�½Ê� ý�ûÀî ¥� ý��ó�±÷¢ ,ýÂ±� �¨À�û ¥� Õ�Þä ¸þ�µ÷ ø ýÂ±� ý�ûÝ¡ ¥� üþ�ûÀî
ö�Âî Í¨�� ö�Âî ßþ� .Àþ¢Âð ��¡ ý�ûÀî ü��ä�Ï�  Â÷ ýø¤ Â� ýÀþÀ� ü��þ�� ö�Âî �� Â¹�õ �î Àª

.¢�� ñ�¨ ü¨ üÏ ,ö�Âî ßþ� ¥� ¢�±ú� ß�óø� ßþ� .Àª ù¢�¢ ¢�±ú� 8.5.1 �õ�ª¤ø-�Â±Ü�ð

ø (]73[ â�Âõ .í.¤) 1987 ñ�¨ ¤¢ Óó�õ Í¨�� ùÀª ���¤� ü½�®�� ý�ûü÷�Â�¿¨ �þ��Â� ÛÊê ßþ�
ô¥� °ó�Îõ �ú�� �õ .(]73[ â�Âõ .í.¤) ´¨� 1987 ñ�¨ ¤¢ Óó�õ ø 4Â�ð¤¢öø Í¨�� ùÀª ���¤� §¤¢
¥� üÌã� ¤¢ .À÷�ùÀª éÁ� �û��±�� °Üè� ,ö� ¤¢ �î ¢Âî Ý�û��¡ ¤øÂõ ü½Î¨ ¤�Ï�� �¤ ýÂ±� �¨À�û
.´¨� ô¥� ,Àþ¢Âð ¤øÂõ 1 ÛÊê ¤¢ �»÷� �� ´±Æ÷ ýÂµÈ�� ýÂ±� ���õ¥Ç�� �î ¢�Þ÷ Ý�û��¡ ù¤�ª� ,âì��õ

� � � õ ,��µî ßþ� ¤¢ .´¨� üþ�ÈðÀî ý�û©ø¤ �� ¯��Âõ �ûÀî ßþ� ¢¤�õ ¤¢ Â�¡� ý�û¤�î Â µÈ� �

1 Tsfasman
2 Vl�adut
3 Zink
4 G. van der Geer



197 ýÂ±� �¨À�û ý�ûÀ�î .10 ÛÊê

©ø¤ �ú�� ,âì�ø ¤¢ .Ýþ�ªüÞ÷ ¢¤�ø �û©ø¤ ßþ� ¤¢ ,ßþ�Â���� ,´ª�¢ Ý�û��¿÷ ý¢�þ¥ ¤�îøÂ¨ üþ�ÈðÀî
¤¢ �î ´¨� üþ�û©ø¤ ¥� üØþ ,(üî�Ü� ý�ûÀî ý�Â�) ´ê¤ ¤�î�� ÛÞä ¤¢ ù¢ÂµÆð ¤�Ï �� �î üþ�ÈðÀî
.¢Âî À�û��¡ �À�� üÜÞä ´�Þû� ,ýÂ±� �¨À�û ý�ûÀî ü÷�õ¥ �� �î ´Æ�÷ É¿Èõ .¢�� ùÀõ� 6.7 Ç¿�

ýÂ±� �¨À�û ß�Ú�¨ ý�ûù�Úµ¨¢ ¥� ù¢�Ôµ¨� öøÀ� �ûÀî ßþ� �� ¯��Âõ ¸þ�µ÷ ¥� ý¤��Æ� �î Ýþ¢Âî ù¤�ª�
.Ý�û¢üõ á��¤� ]90[ â�Âõ �� �¤ ùÀ�÷��¡ ,¢Âîýø¤ ßþ� ù¤��¤¢ ü�Âª ùÀû�Èõ ý�Â� .Àþ�üõ ´¨¢��

ý�ûÉµ¿õ �� ¯�Ö÷ ßµêÂð ÂÑ÷¤¢ �� �¤ ßõ�ó�¨-Àþ¤ ý�ûÀî ´¨� ßØÞõ �î ÝþÀþ¢ 6.9 Ç¿� ¤¢
ßµêÂð ÂÑ÷¤¢ �� ,��ÞÜîÀî .Ý�þ�Þ÷ ÓþÂã� (Fq ýÂ±� ¤�µÆ� ýø¤ Àþ�ª) ýÂþ�Ê� Í¡ ýø¤ Fq �� ÕÜãµõ
¯�Ö÷ ¤¢ â���� ßþ� Âþ¢�Öõ ö¢¤ø� ´¨¢ �� ø «�¡ �ÎÖ÷ ×þ ¤¢ ¢øÀ½õ �±�Âõ ¥� °Îì ×þ �� �þ�ð â����
ý�û ùÀ÷�õüì�� �±¨�½õ �� �¤ ���ð ý�ûÀî ,9.2 Ç¿� ¤¢ .À÷�ùÀª ÓþÂã� ,�ûÉµ¿õ �¤�¬�� ùÀªù¢�¢
ø �û�Èþ¤ ýø¤ Â� üþ�û¯Âª Í¨�� â���� ¥� �ä�Þ¹õ ßþ� .Ýþ¢Âî ÓþÂã� ùÀªù¢�¢ ¯�Ö÷ ¤¢ ß�ãõ â����
Ý�û��¡ �ã¨�� ÛÊê ßþ� ¤¢ �¤ö� �î ´¨� ýÃ�� ö�Þû ¢ÂØþø ¤ ø¢ ßþ� .À÷�ùÀª ¢øÀ½õ ö�÷� ý�û°Îì
üã���� �ä�Þ¹õ ýø¤ Â� �û´þ¢øÀ½õ ßþ� Ó�¬�� ý�Â� üªø¤ ,Ý��î �ãó�Îõ �¤ ýÂ±� ý�ûÝ¡ Àþ�� �õ .¢�¢
ö�ðø¢ �î �¤ �ûÀî ßþ� ¥� §�î ø¢ .Ý�û¢ ©ÂµÆð �¤ ùÀ÷�õüì�� ô�úÔõ ø Ý��î �À�� ,ÝþÂ�üõ ¤�î�� �î

.Ý��îüõ ¼þÂÈ� ,À�µÆû

ýÂ±� ý�ûÝ¡ 10.1

,Ç¿� ßþ� ¤¢) ¢�� Àû��¡ Fq ýÂ±� ¤�µÆ� k ,�õ ý�û¢Â�¤�î ¤¢ .´¨� ýÂ±� �µÆ� ö�À�õ ×þ k ,�õ�¢� ¤¢
�� �¤ ¤�î ßþ� Àþ�� ø� �õ� ,¢Â�Ú� ÂÑ÷ ¤¢ C ö�À�õ ö�Þû �¤ k À÷���üõ ùÀ�÷��¡ ¢�ª ö�¨� ¤�î �î ü�¤�¬ ¤¢
�ø�Ôµõ �f õ�î �¹�µ÷ ,ÝþÂ�ðüõ ÂÑ÷¤¢ �î üþ�ûö�À�õ �� ���� �� âì��õ ¥� ü¡Â� ¤¢ �î �Â� ,Àû¢ ô�¹÷� ´ì¢
.(xn ,� � � ,x2 ,x1 ý�ûÉµ¿õ � �) Àª� � ýÀã��n ß�ê� ý�Ìê éÂãõ A n À��î ­Âê .(¢� � Àû��¡
�Àµ��¤¢ .(xn ,� � � ,x2 ,x1 ßÚÞû ý�ûÉµ¿õ ��) ¢�� Àû��¡ ýÀã��n ýÂþ�Ê� ý�Ìê Pn ,���Èõ ¤�Ï��

.´¨� Â�ùÀ�»�� üÞî ,ýÂþ�Ê� ý�û�Ìê ý�Â� ´�ãì�õ ßþ� .Ý�û¢üõ ¤�Âì ¶½� ¢¤�õ �¤ ß�ê� ´ó�� �õ

ý�û�ä�Þ¹õ .´¨� éøÂãõ 5üØÆþ¤�¥ ý¦�ó���� �� �î Ý��îüõ üêÂãõ ý¦�ó���� ×þ ,A n ý�Ìê ¤¢
:ü�ãþ ;À�µÆû k[x1; x2; � � � ; xn] ¥� a ý�ûñ�ùÀþ� ý�û�Èþ¤ �� üþ�û�ä�Þ¹õ , 6�µÆ�

B = V (a) := f(x1; x2; � � � ; xn) 2 A n jf(x1; x2; � � � ; xn) = 0; f 2 a üõ�Þ� ý�Â�g:

5 Zariski topology
6 closed set
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ÂÔ¬ B ýø¤ �î ´¨� üþ�ûý��ÜÞ�À�� üõ�Þ� Ûõ�ª a ü�ãþ ;´¨� 7ñ�Øþ¢�¤ a Ý��îüõ­Âê ù¤��Þû
×þ .(f 2 a Àû¢ �¹�µ÷ fn 2 a ,n 2 N Âû ý�Â� Âð� ,¢�ªüõ ùÀ�õ�÷ ñ�Øþ¢�¤ ,a ñ�ùÀþ� ×þ) À÷�ªüõ
�µÆ� �ä�Þ¹õÂþ¥ ø¢ á�Þµ�� �¤�¬�� ö��µ÷ �¤ B Âð� ,¢�ªüõ ùÀ�õ�÷ 8ÂþÁ��÷Ûþ�½� ,B �µÆ� �ä�Þ¹õÂþ¥
�ä�Þ¹õ ×þ .Àª�� ñø� ñ�ùÀþ� ×þ a Âð��ú�� ø Âð� ,´¨� ÂþÁ��÷Ûþ�½� V (a) �ä�Þ¹õ .´ª�÷ B ¥� ùÂ¨

.´¨� �µÆ� �ä�Þ¹õ ×þ ÛÞØõ 9¥��

�µÆ� �ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ x2 � y2 Í¨�� ùÀª À�ó�� üÜ¬� ñ�ùÀþ� ,ß�ê� �½Ô¬ ¤¢ .1.10.1 ñ�·õ
�ä�Þ¹õ ×þ �ûÍ¡ ßþ� ¥� ×þ Âû .´¨� ,y = �x°��Â��� ,y = x ��¢�ãõ �� Í¡ ø¢ á�Þµ�� ,ÂÒ��µõ

.´¨� A 2 �½Ô¬ ¤¢ ÂþÁ��÷Ûþ�½�

.À�ª�� ÂþÁ��÷Ûþ�½� �î ´¨� ¥��÷ é�Âð�¤�� ßþ� ¤¢ ýÂþ�Ê� �þ ß�ê� ý�Ìê ¤¢ �ûÝ¡ üõ�Þ�
ý�÷�ðÀ�� ×þ p ý�û�Èþ¤ ¥� � �ä�Þ¹õ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ k[x1; x2; � � � ; xn] �ÖÜ� ¤¢ p ñø� ñ�ùÀþ�

.¢�ªüõ ùÀ�õ�÷ 10ß�ê�

� ó¢� ã õ � � � ä� Þ ¹ õ ü � ã þ ;À þÂ � Ú � Â Ñ ÷¤¢ �¤ À ��ø ý� ð ,ýÀ ã � 3 ý� Ì ê ¤¢ .2.10.1 ñ�·õ

ùÀª À�ó�� p ñ�ùÀþ� ý�û�Èþ¤ Ûõ�ª ß�ê� ý�þ�ðÀ�� ×þ ßþ� ,ö�õ¢�¡ ��Î¬� ¤¢ .x2 + y2 + z2 = 1

ý�Â� ýÂ±� ����Î¬� ¥� ù¢�Ôµ¨� ñ�� ¤¢ ö��î�Ýû �õ .´¨� x2 + y2 + z2 � 1 ý��ÜÞ�À�� Í¨��

.Ý�µÆû ,À÷�ªüõ À�ó�� ��¢�ãõ Í¨�� �î ü¨À�û Ǳ��ª� Ó�¬��

.¢�� À�û��¡ � �ÎÖ÷ Âû ¤¢ ü÷�ÆØþ ¤�ÀÖõ ý�¤�¢ ,À�ª�� �ø�Ôµõ p �Ìä ×þ ¤¢ �î ý��ÜÞ�À�� ø¢
.´¨� Âþ¥ �ÖÜ� üêÂãõ Û�ó¢ °ÜÎõ ßþ�

.¢�ªüõ ùÀ�õ�÷ � Â�çµõ ¥� k[�] 11��Êµ¿õ �ÖÜ� ,k[x1; x2; � � � ; xn]=p �ÖÜ� .3.10.1 ÓþÂã�

ÓþÂã� Ý�÷���üõ ,ßþ�Â���� ;´¨� ñø� ñ�ùÀþ� ×þ p ö�� ,´¨� 12¼�½¬ ��õ�¢ ×þ ,��Êµ¿õ �ÖÜ�
.Ýþ¥�Æ� �¤ Âþ¥

� 13üã��� ö�À�õ ö� �� .¢�ªüõ ù¢�¢ Çþ�Þ÷ k(�) �� k[�] �ÖÜ� üµÞÆì�¤�¡ ö�À�õ .4.10.1 ÓþÂã�
Ý¡ ×þ � ù�ðö� ,Àª�� 1 Â��Â� Àã� ßþ� Âð� .´¨� k ýø¤ k(�) üó�ãµõ ��¤¢ ,� Â�çµõ Àã� .¢�ªüõ �µÔð
7 radical
8 irreducible
9 open set
10aÆne variety
11coordinate ring
12integral domain
13function �eld
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.¢�ªüõ ùÀ�õ�÷ ýÂ±�

ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ y2 = x �ó¢�ãõ �� � üÞú¨ ,k ö�À�õ ýø¤ ß�ê� �½Ô¬ ¤¢ .5.10.1 ñ�·õ
ÕÜãµõ B ø A ö� ¤¢ �î ,Àª��üõ A+By ÛØª�� üþ�û�¤�±ä üõ�Þ� Ûõ�ª k[�] ��Êµ¿õ �ÖÜ� ,ñ�·õ

üõ�Þ� Ûõ�ª k(�) ��Êµ¿õ �ÖÜ� ,ñ�·õ ßþ� ¤¢ .À�îüõ ëÀ¬ y2 = x �Î��¤ ¤¢ y ø À�µÆû k[x] ��

.À�îüõ ëÀ¬ y2 = x �Î��¤ ¤¢ yø À�µÆû k[x] ¤¢ B ø A ö� ¤¢ �î ,´¨� A+ By ÛØª�� ý�û�¤�±ä

.À�îüõ ëÀ¬ 2 ��¤¢ �� �ó¢�ãõ ßþ� ¤¢ �î ´¨� y �Ìä �Ü�¨ø�� k(x) ýÂ±� â�¨�� ×þ k(�) ,ßþ�Â����

ý�ûÉµ¿õ Àþ�� �õ �î ´¨� ùÀª ùÀ�»�� Ýû¤¢ ´�ãì�ø ßþ� �� ¤�îÁõ ´�ãì�õ ,Pn ýÂþ�Ê� ý�Ìê ¤¢
´¨�þ�ð â���� �ãó�Îõ ,Àþ�üõ ÂÑ÷�� üÖÎ�õ �î ü±ÜÎõ �ú�� �î ´¨��ãõ ö�À� ßþ� .ÝþÂ� ¤�î�� �¤ ßÚÞû
ýÂþ�Ê� Â�çµõ ×þ .À�ª�� ö�ÆØþ ��¤¢ �� ü�ÚÞû ý�ûý��ÜÞ�À�� ,ÂÆî �Â¿õ ø �¤�¬ �î ý¤�Ï��
¥� R(�) � Ö Ü�Â þ¥ .´¨� k[x0; x1; � � � ; xn] ¤¢ p ßÚÞû ñø� ñ�ùÀ þ� ×þ ¥� Pn ¤¢ Â Ô¬ �ä�Þ¹õ ,�
� � ßÚÞû ý�ûý��ÜÞ�À�� g ø f ö� ¤¢ �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ f=g ý�ûÂÆî Ûõ�ª ,k(x0; x1; � � � ; xn)
Ûõ�ª �î ´¨� M(�) ý�µØþ ñ�Þ�Æî�õ ñ�ùÀþ� ý�¤�¢ R(�) �¤�¬ßþ� ¤¢ ;g 62 p ø À�µÆû ö�ÆØþ ��¤¢
.´¨� R(�)=M(�) �� Â��Â� ÓþÂã� ¥� ù¢�Ôµ¨� �� k(�) üã��� ö�À�õ .f 2 p ö� ¤¢ �î ´¨� üþ�ûf=g üõ�Þ�

Àª�� � ýø¤ �ÎÖ÷ ×þ P À��î ­Âê .Àª�� ýÂþ�Ê� Â�çµõ ×þ �þ ß�ê� ×þ � À��î ­Âê ñ��
°� �Â � � � ,ü þ� ûý�� Ü Þ�À �� g ø f À � � î ­Âê .Àª� � �ÎÖ ÷ ß þ� ¥� � þ�ÆÞû ×þ U À � � î ­Âê ø
´ÞÆì�¤�¡ �¤�¬ßþ� ¤¢ .g(P ) 6= 0 À��î ­Âê ø À�ª�� ö�ÆØþ ��¤¢ �� ,ßÚÞû üþ�ûý��ÜÞ�À��
U �ä�Þ¹õ ¥� �ÎÖ÷ Âû ¤¢ �î üã���� .¢�ªüõ ùÀ�õ�÷ P �ÎÖ÷ ¤¢ 14ÝÑ�õ ,U ýø¤ ùÀª ÓþÂã� ,� = f=g

,´¨� �µÆ� ýÂ±� ÂÑ÷ ¥� k ö�� .¢�ªüõ ù¢�¢ Çþ�Þ÷ k[U ] �� �î À�û¢üõ �ÖÜ� ×þ Û�ØÈ� ,À�µÆû ÝÑ�õ
.´��� â���� ÂÚõ ¢¤�À÷ ¢��ø � ýø¤ üÞÑ�õ â��� º�û ù�ðö� ,Àª�� ýÂþ�Ê� � Âð�

ýø¤ P �ÎÖ÷ ¥� (¢�ªüõ ù¢�¢ ö�È÷ OP (�) �� ��ìø� ü¡Â� �î) OP
15üã®�õ �ÖÜ� .6.10.1 ÓþÂã�

.À�ª��üõ ÝÑ�õ �î ´¨� � ýø¤ �þ�ð â���� �ä�Þ¹õ ,� Â�çµõ

ý��ãõ �� \üã®�õ �ÖÜ�"×þ âì�ø ¤¢ ßþ� �î ¢�¢ Àû��¡ É�¿È� ,ýÂ±� ��Î¬� �� ��ª� ùÀ�÷��¡
¤¢ â���� ¥� mP �ä�Þ¹õ ö�Þû ñ�ùÀþ� ßþ� âì�ø ¤¢ �î ´¨� ñ�Þ�Æî�õ ñ�ùÀþ� ×þ Ûõ�ª ü�ãþ ;´¨� ýÂ±�

.À�µÆû ÂÔ¬ P ¤¢ �î ´¨� OP

,f 2 k[x1; x2; � � � ; xn] Âð� .¢�ª ùÀ÷�È÷ Âþ¥ ©ø¤�� ýÂþ�Ê� Â�çµõ ×þ ¤¢ À÷���üõ ß�ê� Â�çµõ ×þ

14regular
15local ring
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:Ý�û¢üõÉ�Ê¿� �¤ Âþ¥ ßÚÞû â��� f �� �õ ù�ðö�

f�(x0; x1; � � � ; xn) := xl
0
f(x1=x0; � � � ; xn=x0);

.´¨� f ��¤¢ ¥� l ö� ¤¢ �î
ñ�ùÀþ� ×þ p� À��î ­Âê .´¨� p ñø� ñ�ùÀþ� Í¨�� ùÀª ÓþÂã� A n ¤¢ ß�ê� Â�çµõ ×þ � À��î ­Âê
Pn ¤¢ �� ýÂþ�Ê� Â�çµõ ×þ p� �¤�¬ßþ� ¤¢ ;Àª�� ff� j f 2 pg �ä�Þ¹õ Í¨�� ùÀª À�ó�� ßÚÞû ñø�
´¿þ¤×þ � �¤�¬ßþ� ¤¢ ;��

0
:= f(x0; x1; � � � ; xn) 2 �� jx0 6= 0g Ý��îüõ ÓþÂã� .À�îüõ ÓþÂã�

� � (x0 : x1 : � � � : xn) 2 �� ¯�Ö ÷ .´¨� (x1; � � � ; xn) ! (1 : x1 : � � � : xn) ´ª�Ú ÷ ´½� ��
0
� �

´ª�Ú÷ ´½� k(��) ø k(�) üã��� ö�À�õ ,ßþ�Â�ùø�ä .À÷�ªüõ ùÀ�õ�÷ � 16´þ�ú÷ü� ¤¢ ¯�Ö÷ x0 = 1

.À�ª��üõ ´¿þ¤×þ ,´¨� deg(g) � deg(f) �� Â��Â� m ö� ¤¢ �î ,f=g ! f�xm
0
=g�

�¤ xz � y2 = 0 �¤�¬� � ùÀª ÓþÂ ã � � Â � ç µ õ ,(x : y : z) ý�ûÉµ¿õ � � P2 ¤¢ .7.10.1 ñ�·õ
ü�ã þ ´ þ� ú ÷ü � ¤¢ �ÎÖ ÷ ×þ � � �¹ � þ� ¤¢ ,´¨� 5.10.1 ñ� · õ üÞú¨ ö�Þû ,ß þ�) À þÂ � Ú � ÂÑ ÷¤¢

ßþÃðý�� �� .Àª��üõ ÝÑ�õ P = (0 : 0 : 1) �ÎÖ÷ ¤¢ (2xz+ z2)=(y2+ z2) â��� .(Q := (1 : 0 : 0)

.Àª��üõ ÝÑ�õ Ã�÷ Q ¤¢ ,ßþ�Â���� ;´¨� (2x+ z)=(x + z) �� Â��Â� â��� ßþ� �î Ý����üõ ,xz �� y2 ö¢�Þ÷
y3=z3 �Â®Û¬�� �¤�¬�� À÷���üõ ,´¨� ÂÔ¬ �� Â��Â� P ¤¢ �î (x3 + y3)=z3 â��� �î À��î ����
ý¦�ó���� �� Âð� .´Æ�÷ ÂÔ¬ P ¤¢ ø ´¨� ÝÑ�õ Ûõ�ä ß�õø¢ ö� ¤¢ �î ,¢�ª �µª�÷ (y3 + z3)=z3 ø
¢��ø y=z ¤�ÀÖõ �� ×þ��×þ ÂÒ��� ×þ ,P ×þ¢Ã÷ ¯�Ö÷ ý�Â� �¤�¬ßþ� ¤¢ ,k = C Ý�ª�� �µª�¢ üó�Þãõ
Âµõ�¤�� ×þ �¤ö� Âþ¥ ¤¢ �î ´¨� ýÃ�� ö� ¥� ý��÷�Þ÷ ,ßþ� .´Æ�÷ ´¨¤¢ x=z ý�Â� °ÜÎõ ßþ� �õ� ,¢¤�¢

.À�õ�÷ Ý�û��¡ üã®�õ
üõ�Þ � �Àµ ��¤¢ Àþ� � � õ� ,À�û¢üõ ¼�®�� Ý� µÔð �¤ �»÷� ,é�Âð�¤� � ßþ� ö� þ� � ¤¢ ¢���õ ý�ûñ�·õ

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ �ûÝ¡ �ú�� ,Àã��� �¹�þ� ¥� .Ý��î üêÂãõ ,Ýþ¤�¢ ¥��÷ �î �¤ ü����Î¬�
À � � î ­Â ê .À þÂ � Ú � Â Ñ ÷¤¢ �¤ F (x; y) = 0 � ó¢� ã õ × þ �¤�¬� � ùÀ ª Ó þÂ ã � ,A 2 ¤¢ ü Þ¡
,Àª�±÷ ÂÔ¬ �� Â��Â� P ¤¢ Fy �þ Fx ��ÖµÈõ ¥� üØþ Ûì�À� Âð� .Àª�� Ý¡ ßþ� ýø¤ �ÎÖ÷ ×þ P = (a; b)

P Â� §�Þõ ×þ ý�¤�¢ ü�½�õ ,ßþ�Â���� ;¢�ªüõ ùÀ�õ�÷ ü�½�õ 18¢ÂÔ�õ�÷ �þ 17ù¢�¨ �ÎÖ÷ ×þ P ù�ðö�
:Ý��îüõ ÓþÂã� ñ�� .´¨� Fx(P )(x� a) + Fy(P )(y � b) = 0 �ó¢�ãõ ��

dPF := Fx(a; b)(x � a) + Fy(a; b)(y � b):

16points at in�nity
17simple
18nonsingular
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Âð� .´¨� ùÀª�µ¡��ª ,¢�Þ÷ ßþ� .¢�ªüõ ÓþÂã� dPF = 0 �¤�¬�� P ¤¢ TP §�Þõ �¤�¬ßþ� ¤¢
�¤�Ìõ �÷�Þ�� �� �ú�� G �Âþ¥ ;Ý��î ÓþÂã� ���Èõ ©ø¤ �� �¤ dP (G) �î Àû¢üÞ÷ ü�ãõ ù�ðö� ,G 2 k[�]
ÓþÂã�©�¡ dPG := Gx(a; b)(x� a) +Gy(a; b)(y � b) üÎ¡ â��� ,TP ýø¤ �õ� .´¨� ùÀª ÓþÂã� F
,TP §�Þõ ýø¤ Â� ùÀª ÓþÂã� üÎ¡ â��� ×þ �� �¤ k[�] �Ìä ×þ dP ´ª�Ú÷ ,ùÀª ù¢�¢ P ý�Â� .´¨�
f Âð� dP f = 0 ö�� .Ý�û¢ ©ÂµÆð OP �� Ý�÷���üõ �¤ ´ª�Ú÷ ßþ� .À�îüõ Âþ�Ê� T �P �Ìä ×þ ü�ãþ
�Â®Û¬�� ùÀä�ì ¥� �¤�¬ßþ� ¤¢ ;Ý��î ¢øÀ½õ mP ¤¢ f ý�þ�ð â���� �� �¤ ¢�¡ Ý�÷���üõ ,Àª�� ´���
;´¨� �µÆû âì�ø ¤¢ ßþ� �î Ý��îüõ ö��� ��±�� öøÀ� .´¨� ´ª�Ú÷ ßþ� �µÆû m2

P �î Ý����üõ ,ÕµÈõ
.´¨� ýÀã� ×þ ý�Ìê ×þ ö� ,¢ÂÔ�õ�÷ �ÎÖ÷ ×þ ý�Â� ø ´¨� T �P �� ´¿þ¤×þ mP=m

2
P ,ßþ�Â����

ýÀã��k ý�Ìê �îßþ� �� ô�Ãó� � � �¤ ü�½�õ ×þ ¥� ù¢�¨ �ÎÖ÷ ×þ Ý�÷���üõ �î ´¨� ßþ� ö� ý��ãõ
ùÀ�õ�÷ Ã�÷ ¤��Þû ý�ûÝ¡) ¢ÂÔ�õ�÷ ý�ûÝ¡ �ú�� ,Àã��� �¹�þ� ¥� .Ý��î ÓþÂã� ,´¨� 1 Àã� ý�¤�¢ mP=m

2
P

ý�¤�¢ ´þø¢øÀ½õ ßþ� .À�µÆû ¢ÂÔ�õ�÷ ¯�Ö÷ üõ�Þ� ö� ¤¢ �î üþ�ûÝ¡ ü�ãþ ;ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ (À÷�ªüõ
ñ�Þ�Æî�õ ñ�ùÀþ� �î Ý��îüõ ý¤ø�¢�þ ùÀ�÷��¡ �� .Àª�� � ¥� �ÎÖ÷ ×þ P À��î ­Âê .´¨� Âþ¥ �¹�µ÷
.À�µÆû �û×þ OP Â¬��ä Âþ�¨ .À�µÆû ÂÔ¬ P ¤¢ �î ´¨� \üã����" Ûõ�ª OP üã®�õ �ÖÜ� ¥� mP

�¤ t Û±Þ¨ �õ ß���Ýû .¢¤�¢ ¢��ø �Ìê ßþ� ý�Â� t Àó�õ �Ìä ×þ ,´¨� 1 Àã� ý�¤�¢ mP=m
2
P ö��

�µØþ ¤�Ï�� �¤ OP ¥� z �Ìä Âû Ý�÷���üõ �¤�¬ßþ� ¤¢ ;ÝþÂ�üõ ¤�î�� mP ¤¢ ÂÒ��µõ �Ìä ×þ ý�Â�
�þ üã®�õ Âµõ�¤�� ×þ t â��� .m 2 N0 ø ´¨� �Øþ ÂÊ�ä ×þ u ö� ¤¢ �î ,Ý�Æþ��� z = utm �¤�¬��
ýø¤ dP f Âð� ´¨� P ¤¢ üã®�õ Âµõ�¤�� ×þ f â��� ×þ .¢�ªüõ ùÀ�õ�÷ P ¤¢ 19ùÀ��î´¡���Øþ Âµõ�¤��

.Àª�±÷ ÂÔ¬ TP

7.10.1 ñ�·õ ¤¢ �¤ m = 3 �� ý��÷�Þ÷) Àª��üõ z ¥� m ¤�ÂØ� �� �Èþ¤ ×þ P ù�ðö� ,m > 0 Âð�
OP ,À÷¤�¢ üþ��ª� ��Î¬� ßþ� �� �î üþ�ûùÀ�÷��¡ ý�Â�) m = ordP (z) = vP (z) Ý�Æþ�÷üõ .(ÝþÀþ¢
�¤ °�Âõ â��� ßþ� �õ .(À�µÆû üã®�õ ý�ûÂµõ�¤�� vP (t) = 1 Â¬��ä ø ´¨� 20�µÆÆð ü��þ¥ ¤� �ÖÜ� ×þ
,vP (z) = �m < 0 Âð� .Ý�û¢üõ ©ÂµÆð k(�) �� vP (f=g) := vP (f) � vP (g) ÓþÂã� ¥� ù¢�Ôµ¨� ��
,Àª�� vP (z) = m �� k(�) ¥� �Ìä ×þ z Âð� .´¨� m �±�Âõ 21°Îì ×þ Ûõ�ª P ¤¢ z Ý�þ�ð ù�ðö�
ö���üõ ,©ø¤ ßþ� �� .vP (z0) > m ø a 6= 0 ,a 2 k ö� ¤¢ �î ,z = atm + z0 Ý�Æþ��� Ý�÷���üõ ù�ðö�
22\ùÀ÷�õ" ÓþÂã� ý�Â� �¤ °ÜÎõ ßþ� �õ �fÀã� .¢�ª ö��� ö�¤�ó ýÂ¨ ×þ �¤�¬�� À÷���üõ z �î ¢�¢ ö�È÷

.¢Â� Ý�û��¡ ¤�î �� z

19uniformizing parameter
20discrete valuation ring
21pole
22residue
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,P = (1;0) À��î ­Âê ø Àª�� x2 + y2 = 1 �ó¢�ãõ �� A 2 ¤¢ ý�ùÂþ�¢ � À��î ­Âê .8.10.1 ñ�·õ
mP ¤¢ ,ßþ�Â���� ;´¨� ÂÔ¬ P ¤¢ â��� ßþ� .z = z(x; y) = 1� x À��î ­Âê ß���Ýû .(char(k) 6= 2)

×þ y �î À��îüõ ùÀû�Èõ ,°ÜÎõ ßþ� öÀþ¢ ý�Â� .´¨� 2 �±�Âõ ý�¤�¢ z �î Ý��îüõ �ä¢� .´¨� âì�ø

×þ x ,ßþ�Â��� � ,´¨� ÂÔ¬ Â��Â� TP ýø¤ dPx = x � 1 �î Àþ¤�¢ ���� .´¨� P ¤¢ üã®�õ Âµõ�¤� �

¤¢ .´¨� �Øþ OP ¤¢ 1=(1+ x) â��� ø 1� x = y2=(1+ x) Ýþ¤�¢ � ýø¤ .´Æ�÷ P ¤¢ üã®�õ Âµõ�¤��

.Ý����üõ P2 ý�Â� �¤ ���Èõ ´�ãì�õ ×þ ,7.10.1 ñ�·õ

¤¢ �ÎÖ÷ Q À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 7.10.1 ñ�·õ ¤¢ ¢���õ üÞú¨ ÂÚþ¢ ¤�� ×þ .9.10.1 ñ�·õ
´¨� (Al +Bl�1y)=(Cl +Dl�1y) ý�ûÂÆî Ûõ�ª k(�) ö�À�õ .Q = (1 : 0 : 0) ü�ãþ ;Àª�� ´þ�ú÷ü�
¤¢ y ø À�µÆû z ø x �� ´±Æ÷ (l � 1°��Â���) l ��¤¢ �� ü�ÚÞû ý�ûý��ÜÞ�À�� ,°þ�Â® ,ö� ¤¢ �î
ü÷�¨��� .Àª�±÷ ÂÔ¬ Cl ¤¢ xl °þÂ® Âð� ´¨� ÝÑ�õ Q ¤¢ üã��� ß��� .À�îüõ ëÀ¬ y2 = xz �Î��¤
�� Q ¤¢ g := (z3 + xyz)=x3 â��� ¤�µê¤ ù¤��¤¢ .´¨� Q ¤¢ üã®�õ Âµõ�¤�� ×þ Ã�÷ y=x �î ¢�ªüõ ùÀþ¢

:Ýþ¤�¢ � ýø¤ ?´Ôð ö���üõ

z3 + xyz

x3
= (

y

x
)3(

x2 + yz

x2
):

¤¢ 3 ¤�ÂØ� �� ÂÔ¬ ×þ ý�¤�¢ g ,ßþ�Â���� ,´¨� OQ ¤¢ �Øþ ×þ ë�ê �ó¢�ãõ ´¨�¤ éÂÏ ¤¢ Ûõ�ä ß�õø¢
.´¨� Q

À�õ�ì�ä ,´¨� Fq ý�±Ôó� �� ÕÜãµõ �ú÷� ��Êµ¿õ �î üÏ�Ö÷ �� ,Ýþ¥�¨üõ �¤ üþ�ûÀî �õ �î üõ�Ú�û
.Ý�û¢üõ «�¡ üõ�÷ �ú�þ� �� .¢�� Ý�û��¡

ô�Þ� �î � ýø¤ ¯�Ö÷ ù�ðö� ,Àª�� k ýø¤ Ý¡ ×þ � ø Àª�� Fq ýÂ±� ¤�µÆ� k Âð� .10.10.1 ÓþÂã�
k ýø¤ ý�ûÝ¡ ý�Â� �¤ ��Î¬� ßþ� �ú�� �õ) À÷�ªüõ ùÀ�õ�÷ 23�þ�ð ¯�Ö÷ ,´¨� Fq ¤¢ �ú÷� ý�ûÉµ¿õ

.(¢Â� Ý�û��¡ ¤�î�� ,´¨� Fq ¤¢ °þ�Â® ô�Þ� ý�¤�¢ �î ü��¢�ãõ ��

.Ýþ¤ø�üõ ÂÚþ¢ ñ�·õ �¨

P = (1 : 0) �ÎÖ÷ ¤¢ üã®�õ Âµõ�¤�� ×þ .Àª�� k ýø¤ ýÂþ�Ê� Í¡ P À��î ­Âê .11.10.1 ñ�·õ

2 �Ê¿Èõ ý�¤�¢ k Âð� .´¨� P ¤¢ 2 �±�Âõ °Îì ×þ Ûõ�ª (x2 � y2)=y2 ý�þ�ð â��� .´¨� y=x Â��Â�

.À�µÆû 1 ¤�ÂØ� �� üþ�û�Èþ¤ (�1 : 1) ø (1 : 1) ù�ðö� ,Àª�±÷
23rational points
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ßþ� .¢�ªüõ ùÀ�õ�÷ 24ßþ�î üþ��¤�ú� ,x3y + y3z + z3x = 0 �ó¢�ãõ �� ¼ÎÆõ Ý¡ .12.10.1 ñ�·õ
,F2 ýø¤ .Àþ¥�À� � � �ûö�À�õÂ þ¥ ¥� � � À�� �� üû�Ú÷ .Ý þÂ �ðüõ ÂÑ÷¤¢ F2 ýÂ±� ¤� µÆ� ýø¤ �¤ Ý¡

�ÎÖ÷ ø¢ ù�ðö� ,ÝþøÂ� F4 �� �õ Âð� .À�µÆû (0 : 0 : 1) ø (0 : 1 : 0) ,(1 : 0 : 0) �� Â��Â� �þ�ð ¯�Ö÷

ø F4 = f0;1; �; �2g ö� ¤¢ �î (1 : 1 + � : �) ø (1 : � : 1 + �) ü�ãþ ;À÷¤�¢ ¢��ø ÂµÈ�� ý�þ�ð

.�2 = 1+ �

F2(�) �¤�¬�� �¤ ö�À�õ ßþ� ,ñ�Þãõ ¤�Ï�� .Àª Àû��¡ �ãó�Îõ F8 ýø¤ Ý¡ ßþ� ,ýÀã� ý�ûñ�·õ ¤¢

¥� üØþ Àþ�� ù�ðö� ,Àª�� ÂÔ¬ ��Êµ¿õ ý�¤�¢ �þ�ð �ÎÖ÷ ×þ Âð� .�3 = �+1 ö� ¤¢ �î ,Ý��îüõ ÓþÂã�

,(0 � i � 6) y = �i Âð� .z = 1 ÝþÂ�Ú� ÂÑ÷¤¢ Ý�÷���üõ �õ ù�ðö� ,xyz 6= 0 Âð� .Àª�� F2 ýø¤ ¯�Ö÷

¥� üØþ � ü�ãþ ;�3 + � + 1 = 0 Ýþ¤�¢ ,�ó¢�ãõ ¤¢ ö� ö¢�Þ÷ ß�È÷�� �� .x = �3i� Ý�Æþ�÷üõ ù�ðö�

.Ýþ¤�¢ F8 ýø¤ �þ�ð �ÎÖ÷ 24 á�Þ¹õ ¤¢ ,ßþ�Â���� ;´¨� �4 �þ �2 ,� Â¬��ä

üû�Ú÷ ø Àª�� F2 ¤�µÆ� §ø¤ x3 + y3 + z3 = 0 �ó¢�ãõ �� ¼ÎÆõ Ý¡ � À��î ­Âê .13.10.1 ñ�·õ

ý�¤�¢ �þ�ð ¯�Ö÷ üõ�Þ� ,´¨� 1 �þ 0 �� Â��Â� F4 �Ìä ×þ ô�¨ ö��� ö�� .Àþ¥�À�� � F4 ö�À�õÂþ¥ ��

Âû ö� ß�õ�¨ ø 1 Â��Â� �û�Ôó�õ üÖ��õ ¥� üØþ �î Ý��î ­Âê Ý�÷���üõ .À�µÆû ÂÔ¬ ��Êµ¿õ ×þ

t = x=z Ý�÷���üõ ,Q = (0 : 1 : 1) ¤¢ .Ýþ¤�¢ (ýÂþ�Ê�) �ÎÖ÷ 9 ,ßþ�Â���� ;Àª�� F4 ¥� ýÂÔ¬�÷ �Ìä

�¤�±ä .Àþ�üõ Ç�� �f¢À¹õ �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ üÜØÈõ .ÝþÂ�Ú� ÂÑ÷¤¢ üã®�õ Âµõ�¤�� ö���ä�� �¤

¤¢ �õ� .´¨� ß��� � ÂµÈ�� ýø¤ âì�ø ¤¢ ø Àþ�üõ ÂÑ÷ �� üÖÎ�õ �f õ�î â��� ×þ ÂÑ÷�� f := x=(y + z)

:Ýþ¤�¢ � ýø¤ .Ý����� Q×þ¢Ã÷ f ý�Â� ¥ ¤�Ýû ÛØª ×þ Àþ�� �õ .Àû¢üÞ÷ ü�ãõ ÂÆî ßþ� ,Q

x

y + z
=
x(y2 + yz + z2)

y3 + z3
= t�2:

y2 + yz + z2

z2
;

ý�û¢�¢¤�Âì ¥� ù¢�Ôµ¨��� .´Æ�÷ ÂÔ¬ Q ¤¢ ø ´¨� ÝÑ�õ ,ë�ê �ó¢�ãõ ´¨�¤ ´Þ¨ Ûõ�ä ß�õø¢ ö� ¤¢ �î

3 �±�Âõ °Îì ×þ Ûõ�ª y=(y+ z) ,���Èõ ¤�Ï�� .´¨� Q ¤¢ 2 �±�Âõ °Îì ×þ Ûõ�ª f Ý�þ�ð ,ö�õÂ�¡�

.´¨� Q ¤¢

­Âê .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ¼ÎÆõ ý�ûÝ¡ í�Âµª� ,10.5 Ç¿� ý�Â� üð¢�õ� ×þ ¢�¹þ� ¤�Ñ�õ��
,ö�À�õ ×þ ¤¢ ü±þ�Â® �� ùÂ�çµõ ×þ m ��¤¢ ý��ÜÞ�À�� ×þ �î ´�ãì�ø ßþ� �� ùÀ�÷��¡ �î Ý��îüõ
�� �û�Èþ¤ Âð� ø Àª�� �µÆ� ýÂ±� ÂÑ÷ ¥� ö�À�õ ßþ� Âð� .Àª��üõ ��ª� ,´¨� �Èþ¤ m Â·î�À� ý�¤�¢
24Klein quartic
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, 25�øÃ� ��Ìì �� éøÂãõ ,ý���Ìì �¹�þ� ¤¢ .´¨� m �� Â��Â� �û�Èþ¤ ¢�Àã� ù�ðö� ,À÷�ª ù¢ÂÞª �û¤�ÂØ�
�¤ ùÂ�çµõ ø¢ ´ó�� �ú�� �õ .´¨� ùÂ�çµõ À�� ý�ûý��ÜÞ�À�� �� �ó�Æõ ßþ� ¥� üÞ�Þã� �î Ý��îüõ ö��� �¤
¯�Ö÷ �� �û¤�ÂØ� �÷�Ú� À÷�¢üõ ùÀ�÷��¡ �î Ý��î ­Âê �f¢À¹õ .¼ÎÆõ ý�ûÝ¡ ü�ãþ ;ÝþÂ�ðüõ ÂÑ÷¤¢
Ý¡ ø Àª�� F (x; y) = 0 �ó¢�ãõ �� Ý¡ ×þ ¥� ¢ÂÔ�õ�÷ �ÎÖ÷ ×þ P Âð�) ´¨� ¯��Âõ ¼ÎÆõÝ¡ ø¢ íÂµÈõ
�½Ô¬ ø¢ ,�õ�¢� ¤¢ .(´¨� vP (G) �� Â��Â� ,í�Âµª� ¤�ÂØ� ù�ðö� ,Àª�� P Ûõ�ª G(x; y) = 0 �ó¢�ãõ ��
.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ m °��Â��� l ��¤¢ ¥� G(x; y) = 0 ø F (x; y) = 0 Í¨�� ùÀª ÓþÂã� ß�ê� ¼ÎÆõ
¤¢ �Ôó�õ ×þ Ûõ�ª �ûÝ¡ ßþ� ü�ãþ ;À�ª�±÷ üúþÀ�Â�è íÂµÈõ Ûõ�ä ×þ Ûõ�ª G ø F Ý��îüõ­Âê
ÂÑ÷ ¥� �î À�ª��üõ ö�À�õ ×þ �� ÕÜãµõ ,°þ�Â® �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ üµó�� .À�ª��üÞ÷ ¢�¡ í�Âµª�

.´¨� �µÆ� ýÂ±�

lm ¤¢ �fÖ�ì¢ ,À�ª�±÷ ¢�¡ í�Âµª� ¤¢ �Ôó�õ ×þ Ûõ�ª �î m ø l ��¤¢ ¥� ¼ÎÆõ Ý¡ ø¢ .14.10.1 ��Ìì

.(À÷�ª �µêÂð ÂÑ÷¤¢ Ã�÷ ´þ�ú÷ü� ¤¢ ¯�Ö÷ ø À÷�ª ù¢ÂÞª ¤�ÂØ� �� Âð�) À�µÆû íÂµÈõ �ÎÖ÷

�¤ ��Ìì ßþ� �õ .À�µÆû íÂµÈõ �ÎÖ÷ lm Â·î�À� ¤¢ �ûÝ¡ ù�ðö� ,Àª�±÷ �µÆ� ýÂ±� ÂÑ÷ ¥� k Âð�
.Ý��îüÞ÷ ��±��

x = y �ó¢�ãõ �� Í¡ ø x3+y3 = 1 �ó¢�ãõ �� F2 ¤�µÆ� ýø¤ ß�ê� ¼ÎÆõ Ý¡ ,��®ø�� .15.10.1 ñ�·õ

�¤ 13.10.1 ñ�·õ ¥� � Ý¡ ,À÷�ªüõ �µêÂð ÂÑ÷¤¢ ýÂþ�Ê� ¤�Ï�� �ú÷� �îüõ�Ú�û �õ� .À��îüÞ÷ üì��

¤¢) P := (1 : 1 : 0) ¤¢ x+ y = 0 �ó¢�ãõ �� Í¡ ø � �î À�î ü¨¤Â� À÷���üõ ü÷�¨��� ùÀ�÷��¡ ø Ýþ¤�¢
.(´¨� �µêÂð ô�¹÷� 13.10.1 ñ�·õ �� ���Èõ üªø¤ �� °ÜÎõ ßþ�) ;À�µÆû íÂµÈõ 3 ¤�ÂØ� �� (´þ�ú÷ü�
.Ý�û¢üõ ©ÂµÆð �¤ (ôø¢ Ó�¬��) 6.8 Ç¿� ¤¢ ùÀª ÓþÂã� ßõ�ó�¨-Àþ¤ ý�ûÀî ùÀþ� �õ �¹�þ� ¤¢
.Àª�� Fq ¤¢ °þ�Â® ø y ,x Â�çµõ ø¢ �� l Â·î�À� ��¤¢ �� ý�ûý��ÜÞ�À�� ý¤�¢Â� ý�Ìê Vi À��î ­Âê
üÏ�Ö÷ Pn ,� � � ,P2 ,P1 À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Fq [x; y] ¤¢ m ��¤¢ �� G ÂþÁ��÷Ûþ�½� �Ìä ×þ
Àî .1 � i � n ý�Â� G(Pi) = 0 ü�ãþ ;À�ª�� G(x; y) = 0 �ó¢�ãõ Í¨�� ùÀª ÓþÂã� ¼ÎÆõ Ý¡ ýø¤

.Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ C

C := f(F (P1); F (P2); � � � ; F (Pn)) jF 2 Fq [x; y];deg(F ) � lg:

�î ü÷�À�õ ��) Ý�õ�÷üõ Àã� �¤ k (ñ�Þãõ ¤�Ï��) ø ¢Â� Ý�û��¡ ¤�î�� Àî ßþ� �Ü¬�ê-ßþÂµÞî ý�Â� �¤ d �õ
.(¢¢ÂÚ÷ ù�±µª� ,Àª �µêÂð ÂÑ÷¤¢ Ç¿� ßþ� ¤¢ �fÂ�¡�

25B�ezout's
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:Ýþ¤�¢ ,C ¥� k Àã� ø d �Ü¬�ê-ßþÂµÞî ý�Â� .lm < n À��î ­Âê .16.10.1 ��Ìì

d � n� lm;

k =

( �l+2
2

�
l < m Âð�

lm+ 1� �m�1
2

�
l � m Âð�:

Àã� ý�¤�¢ Vl ,ßþ�Â���� ;À�û¢üõ Vl ¥� �þ�� ×þ Û�ØÈ� � + � � 1 �� x�y� ÛØª �� üþ�ûß�Ø� .��±��
.´¨� �l+2

2

�
�� Â��Â� ,´¨� F �� ÂÒ��µõ �î C ¤¢ ý��ÞÜîÀî ù�ðö� ,Àª�� F ¥� Ûõ�ä ×þ G Âð� .F 2 Vl À��î ­Âê

°��Â��� G = 0 ø F = 0 �ó¢�ãõ �� ý�ûÝ¡ ù�ðö� ,Àª�� ÂÔ¬ �ÞÜîÀî ßþ� Âð� ,ÅØäÂ� .´¨� ÂÔ¬

ø �øÃ� ��Ìì .À�ª��üõ Pn ,� � � ,P2 ,P1 íÂµÈõ �ÎÖ÷ n Ûõ�ª �ú÷� ø À�µÆû m ø l > l0 ��¤¢ ý�¤�¢

F ,´¨� ÂþÁ��÷Ûþ�½� G ö�� .À�ª�� íÂµÈõ Ûõ�ä ×þ Ûõ�ª G ø F �î À�îüõ ��¹þ� lm < n­Âê

ý�ÌêÂþ¥ Û�ØÈ� ,À��îüõ ��¹þ� �¤ ÂÔ¬ �ÞÜîÀî �î F 2 Vl â���� ,ßþ�Â���� ;Àª�� ÂþÁ�Ç¿� G Â� Àþ��

:ù�ðö� ,l � m Âð� ø k =
�l+2
2

� ù�ðö� ,l < m Âð� �î À�îüõ ��¹þ� °ÜÎõ ßþ� .À�û¢üõ �¤ GVl�m

k =

 
l + 2

2

!
�
 
l �m+ 2

2

!
= lm+ 1�

 
m� 1
2

!
:

�� Â��Â� ��Êµ¿õ lm Â·î�À� Ûõ�ª ÂÔ¬�÷ �ÞÜîÀî ×þ �î Àû¢üõ ö�È÷ �øÃ� ��Ìì �� üú��Èõ Û�ó¢

� .d � n� lm ,ßþ�Â���� ;´¨� n� lm Â·î�À� ö¥ø Ûõ�ª ü�ãþ ;´¨� ÂÔ¬

�û��Üäô�ÆÖõ 10.2

.´¨� k ýø¤ ¤��Þû ýÂþ�Ê� Ý¡ ×þ � ,�õ�¢� ¤¢

.1.10.2 ÓþÂã�

�Þû ý�Â� ø nP 2 Z �î ý¤�Ï�� ´¨� D =
P

P2� nPP ý¤�¬ âÞ� ×þ , 26��Üäô�ÆÖõ×þ (1

.nP = 0 Ýþ¤�¢ P ¯�Ö÷ ¥� üû��µõ ¢�Àã� ×þ Ã���

;(� ýø¤ ¢�¥� üÜ�� ùøÂð) ´¨� ý¤�¬ âÞ� �� �û��Üäô�ÆÖõ ¥� üãÞ� ùøÂð ×þ Div(�) (2
26divisor
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;(D � 0 ¢�Þ÷) À�ª�� üÔ�õ�÷ nP °þ�Â® ô�Þ� Âð� ¢�ªüõ ùÀ�õ�÷ 27Â��õ ,D ��Üäô�ÆÖõ ×þ (3

.´¨� PnP �� Â��Â� D ��Üäô�ÆÖõ ¥� deg(D) 28��¤¢ (4

.Àª�� 10.1 Ç¿� ¤¢ � ýø¤ â���� ý�Â� ùÀª ÓþÂã� �µÆÆð ü��þ¥ ¤� ×þ vP = ordP À��î ­Âê

�¤ f ��Üäô�ÆÖõ ù�ðö� ,´Æ�÷ ÂÔ¬ â��� �� ¥ ¤�Ýû �î Àª�� � ýø¤ �þ�ð â��� ×þ f Âð� .2.10.2 ÓþÂã�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬��

(f) :=
X
P2�

vP (f)P:

ø �û�Èþ¤ �¹î Àþ�ðüõ �õ �� �î ´¨� üû¢ö�õ¥�¨ ù�Úµ¨¢ ×þ f ��Üäô�ÆÖõ ,��ãõ ×þ ¤¢ ,ßþ�Â����
ø �¤�¬ �î ý¤�Ï�� ´¨�þ�ð â��� ×þ f ö�� .´¨� ¤ÀÖ� �ú÷� �±�Âõ ø ¤�ÂØ� ø À÷¤�¢ ¤�Âì f ý�û°Îì
f �î ´¨� ßªø¤ ,§�Æ½õ ¤�Ï�� ,´¨� �µÆ� ýÂ±� ÂÑ÷ ¥� k ö�� ø À�µÆû ü÷�ÆØþ ��¤¢ ý�¤�¢ �Â¿õ
�õ� Ý�û¢üÞ÷ ���¤� ü��±�� �õ .¢�ª ©¤�Þª üµ¨¤¢ �� Âð� ,´¨� °Îì ö���ä�� �Èþ¤ ü÷�ÆØþ ¢�Àã� Ûõ�ª

.Ý��îüõ ö��� ��Ìì �¤�¬�� �¤ ý��¹�µ÷

.´¨� ÂÔ¬ �� Â��Â� �þ�ð â��� ×þ ¥� ��Üäô�ÆÖõ ×þ ��¤¢ .3.10.2 ��Ìì

.¢�ªüõ ùÀ�õ�÷ 29üÜ¬� ��Üäô�ÆÖõ ×þ �þ�ð â��� ×þ ��Üäô�ÆÖõ

D �D0 Âð� �ú�� ø Âð� À÷�ªüõ ùÀ�õ�÷ 30¥ ¤�Ýû üÎ¡ ¤�Ï�� D0 ø D ��Üäô�ÆÖõ ø¢ .4.10.2 ÓþÂã�
.D � D0 ¢�Þ÷ ;Àª�� üÜ¬� ��Üäô�ÆÖõ ×þ

.´¨� ý¥¤�Ýû �Î��¤ ×þ âì�ø ¤¢ �Î��¤ ßþ�
ý�û°Îì ø ùÀªß��ã� ý�û�Èþ¤ �� â���� ¥� ý¤�¢Â� ý�Ìê ×þ §�¨� Â� �¤ ���ð ý�ûÀî ,9.2 Ç¿� ¤¢

.´¨� ü�µê�þ ´¨¢ �ûÝ¡ �� °ÜÎõ ßþ� Ý�Þã� �î Ýþ¤�¢ ý¤�î ø ¥�¨ ñ�� .Ýþ¢Âî ÓþÂã� ,ßØÞõ

ýø¤ L(D) ý¤�¢Â� ý�Ìê ×þ .Àª�� � Ý¡ ×þ ýø¤ ��Üäô�ÆÖõ ×þ D À��î ­Âê .5.10.2 ÓþÂã�
:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ k

L(D) := ff 2 k(�)� : (f) +D � 0g [ f0g:
27e�ective
28degree
29principal divisor
30linearly equivalent
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ø Â Ô¬ Ûõ�ª L(D) ù� ðö� ,ni;mi > 0 �î D =
Pr

i=1 niPi �
Ps

j=1mjQj Â ð� � î À þ¤�¢ ��� �
À�ª�� �µª�¢ (1 � j � s) Qj ¤¢ mj Ûì�À� ¤�ÂØ� �� üþ�û�Èþ¤ �î ´¨� üã��� ö�À�õ ×þ ¤¢ â���� üõ�Þ�
¢�¢ Ý�û��¡ ö�È÷ .À�ª�±÷ ,(1 � i � r) ni Â·î�À� �±�Âõ �� ,Pi ¯�Ö÷ ¤¢ �f �Þµ�� ÂÚõ ü±Îì º�û Ûõ�ª ø

.´¨� üû��µõ Àã� Ûõ�ª ý¤�¢Â� ý�Ìê ßþ� �î
´ª�Ú÷ ù�ðö� ,Àª�� (g) = D �D0 �¤�¬�� �þ�ð â��� ×þ g ø D � D0 Âð� �î Ýþ¤�¢ ���� �Àµ�� ¤¢

.À�µÆû ´¿þ¤×þ L(D0) ø L(D) �î Àû¢üõ ö�È÷ f ! fg

.6.10.2 ��Ìì

;deg(D) < 0 Âð� L(D) = 0 (1

.l(D) := dimk L(D) � 1+ deg(D) (2

.��±��

.f 62 L(D) ü�ãþ ;deg((f) +D) < 0 Ýþ¤�¢ f 2 k(�)� â��� Âû ý�Â� ù�ðö� ,deg(D) < 0 Âð� (1

ý¤�Ï�� ´¨� Â��õ ��Üäô�ÆÖõ×þ D0 := D + (f) ù�ðö� ,f 2 L(D) ø Àª�±÷ ÂÔ¬ �� Â��Â� f Âð� (2

¥� ßµ¨�î öøÀ� ,ßþ�Â���� ;´¨� L(D) �� ü÷�ÆØþ Àã� ý�¤�¢ L(D0) ë�ê ùÀû�Èõ ¥� ù¢�Ôµ¨� �� �î
­Âê �f¢À¹õ .(1 � i � r ý�Â� ni � 0) D =

Pr
i=1 niPi Ý��îüõ ­Âê ø ´¨� Â��õ D ,´�Üî

ý¤�¢Â� ý�Ìê ¥� ÂÒ��µõ ÂÊ�ä ýø¤Â� �¤ f �õ Pi �ÎÖ÷ ¤¢ .f 2 L(D) ø ´Æ�÷ ÂÔ¬ �� Â��Â� f À��î

,ßþ�Â��� � ;´¨� Pi ¤¢ üã®�õ Âµõ�¤� � ×þ ti ö� ¤¢ �î À��î Âþ�Ê� (t�nii OPi)=OPi ýÀã��ni
ÂÔ¬ �� �¤ ÂÔ¬ â���) ;Ýþ¤ø�üõ ´¨¢�� ý¤�¢Â� ý�û�Ìê Ý�ÖµÆõ á�Þ¹õ ýø¤ Â� f ¥� üµª�Ú÷

f �î ´¨� ßþ� ö� ý��ãõ .Àª�� �µÆû ¤¢ f À��î ­Âê .´¨� üÎ¡ ´ª�Ú÷ ×þ ßþ� .(À��î Âþ�Ê�

�î ¢�ªüõ �¹�µ÷ .´¨� ´��� â��� ×þ f ü�ãþ ;´Æ�÷ Pi ¯�Ö÷ ¥� ×þº�û ¤¢ °Îì ×þ Ûõ�ª

.dimk L(D) � 1+
Pr

i=1 ni = 1+ deg(D)

�
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×þ Ûõ�ª f = x=(y + z) �î ÝþÀþ¢ .Àþ¥�À��� üû�Ú÷ 13.10.1 ñ�·õ ¤¢ ¢���õ Ý¡ �� .7.10.2 ñ�·õ
ü�ã þ ;1 ¤�ÂØ � � � ×þ Âû ,´¨� �Èþ¤ ø¢ Ûõ�ª â �� � ß þ� .´¨� Q = (0 : 1 : 1) ¤¢ 2 �± �Â õ °Îì
�ú�� Q �î Ý����üõ f = (y2 + yz + z2)=x2 Çþ�Þ÷ ¥� .P2 = (0 : 1 + � : 1) ø P1 = (0 : � : 1)

°ÜÎõ ßþ� .deg((f)) = 0 ø (f) = P1 + P2 � 2Q Ýþ¤�¢ 3.10.2 ��Ìì Õ±ÏÂ� ,ßþ�Â���� ;´¨� °Îì
ÂÚþ¢ ø ù¢�� Q ¤¢ 1 �±�Âõ °Îì ×þ Ûõ�ª �î k(�) ¤¢ üã��� �î ¢�¢ ö�È÷ ö���üõ �õ� ,´Æ�÷ üúþÀ�
´¨� 2 Àã� ý�¤�¢ L(2Q) ý�Ìê ,ñ�·õ ßþ� ¤¢ ,ßþ�Â���� .Àª�� �µª�¢ ¢��ø À÷���üÞ÷ ,Àª�� �µª�À÷ ü±Îì

.À�û¢üõ �þ�� ×þ Û�ØÈ� ,´¨� 1 �� À½µõ �î üã��� ø f ø

ü�½�õ ×þ ýø¤ ý�ûÕµÈõ 10.3

À��î ­Âê ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ F (x; y) = 0 �ó¢�ãõ ¥� ù¢�Ôµ¨� �� ùÀª ÓþÂã� A 2 ¤¢ � ¤��Þû ß�ê� Ý¡ ×þ
¤¢ .´¨� ùÀª ÓþÂã� dPF = 0 �¤�¬�� P �ÎÖ÷ ¤¢ TP §�Þõ .Àª�� � ýø¤ �ÎÖ÷ ×þ P = (a; b)

�Ìä ×þ ü�ãþ ,TP ýø¤ üÎ¡ üã��� �� �¤ k[�] �Ìä ×þ �î Ýþ�ù¢Âî ÓþÂã� �¤ dP ´ª�Ú÷ 10.1 Ç¿�
T �P �Ìä ×þ � ¥� P �Ìä Âû �� �î �¤ üþ�û´ª�Ú÷ üõ�Þ� Ûõ�ª �[�] �ä�Þ¹õ ñ�� .À�îüõ Âþ�Ê� ,T �P

.ÝþÂ�ðüõ ÂÑ÷¤¢ ,À�û¢üõ É�Ê¿�

�ÎÖ÷ Âû Âð� ¢�ªüõ ùÀ�õ�÷ (� Ý¡ ýø¤) 31ÝÑ�õ ÕµÈõ ôÂê ×þ � 2 �[�] �Ìä ×þ .1.10.3 ÓþÂã�

ù¢�¢ Çþ�Þ÷ � =
Pn

i=1 fidgi �¤�¬�� � ,�þ�ÆÞû ßþ� ¤¢ �î ý¤�Ï�� Àª�� U �þ�ÆÞû ×þ Ûõ�ª � ¥� P

.À�ª�� ÝÑ�õ U ¤¢ gi ø fi â���� üõ�Þ� ö� ¤¢ �î ,¢�ª

.Ý�û¢üõ ö�È÷ 
[�] �� �¤ ö� �õ �î À�û¢üõ ñøÀõ�k[�] ×þ Û�ØÈ� � ýø¤ ÝÑ�õ ÕµÈõ ý�ûôÂê
,d(f + g) = df + dg �Î ��¤ � � ,f 2 k[�] ö� ¤¢ � î ,´¨� ùÀ ª À � ó� � df Â¬� � ä Í¨� � ñøÀ õ ß þ�
(éøÂãõ) �Î��¤ Àþ�� 32�þ�ð ÕµÈõ ý�ûôÂê �� ©ÂµÆð ý�Â� .a 2 k ý�Â� da = 0 ø d(fg) = fdg+ gdf

ýÂþ�Ê� Ý¡ ×þ ýø¤ �þ�ð ÕµÈõ ôÂê ×þ �� Ý�û��¡üõ .Ý��î �ê�®� �¤ d(f=g) = (gdf � fdg)=g2

! = � Âð� Ý�õ�÷üõ ¥¤�Ýû �¤ (V; �) ø (U;!) ý�û�ø¥ ,¤�î ßþ� ö¢�¢ ô�¹÷� ý�Â� .Ý��î ÓþÂã� � ¤��Þû
,Àã��� �¹�þ� ¥� .¢�ªüõ ùÀ�õ�÷ �þ�ð ÕµÈõ ôÂê ×þ �Î��¤ ßþ� ý�Â� ý¥¤�Ýû §�î ×þ .U \ V ýø¤
��±�� öøÀ� .Ý�û¢üõ ö�È÷ 
(�) �� �¤ �ûÕµÈõ ý�Ìê ø ùÀ�õ�÷ 33�ûÕµÈõ �¤ � ýø¤ �þ�ð ÕµÈõ ý�ûôÂê
31regular di�erential form
32rational di�erential forms
33di�erentials
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:Ý��îüõ ö���

Âµõ�¤� � � � P �ÎÖ÷ ×þ üÚþ�ÆÞû ×þ ¤¢ ;´¨� k(�) ýø¤ Àã� ý�¤�¢ 
(�) ý�Ìê .2.10.3 ��Ìì
ùÀ�÷��¡ .´¨�þ�ð â��� ×þ f ö� ¤¢ �î ¢�ª �µª�÷ ! = fdt �¤�¬�� À÷���üõ ! Û�Æ÷�ÂÔþ¢ ,t üã®�õ

ñ�·õ ?ÀÈ÷ ù¢�Ôµ¨� â���� ¥� �ú�� �Â� .´¨� ùÀ�»�� ý¤øÂ®Â�è ¤�Ï�� °ÜÎõ ßþ� �î À�î ÂØê ´¨� ßØÞõ

ýø¤ �î ´ª�¢ ÂÔ¬�÷ ý�þ�ð Û�Æ÷�ÂÔþ¢ ôÂê ×þ ö���üõ ,ýÂþ�Ê� Ý¡ ×þ ýø¤ �î Àû¢üõ ö�È÷ ýÀã�

.´¨�þ�ð â���� �� Û��Ö� ¤¢ °ÜÎõ ßþ� .Àª�� ÝÑ�õ Ý¡ ô�Þ�

Ý þ¥�À ÷�ü õ x3 + y3 + z3 = 0 �¤�¬� � ùÀ ªù¢�¢ P2 ¤¢ � Ý ¡ � � ü û� Ú ÷ �f¢À ¹ õ .3.10.3 ñ�·õ
���Èõ ¤�Ï�� ø Ux := f(x : y : z) 2 � : y 6= 0; z 6= 0g �¤�¬�� �¤ Ux ¥�� �ä�Þ¹õ .(cha(k) 6= 3)

¢¤�À÷ ¢��ø � ýø¤ �ÎÖ÷ º�û ö�� À�÷�ª��üõ �¤ � ,Uz ø Uy ,Ux �¤�¬ßþ� ¤¢ ;À��î ÓþÂã� �¤ Uz ø Uy
:Çþ�Þ÷ �¨ �î ¢�Þ÷ ü¨¤Â� ö���üõ ü÷�¨��� .Àª�� ÂÔ¬ ö� ý�ûÉµ¿õ ¥� �� ø¢ �î ý¤�Ï��

Ux ýø¤ ! := (yz )
2d(xy ); Uy ýø¤ � := ( zx)

2d(yz ); Uz ýø¤ � := (xy )
2d( zx ) ;

Â��Â� Uy \ Uz ýø¤ � ø � �îßþ� ö¢�¢ ö�È÷ ý�Â� ,�÷�Þ÷ ý�Â� .À��îüõ ÓþÂã� � ýø¤ Û�Æ÷�ÂÔþ¢ ×þ

ý�Â� �¤ d(f�1) = �f�2df ñ�õÂê ø �µêÂð �¤ �ûÛ�Æ÷�ÂÔþ¢ ,(x=z)3 + (y=z)3 + 1 = 0 �ó�ãõ ,À�µÆû

�¤�¬�� �¤ Û�Æ÷�ÂÔþ¢ ßþ� ö���üÞ÷ ,ßþ�Â���� ,´¨� ´��� � ýø¤ ÝÑ�õ â��� ×þ .ÝþÂ� ¤�î�� f := y=z

.¢�¢ Çþ�Þ÷ ,À�ª�� � ýø¤ ÝÑ�õ üã���� g ø f �î ý¤�Ï�� gdf

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ! ÕµÈõ ¥� (!) ��Üäô�ÆÖõ .4.10.3 ÓþÂã�

(!) :=
X
P2�

vP (fP )P;

.(k(�) �� �µê�þ©ÂµÆð) ´¨� OP ýø¤ ü��þ¥ ¤� ×þ vP ø ù¢�� ! üã®�õ Çþ�Þ÷ ! = fPdtP ö� ¤¢ �î

¥� üû��µõ ¢�Àã� �ú�� �îßþ� Ã�÷ ø ´Æ�÷ �µÆ��ø üã®�õ Âµõ�¤�� ��¿µ÷� �� Àî ßþ� �î ¢�¢ ö�È÷ Àþ�� �µ±ó�
.À�µÆ�÷ ÂÔ¬ ,°þ�Â®

ùÀ�õ�÷ 34ü÷�÷�î ��Üäô�ÆÖõ×þ W �¤�¬ßþ� ¤¢ ;W = (!) ø Àª�� Û�Æ÷�ÂÔþ¢ ×þ ! À��î ­Âê
;!0 = f! ´ª�¢ Ý�û��¡ f ý�þ�ð â��� ×þ ý�Â� ù�ðö� ,Àª�� ýÂÚþ¢ ÂÔ¬�÷ Û�Æ÷�ÂÔþ¢ !0 Âð� .¢�ªüõ
34canonical divisor
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ßþ� .À�û¢üõ ý¥¤�Ýû §�î ×þ Û�ØÈ� ,ü÷�÷�î ý�û��Üäô�ÆÖõ ø¤ßþ� ¥� ø (!0) = W 0 �W ,ßþ�Â����
�þ�ð â���� ý�Ìê ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ L(W ) ý�Ìê ñ�� .¢�ªüõ ù¢�¢ Çþ�Þ÷ W �� ß���Ýû §�î
�¤�¬�� Û�Æ÷�ÂÔþ¢ ý�ûôÂê ¥� ´¿þ¤×þ ý�Ìê ×þ ýø¤ Â� À÷���üõ (5.10.2 ÓþÂã� �� á��¤�)
;´¨� ÝÑ�õ Û�Æ÷�ÂÔþ¢ ôÂê ×þ ,´ª�Ú÷ ßþ� ´½� f Âþ�Ê� ,L(W ) ÓþÂã� Â���� .¢�ª �µª�Ú÷ f ! f!

.´¨� 
[�] �� ´¿þ¤×þ L(W ) ü�ãþ

�¤�¬�� �¤ � ¥� g 35ý�÷�ð .Àª�� k ýø¤ ¤��Þû ýÂþ�Ê� Ý¡ ×þ � À��î ­Âê .5.10.3 ÓþÂã�
.Ý��îüõ ÓþÂã� g := l(W )

×þ ý�÷�ð ö��µ� �î üþ�û©ø¤ ùÀû�Èõ ý�Â� .¢¤�¢ Àã� ý�ûÇ¿� ¤¢ üÞúõ ÇÖ÷ ,Ý¡ ×þ ý�÷�ð
,��±�� öøÀ� ñ�õÂê ×þ �¹�þ� ¤¢ .Ý�þ�Þ÷ �ã��Âõ ýÂ±� �¨À�û ���õ¥ ¤¢ ü��µî �� Àþ�� ¢�Þ÷ ß��ã� �¤ Ý¡

.Ý��îüõ ö��� �¤ 36Âî�� ñ�õÂê �� éøÂãõ

:ù�ðö� ,Àª�� P2 ¤¢ d ��¤¢ ¥� ¢ÂÔ�õ�÷ ýÂþ�Ê� Ý¡ ×þ � Âð� .6.10.3 ��Ìì

g =
1

2
(d� 1)(d� 2):

;L(W ) = k Ýþ¤�¢ �÷�ð ÓþÂã� ¥� ù¢�Ôµ¨� �� ø ´¨� 1 ý�÷�ð Ûõ�ª 3.10.3 ñ�·õ ¤¢ ¢���õ Ý¡ ,ßþ�Â����

.À�µÆû 3.10.3 ñ�·õ ¤¢ ! Û�Æ÷�ÂÔþ¢ ¥� Âó�Ø¨� °þ�Â® � ýø¤ ÝÑ�õ ý�ûÛ�Æ÷�ÂÔþ¢ ,ßþ�Â����
×þ \ùÀ÷�õ" ô�úÔõ �� ,À�û¢üõ Ý�Þã� �¤ ���ð ý�ûÀî �î ýÂ±� ý�ûÝ¡ ýø¤ �ûÀî ßµ¡�¨ ý�Â�
×þ üã®�õ ¤� µ ê¤ ù¤� �¤¢ �î ü·½±õ ¥� ô�úÔõ ßþ� .´ª�¢ Ý�û��¡ ¥� � ÷ P �ÎÖ÷ ×þ ¤¢ Û�Æ÷�ÂÔ þ¢
ø P ¤¢ üã®�õ Âµõ�¤�� ×þ t ,� ýø¤ �ÎÖ÷ ×þ P À��î ­Âê .¢�ªüõ ÓþÂã� ,Ý�µª�¢ ! Û�Æ÷�ÂÔþ¢
¥� ResP (!) ùÀ÷�õüì�� .¢�ª �µª�÷Pi ait

i �¤�¬�� À÷���üõ f â��� .À�ª�� ! üã®�õ Çþ�Þ÷ ! = fdt

ßþ� �î ¢�¢ ö�È÷ ö���üõ .(´ê¤üõ ö� ¤�Ñµ÷� �î ö���ö�) Ý��îüõ ÓþÂã� a�1 �� Â��Â� �¤ P �ÎÖ÷ ¤¢ !
.¢¤�À÷ üÚµÆ� t üã®�õ Âµõ�¤�� ��¿µ÷� �� ,ùÀ÷�õüì�� ¥� ýÂ±� ÓþÂã�

�ú�� �õ .´¨� ùÀª �µ¡��ª \ 37ùÀ÷�õüì�� ��Ìì" ö���ä�� ,ýÂ±� ý�ûÝ¡ �þÂÑ÷ ¤¢ �þ�� ¸þ�µ÷ ¥� üØþ
.Ý��îüõ ö��� �¤ ��Ìì

:ù�ðö� ,Àª�� � ¤��Þû ýÂþ�Ê� Ý¡ ×þ ýø¤ Û�Æ÷�ÂÔþ¢ ×þ ! Âð� .7.10.3 ��Ìì
X
P2�

ResP (!) = 0:

35genus
36Pl�ucker formula
37residue theorem
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�ø¤-ßÞþ¤ ��Ìì 10.4

� � ýÂ±� �¨À�û ¤¢ ýÃîÂõ �¹� µ ÷ ×þ �ú � � , 38�ø¤-ßÞþ¤ � �Ìì � � éøÂãõ ,Â þ¥ ¤�úÈõ ��Ìì
.´Æû Ýû ý¤�ÁðÀî �þÂÑ÷ ¤¢ ÀþÀ� ¸þ�µ÷ À�Üî �ØÜ� ,´Æ�÷ ��ä�®�õ Âþ�¨ ¤¢ üþ�û¢Â�¤�î

¤¢ ;Àª� � g ý�÷�ð ¥� ¤��Þû ýÂþ�Ê� Ý¡ ×þ ýø¤ ��Üäô�ÆÖõ ×þ D À��î ­Âê .1.10.4 ��Ìì

:Ýþ¤�¢ W ü÷�÷�î ��Üäô�ÆÖõ Âû ý�Â� ,�¤�¬ßþ�

l(D)� l(W �D) = deg(D)� g + 1

ü÷�÷�î ý�û��Üäô�ÆÖõ ��¤¢ �� Àû¢üõ ù¥��� �õ �� ��Ìì ßþ� .Ýþ¤ø�üÞ÷ �¤ (ùÀ�»�� �f õ�î) ��±�� �õ
.Ý��î ß��ã� �¤

.deg(W ) = 2g � 2 Ýþ¤�¢ W ü÷�÷�î ��Üäô�ÆÖõ ×þ ý�Â� .2.10.4 ýÂ�ð�¹�µ÷

.l(0) = 1 ,ßþ�Â���� ,L(0) = k ü�ãþ ;À�µÆû ´��� ýÂþ�Ê� Ý¡ ×þ ýø¤ ÝÑ�õ â���� ù¤��Þû .��±��

� .¢¢Âðüõ Û¬�� 5.10.3 ÓþÂã� ¥� �¹�µ÷ ø À��î ßþÃðý�� 1.10.4 ��Ìì ¤¢ �¤ D =W

��Ìì ¥� ù¢�Ôµ¨� �� .´¨� 2 Àã� ý�¤�¢ �ú�� L(2Q) ý�Ìê 7.10.2 ñ�·õ ¤¢ �Â� �î ´¨� ¼®�ø ñ��
ù¢�Ôµ¨� �� .l(W �2Q) = 0 ,ßþ�Â���� ,´¨� üÔ�õ W �2Q ��¤¢ ,´¨� 1 ý�÷�ð ý�¤�¢ � Ý¡ ,6.10.3

.l(2Q) = 2 Ýþ¤�¢ 1.10.4 ��Ìì ¥�
Õê�õ ýÂ�ð¤�î�� ý�Â� ý¤�Ã�� 2.10.4 �¹�µ÷ �õ� .Àþ�üÞ÷ ÂÑ÷�� À�Ôõ üÜ�¡ 1.10.4 ��Ìì ,�Àµ�� ¤¢

.Àû¢üõ ���¤� ö�

ø Àª�� g ý�÷�ð �� ¤��Þû ýÂþ�Ê� Ý¡ ×þ ýø¤ ��Üäô�ÆÖõ ×þ D À��î ­Âê .3.10.4 ýÂ�ð�¹�µ÷
:�¤�¬ßþ� ¤¢ ;deg(D) > 2g � 2 À��î ­Âê

l(D) = deg(D)� g + 1:

38Riemann-Roach theorem
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6.10.2 ��Ìì ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� ,deg(W �D) < 0 Ýþ¤�¢ ,2.10.4 �¹�µ÷ ¥� ù¢�Ôµ¨� �� .��±��
� .l(W �D) = 0 Ýþ¤�¢ (1) ´ÞÆì

ýÂþ�Ê� �½Ô¬×þ ¤¢ �¤ ß�ê� �½Ô¬ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 16.10.1 ��Ìì ¤¢ ¢���õ Àî .4.10.4 ñ�·õ
ßþ� ,�øÃ� ��Ìì ¥� ù¢�Ôµ¨� � � .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ G Í¨�� ùÀª ÓþÂã� Ý¡ ýø¤ �þ�ð â���� ø À�÷�È��
� ú � þ� .�ÎÖ ÷ m ¤¢ z = 0 �¤�¬� � ùÀª ÓþÂ ã � Í¡ ü� ã þ ;¢¤�¢ í�Â µª� ´ þ� ú ÷ü � ¤¢ Í¡ � � Ý¡
¢���õ ��Î¬� ¤¢ ,ßþ�Â���� ;l Â·î�À� �±�Âõ �� ×þÂû ,À�µÆû �õ ý�þ�ð â���� ý�Â� ßØÞõ ý�û°Îì
�� .Ýþ¤�¢ �¤ ,lm �±�Âõ ¥� D ��Üäô�ÆÖõ ×þ Í¨�� ùÀª ÓþÂã� ,�þ�ð â���� ý�Ìê ,5.10.2 ÓþÂã� ¤¢
Âð� .´¨� �m�1

2

� �� Â��Â� ý�÷�ð ý�¤�¢ G Í¨�� ùÀª ÓþÂã� Ý¡ ,(6.10.3 �Î��¤) Âî�� ñ�õÂê ¥� ù¢�Ôµ¨�
.Ý���þüõ �¤ 6.10.1 ��Ìì À�÷�Þû üú��Èõ �¹�µ÷ ø ÝþÂ�üõ ¤�î�� �¤ 3.10.4 �¹�µ÷ ù�ðö� ,l � m� 2

5.10.2 ÓþÂã� ¥� üÞ�Þã� .¢�ª Â�ÆÔ� �ûÛ�Æ÷�ÂÔþ¢ °Æ�Â� À÷���üõ 1.10.4 ��Ìì ¤¢ l(W �D) �ÜÞ�
.Ý��îüõ üêÂãõ �¤ �ûÛ�Æ÷�ÂÔþ¢ ý�Â�

:Ý��îüõ ÓþÂã� ;Àª�� � Ý¡ ×þ ýø¤ Â� ��Üäô�ÆÖõ ×þ D À��î ­Âê .5.10.4 ÓþÂã�


(D) := f! 2 
(�) : (!)�D � 0g;

.¢�ªüõ ùÀ�õ�÷ D 39ü¬�Êµ¡� É¡�ª �î Ý�û¢üõ ö�È÷ Æ(D) �� �¤ dimk 
(D) ø

.¢¢Âðüõ ¤�ÂìÂ� Âþ¥ ��Ìì Í¨�� ,â���� �� ö� ¯�±�¤�

.Æ(D) = l(W �D) .6.10.4 ��Ìì

ÓþÂã� �(f) := f! �¤�¬�� �¤ � : L(W �D) ! 
(D) üÎ¡ ´ª�Ú÷ ù�ðö� ,W = (!) Âð� .��±��
� .´¨� üµ¿þ¤×þ ×þ ��®ø�� ´ª�Ú÷ ßþ� .Ý��îüõ

ÝÑ�õ Û�Æ÷�ÂÔþ¢ g �fÖ�ì¢ ,5.10.3ÓþÂã� ¥� ù¢�Ôµ¨� �� ù�ðö� ,D = 0 ÝþÂ�Ú� ÂÑ÷¤¢ Âð� .7.10.4 ñ�·õ
�î ö���Ýû 2.10.3 ñ�·õ ¤¢ ¢���õ Û�Æ÷�ÂÔþ¢ ,ßþ�Â���� ;¢¤�¢ ¢��ø � Ý¡ ×þ ýø¤ ÛÖµÆõ üÎ¡ ¤�Ï��

.´¨� (´��� Ûõ�ä ×þ À� ¤¢) � ýø¤ ÝÑ�õ Û�Æ÷�ÂÔþ¢ �ú�� ,Àª �Ñ��õ 6.10.3 ��Ìì ¥� Å�
39index of speciality
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ýÂ±� ý�ûÝ¡ ¥� �ûÀî 10.5

¤¢ ¢���õ ý�þ�Ìì .Àª��üõ Fq �f¢À¹õ �õ ý�±Ôó� .Ý�þ�üõ ý¤�ÁðÀî �þÂÑ÷ ¤¢ üþ�û¢Â�¤�î å�Â¨�� ñ��
×þ ýø¤ L(D) ý�Ìê ñ�·õ ý�Â� ö�� ,´Æû ¥��÷ üÞî ý�ûë�±Î÷� .¢Â� Ý�û��¡ ¤�î�� �¤ Û±ì Ç¿�
ô¥� �î ýÃ�� ö� ô�Þ� .¢�ªüõ �µêÂð ÂÑ÷¤¢ Fq ýø¤ �ØÜ� ;Àª Àû��¿÷ �µêÂð ÂÑ÷¤¢ ýÂ±� �µÆ� ö�À�õ
¢¤�õ¤¢ °ÜÎõ ßþ� ,�ûñ�·õ ¥� ý¢�Àã� ¤¢ .À÷�õüõ üì�� ´¨¤¢ 1.10.4 ��Ìì �î ´¨� ßþ� Ý�÷�À� ´¨�

.Àª Àû��¡ ¼®�ø (Fq ýø¤ ý�ûý��ÜÞ�À�� Ûõ�ª ,k ¤�µÆ� ýø¤ ý��þ��) L(D) �þ��

�¤ � ¥� ýÂ±� �¨À�û ý�ûÀî ¥� á�÷ ø¢ .Àª�� Fq ýø¤ ¢ÂÔ�õ� ÷ ýÂþ�Ê� Ý¡ ×þ � À��î ­Âê
Ý�Þã� �¤ ���ð ý�ûÀî ôø¢ á�÷ ,À�û¢üõ Ý�Þã� �¤ ßõ�ó�¨-Àþ¤ ý�ûÀî ñø� á�÷ .¢Âî Ý�û��¡ ÓþÂã�
P1 + P2 + � � � + Pn ��Üäô�ÆÖõD ø À�µÆû � ýø¤ �þ�ð ¯�Ö÷ Pn ,: : : ,P2 ,P1 ,�õ�¢� ¤¢ .À�û¢üõ
ß��� ô�¹÷� ��Âð� .´¨� D ¥� �Ã¹õ 40ÛÞ½õ ý�¤�¢ �î ´¨� ýÂÚþ¢ ��Üäô�ÆÖõ G ßþ�Â�ùø�ä .Àª��üõ
Ûõ�ª Ã�÷ G ÛÞ½õ �îßþ� ü�ãþ ;¢�¢ Ý�û��¡ ¤�Âì G ýø¤ ýÂµÈ�� ý�û´þ¢øÀ½õ �õ �õ� ,´Æ�÷ ô¥� ý¤�î

:ßþ�Â�ùø�ä ø ´¨�þ�ð ¯�Ö÷

2g � 2 < deg(G) < n: (1)

� : L(G) ! Fnq üÎ ¡ ´ª� Ú ÷ Â þ� Ê � Fq ýø¤ n � �¤¢ ¥� C(D;G) üÎ ¡ À î .1.10.5 ÓþÂã�

.´¨� �(f) := (f(P1); f(P2); � � � ; f(Pn)) �¤�¬�� ùÀªÓþÂã�

.À÷�ªüõ ùÀ�õ�÷ \ 41ü¨À�û �µê�þ©ÂµÆð RS ý�ûÀî" á�÷ ßþ� �� ý�ûÀî

d � n � deg(G) �Ü¬�ê-ßþÂµÞî ø k = deg(G) � g + 1 Àã� ý�¤�¢ C(D;G) Àî .2.10.5 ��Ìì

.´¨�

.��±��

ßþ� (1) ´ÞÆì 6.10.2 ��Ìì ¥� ù¢�Ôµ¨� �� ø f 2 L(G�D) ù�ðö� ,Àª�� � �µÆû �� ÕÜãµõ f Âð� (1

.¢¢Âðüõ Û¬�� 3.10.4 �¹�µ÷ ø 1 �Î��¤ �� ���� �� ÝØ� ö��î� .f = 0 �î À�îüõ ��¹þ� °ÜÎõ

40support
41geometric generalized RS codes
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,À ÷¤�¢ ¢��ø ,Pin�d ,� � � ,Pi2 ,Pi1 À � ÷� õ ,Pi �ÎÖ ÷ n � d ù� ðö� ,Àª� � d ö¥ø ý�¤�¢ �(f) Â ð� (2
ø¤ßþ� ¥� .E = Pi1 + � � � + Pin�d ö� ¤¢ �î ,f 2 L(G � E) ßþ�Â���� ;f(Pi) = 0 �î ý¤�Ï��

.deg(G)� n+ d � 0

�

.À��î ���� ¢¤�¢ 16.10.1 ��Ìì ��±�� �� ��±�� ßþ� �î üµû�±ª ��

�ÎÖ÷ Q ö� ¤¢ �î ,G := mQ ÀþÂ�Ú� ÂÑ÷¤¢ .Àª�� Fq ýø¤ ýÂþ�Ê� Í¡ � À��î ­Âê .3.10.5 ñ�·õ

,m = k�1 Âð� ,�¤�¬ßþ� ¤¢ ;Fq = f�1; �2; � � � ; �qg ö� ¤¢ �î Pi = (�i : 1) ,n = q ,Àª�� (1 : 0)

.´¨� ,Àª Ó�¬�� 6.8Ç¿� ¤¢ �î ö���ö� ,�µê�þ©ÂµÆð ßõ�ó�¨-Àþ¤ Àî C(D;G) �î Ý����üõ ù�ðö�

ö� ¤¢ �î ,G := 2Q ø Àª�� 7.10.2 ø 13.10.1 ý�ûñ�·õ ¤¢ ¢���õ Ý¡ � À��î ­Âê .4.10.5 ñ�·õ

ßþ� .(´¨� ùÀ÷�õüì�� ý�þ�ð ¯�Ö÷ á�Þ¹õ D ,ßþ�Â����) n = 8 ÝþÂ�ðüõ ÂÑ÷¤¢ .Q := (0 : 1 : 1)

:À÷�ùÀª ù¢�¢ Âþ¥ �¤�¬�� �û��Êµ¿õ
Q P1 P2 P3 P4 P5 P6 P7 P8

x 0 0 0 1 � �� 1 � ��

y 1 � �� 0 0 0 1 1 1

z 1 1 1 1 1 1 0 0 0

;

ø¤ßþ� ¥� ø k ýø¤ L(2Q) ¥� ý��þ�� x=(y+ z) ø 1 �î Ý����üõ 7.10.2 ñ�·õ ¤¢ .�� = 1+� ö� ¤¢ �î
:¢¢Âðüõ C(D;G) ý�Â� Âþ¥ Àó�õ ÅþÂ��õ �� Â¹�õ °ÜÎõ ßþ� .À�µÆû Ã�÷ F4 ýø¤ 

1 1 1 1 1 1 1 1

0 0 1 � �� 1 � ��

!
:

¢�ªüõ ùÀþ¢ Àó�õ ÅþÂ��õ ¥� �µ±ó� ø ´¨� 6 �� Â��Â� Ûì�À� ,�Ü¬�ê-ßþÂµÞî ,1.10.5 ��Ìì ¥� ù¢�Ôµ¨� ��
.d = 6 �î

ý� �� ð ý�ûÀî" �¤ � ûÀ î ß þ� � õ .Ý � þ�üõ ýÂ ±� �¨À � û ý�ûÀî ¥� §�î ß� õø¢ å�Â¨ � � ñ��
.À�õ�÷ Ý�û��¡ \ 42ü¨À�û

�� : 
(G�D)! Fnq üÎ¡ ´ª�Ú÷ Âþ�Ê� ,Fq ýø¤ n ñ�Ï �� C�(D;G) üÎ¡ Àî .5.10.5 ÓþÂã�

:´¨� Âþ¥ �¤�¬�� ùÀª ÓþÂã�

��(�) := (ResP1(�); ResP2(�); � � � ; ResPn(�)):
42geometric Goppa codes
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.À÷�ùÀª ù¢�¢ Âþ¥ ��Ìì �¤�¬�� �ûÂµõ�¤��

� Ü ¬� ê-ß þÂ µ Þ î ø k� = n � deg(G) + g � 1 À ã � ý�¤�¢ C�(D;G) À î .6.10.5 ��Ìì
.´¨� d� � deg(G)� 2g + 2

ýÂ�ð¤�î�� ,(�ø¤-ßÞþ¤) 1.10.4 ��Ìì ¥� üÞ�ÖµÆõ �¹�µ÷ �û�ä¢� ßþ� ,2.10.5 ��Ìì À�÷�õ .��±��
�î °ÜÎõ ßþ� ö���) 2.10.4 �¹�µ÷ ø (l(W �G) ø 
(G) Àã� ß���õ ¯�±�¤� ý¤�ÂìÂ�) 5.10.4 ��Ìì
� .À�µÆû (´¨� 2g � 2 �� Â��Â� ü÷�÷�î ��Üäô�ÆÖõ ×þ ��¤¢

,�û
i ö� ¤¢ �î ,Pi := (
i : 1) À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Fqm ýø¤ ýÂþ�Ê� Í¡ .7.10.5 ñ�·õ
ø D := P0 + P1 + � � � + Pn�1 Ý��îüõ ÓþÂã � .À� µÆû 1.9.2ÓþÂã � � � � ��Èõ ,0 � i � n � 1
¤¢ ;´¨� 1.9.2 ÓþÂã � ¤¢ g(z) ý���ð ý��ÜÞ�À�� ¥� ßÚÞû ôÂê ×þ g(x; y) ö� ¤¢ �î ,G := (g)

.´¨� C�(D;G) ü¨À�û ý���ð Àî ¥� (Fq ýø¤) ýÀîÂþ¥ 1.9.2 ÓþÂã� ¥� �(L; g) ý���ð Àî �¤�¬ßþ�
ßþ� .´¨� �µê�þÝ�Þã� ßõ�ó�¨-Àþ¤ Àî ×þ ö�ðø¢ ¥� ýÀîÂþ¥ ,Àî ßþ� �î Ýþ¢Âî ùÀû�Èõ 9.2 Ç¿� ¤¢

.´¨� Âþ¥ ��Ìì ¥� ü¬�¡ ´ó�� °ÜÎõ

.À�µÆû ö�ðø¢ ý�ûÀî ,C�(D;G) ø C(D;G) ý�ûÀî .8.10.5 ��Ìì

�ÞÜî ×þ �� ´¨� üê�î ,ßþ�Â���� ;k + k� = n �î Ý�÷�¢üõ 6.10.5 ��Ìì ø 2.10.5 ��Ìì ¥� .��±��
À��î ­Âê .´¨� ÂÔ¬ �� Â��Â� �ÞÜî ø¢ üÜ¡�¢ �Â®Û¬�� �î Ý�û¢ ö�È÷ ø �µêÂð ÂÑ÷¤¢ �¤ Àî Âû ¥�
ü±Îì º�û Ûõ�ª f� ÕµÈõ ,5.10.5 ø 1.10.5 ý�ûÓþÂã� ¥� ù¢�Ôµ¨� �� .� 2 
(G�D) ,f 2 L(G)
� � Â ��Â � Pi ¤¢ f� ùÀ ÷� õü ì� � .Àª� �üÞ ÷ Pn ,� � � ,P2 ,P1 ¯�Ö ÷ ¤¢ 1 � ± �Â õ ý�û°Îì �f � Þ µ�� ÂÚ õ
,�û°Îì üõ�Þ� ýø¤ ýø¤ f� ý�ûùÀ÷�õ á�Þ¹õ ,7.10.3 ÓþÂã� ¥� ù¢�Ôµ¨� �� .´¨� f(Pi)ResPi(�)

:Ýþ¤�¢ ,ßþ�Â���� ;´¨� ÂÔ¬ Â��Â� ,Pi ¯�Ö÷ ýø¤ ü�ãþ

0 =
nX
i=1

f(Pi)ResPi(�) =< �(f); ��(�) > :

�
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¤¢ �ûÉÊ¿µõÂ�è �õ� ,À�û¢üõ ¼��Â� ü¨À�û RS ý�ûÀî �� ´±Æ÷ �¤ C�(D;G) ý�ûÀî ,Óó�õ ßþÀ��
]73[ â�Âõ ¤¢ .À�ª�� �µª�¢ �ûÕµÈõ �� ´±Æ÷ �ûý��ÜÞ�À�� ù¤��¤¢ ýÂµú� §�Æ�� Àþ�ª ýÂ±� �¨À�û
ßµª�¢ ,�õ� .À�ª��üõ üê�î �ûÀî üõ�Þ� ö¢¤ø� ´¨¢�� ý�Â� C(D;G) ý�ûÀî �î ´¨� ùÀª ù¢�¢ ö�È÷
¤�î�� �¤ ö¥���ü¨¤Â� ÅþÂ��õ �û©ø¤ ßþ� .´¨� À�Ôõ üþ�ÈðÀî ý�û©ø¤ �� ßµ¡�¢Â� ô�Ú�û §�î ø¢ Âû

.¢¤�¢ ö�ðø¢ Àî ý�Â� ýÀó�õ ÅþÂ��õ �� ¥��÷ ¢Âê ,ßþ�Â���� À÷Â�üõ
�î ´¨� ¼®�ø Û±ì ¥� .¢�¢ Ý�û��¡ ¤�Âì ¶½� ¢¤�õ �¤ ü¨À�û ý�ûÀî ¥� ñ�·õ ßþÀ�� ,Àã� é�Âð�¤�� ¤¢
×þ ýø¤ üþ�ûÀî ß��� �î Ý����üõ 2.10.5 ��Ìì ¥� ,ñ�·õ ¤�Ï�� .Ý���þüõ �¤ ��¡ ý�ûÀî ü¡Â� �õ
2.10.5 ��Ìì ,âì�ø ¤¢ .(5.1 Ç¿� �� á��¤�) À�µÆû MDS ý�ûÀî (ýÂþ�Ê� Í¡) ÂÔ¬ ý�÷�ð �� Ý¡
ö�µÜÚ��¨ ö�Âî �� ×þ¢Ã÷ �õ ù�ðö� ,Àª�� ×��î g Âð� ,ßþ�Â���� ,d � n� k + 1� g �î À�îüõ ö���

.(¢�ª á��¤ 1.5.2 �¹�µ÷ ��) Ý�µÆû

ü¨À�û ý�ûÀî ü¡Â� 10.6

�¨À�û ý�û©ø¤ ¥� ù¢�Ôµ¨� �� .Ý����� ï¤Ã� ñ�Ï �� ý�ûÀî Àþ�� ,��¡ ý�ûÀî ßµê�þ ý�Â� �î Ý�÷�¢üõ
.´¨� Àî ñ�Ï ýø¤ ü÷�Âî ,�ú�þ� ¢�Àã� .Ý����� �¤ ùÀª ù¢�¢ Ý¡ ×þ ýø¤ �þ�ð ¯�Ö÷ �� ´¨� ô¥� ,ýÂ±�
.´¨� �÷�ðÀ�� ×þ ýø¤ �þ�ð ¯�Ö÷ ¢�Àã� ý�Â� üþ�ûö�Âî ßµê�þ ,ýÂ±� �¨À�û ¤¢ üÜ¬� ÛØÈõ ×þ
.Ý��îüõ ö��� ��±�� öøÀ� �¤ 43Ûþø-�Æû ö�Âî ,é�Âð�¤�� ßþ� ¤¢ ¢���õ ý�ûñ�·õ ü¡Â� í¤¢ ´ú���

� þ�ð ¯�Ö÷ ¢�Àã� éÂãõ Nq(�) Âð� .Àª�� Fq ýø¤ g ý�÷�ð �� Ý¡ ×þ � À��î ­Âê .1.10.6 ��Ìì

:ù�ðö� ,Àª�� � ýø¤

jNq(�)� (q + 1) j � 2gpq:

.Àû¢üÞ÷ �¹�µ÷ �¤ ýÀþÀ� °ÜÎõ º�û �î Ýþ¤ø�üõ üó�·õ �Àµ��¤¢

Ý��îüõ ÓþÂã� .n := qm � 1 À��î ­Âê .Àª�� Fqm ýø¤ ýÂþ�Ê� Í¡ � À��î ­Âê .2.10.6 ñ�·õ
ö� ¤¢ �î ,Ý � � îüõ ÓþÂã � Pn

j=1 Pj �¤�¬� � �¤ D � � Üäô�ÆÖõ ø P1 := (1 : 0) ,P0 := (0 : 1)

�Èþ¤ ×þ � �¹�þ�¤¢) b � 0 ,a � 0 ,G := aP0 + bP1 Ý��îüõ ÓþÂã� .(1 � j � n) ,Pj := (�j : 1)

¢�ªüõ ùÀþ¢ �f¤�ê ø ´¨� a+ b+ 1 Àã� ý�¤�¢ L(G) ,1.10.4 ��Ìì ¥� ù¢�Ôµ¨� �� .(´¨� À��ø ��óø� ô�n
43Hasse-Weil bound
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.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ C(D;G) Àî .À�û¢üõ �¤ L(G) ¥� �þ� � ×þ Û�ØÈ� ,�a � i � b ,(x=y)i â���� �î
ü÷�¨��� .´¨� �a � i � b ý�Â� (�i; �2i; � � � ; �ni) ý�ûÂÎ¨ Ûõ�ª Àî ßþ� ý�Â� Àó�õ ÅþÂ��õ ×þPn

j=1 cj(�
l)j = 0 Âð� �ú�� ø Âð� ´¨� C(D;G) ¤¢ �ÞÜîÀî ×þ (c0; c1; � � � ; cn) �î ¢�ªüõ ü¨¤Â�

ÀîÂþ¥ .´¨� ßõ�ó�¨-Àþ¤ Àî ×þ C(D;G) �î ¢�ªüõ �¹�µ÷ .a < l < n� b �î üþ�ûl üõ�Þ� ý�Â�
.´¨� BCH Àî ×þ ,Fq �� ÕÜãµõ ý�ûÉµ¿õ �� ö�À�õÂþ¥

À � � î ­Â ê .Ý þÂ � ðü õ Â Ñ ÷¤¢ �¤ 44ü µ � õÂ û ý� ûÝ ¡ ¥� �¤ ü þ� ûÀ î ,ñ� · õ ß þ� ¤¢ .3.10.6 ñ�·õ

:´¨� ùÀª ÓþÂã� Âþ¥ �ó¢�ãõ �� Fq ýø¤ P2 ¤¢ � üµ�õÂû Ý¡ ×þ .q = r2 = 2l

xr+1 + yr+1 + zr+1 = 0: (2)

Ý�û��¡ ö�È÷ �Àµ�� ¤¢ .´¨� 1
2
r(r � 1) = 1

2
(q �pq) �� Â��Â� � ¥� g ý�÷�ð ,6.10.3 ��Ìì ¥� ù¢�Ôµ¨� ��

�ÎÖ÷ 1+ q
p
q �fÖ�ì¢ 1.10.6 ��Ìì ¥� ù¢�Ôµ¨� �� ü�ãþ ;´¨�þ�ð ¯�Ö÷ ¥� ¢�Àã� ßþÂµÈ�� Ûõ�ª � �î ¢�¢

üØþ ,´�Üî ¥� ßµ¨�î öøÀ� ù�ðö� ,Àª�� ÂÔ¬ �� Â��Â� �û��Êµ¿õ ¥� üØþ 4.10.6 �Î��¤ ¤¢ Âð� .�þ�ð
¤¢ ���� r + 1 Ûõ�ª �î ´¨� �r+1 = 1 ý�û���� ¥� üØþ �� Â��Â� üõ�¨ ø ´¨� 1 �� Â��Â� �ú÷� ¥� ÂÚþ¢
,xyz 6= 0 Âð� .´¨� xyz = 0 ¯Âª �� �ÎÖ÷ 3(r + 1) Ûõ�ª � �î Àû¢üõ ö�È÷ °ÜÎõ ßþ� .Àª��üõ Fq
,y ��¿µ÷� Âû ý�Â� .yr+1 6= 0 �î ý¤�Ï�� Àª�� F�q ¥� ý�Ìä y ø z = 1 Ý��î ­Âê ´¨� ßØÞõ ù�ðö�
Ûõ�ª � ,ßþ�Â���� ;Àû¢üõ �¹�µ÷ �¤ (x; y) �ø¥ (r � 2)(r + 1)2 °ÜÎõ ßþ� .¢¤�¢ ¢��ø x ���� r + 1

Âþ�¨ ý�Â� �¹�µ÷ ßþ� �î Ý��îüõ �Ñ��õ) ´¨�þ�ð �ÎÖ÷ 3(r + 1) + (r � 2)(r + 1)2 = 1+ q
p
q

.(Àª�� ¤�ÂìÂ� À÷���üõ 2 Ã��� ñø� ¢�Àä�
Fq ýø¤ C(D;G) À î .q � pq < m < q

p
q ø Q := (0 : 1 : 1) ö� ¤¢ � î ,G := mQ Ý þÂ � ð

�ûÀî ßþ� �îßþ� öÀþ¢ ý�Â� .´¨� d � n �m �Ü¬�ê ø k = m � g + 1 Àã� ,n = q
p
q ñ�Ï ý�¤�¢

.¢�ªüõ ´ê�þ ü÷�¨��� L(G) ý�Â� �þ� � ×þ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ q = 16 ñ�·õ ,À�µÆû ��¡ ¤ÀÖ�
,�Àµ��¤¢ .À�û¢üõ ô�¹÷� �¤ ¤�î ßþ� ,4i+ 5j � m ,0 � i � 4 ,fi;j(x; y; z) := xiyj=(y + z)i+j â����
ø x=(y + z) â���� .¢¤�¢ ¢��ø Íþ�Âª ßþ� ¤¢ ë¢�¬ (i; j) �ø¥ m� 5 = m� g + 1 �î À��îüõ ùÀû�Èõ
fi;j �îßþ� ö¢�¢ ö�È÷ �� ,13.10.1 ñ�·õ ¤¢ ¢���õ ©ø¤ �� ���Èõ �fÖ�ì¢ üªø¤ ¤¢ À�÷���üõ y=(y + z)

ßþ� ,ø ¤ßþ� ¥� .À�µÆû ÛÖµÆõ â���� ßþ� ,ßþ�Â���� ;À�þ�Þ÷ ¤�µê¤ ,´¨� Q ¤¢ 4i+ 5j �±�Âõ °Îì ×þ Ûõ�ª
ù¤��¤¢ �ûùÀþ� ü¡Â� �� Ý��î üã¨ À�þ�� � !´¨� ýÂÚþ¢ ñ��¨ ,üþ�ÈðÀî .¢�ªüõ �µ¡�¨ ü÷�¨��� Àî
ýø¤ �¤ (´�� 109 À�þ�Ú�) ü÷��Ï ô��� ×þ �� Ý�µÆû Ûþ�õ �õ �î À��î ­Âê .Ý����� �¤ Àî ßþ� ´���èÂõ
44Hermitian curves
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¥� ù¢�Ôµ¨� �� ý¤�ÁðÀî �õ .Ý�þ�Þ÷ ñ�¨¤� (À� �f õ�î ñ�÷�î ×þ) pe = 0:01 ý�Î¡ ñ�Þµ�� �� ñ�÷�î ×þ
¤¢ �î Ý��îüõ �Æþ�Öõ C(D;G) ¥� ù¢�Ôµ¨� �� ý¤�ÁðÀî �� �¤ F16 ýø¤ 1

2
 Â÷ �� ßõ�ó�¨-Àþ¤ Àî ×þ

RS Àî .´¨� 27 �Ü¬�ê ý�¤�¢ C(D;G) ,´ó�� ßþ� ¤¢ .Ý�ª�� �µª�¢ �¤ 1

2
 Â÷ �f¢À¹õ �� m = 37 ö�

,¢�ª ´ê�þ¤¢ ´¨¤¢�÷ �ÞÜî ×þ Âð� .´¨� 9 �Ü¬�ê ø (´�� 64 Å�) 16 �ÞÜî ñ�Ï ý�¤�¢ ,Û¬��
ý�Â� .À�µÆû ù�±µª� �û´�� üõ�Þ� ,Ý��îüõ ©¤�Þª �¤ �û�Î¡ ¢�Àã� �î üõ�Ú�û �î Ý��îüõ­Âê ù�ðö�
;(��ÜÎõ ¢�±ú� ×þ âì�ø ¤¢) ´¨� 3:10�4 �� Â��Â� üµ¿¨�� üþ�ÈðÀî ¥� Å� �Î¡ ñ�Þµ�� ,¤�îÁõ RS Àî
ö¢Â³¨ ÂÏ�¡�� ,ñ�·õ ßþ� ¤¢ .´¨� 2:10�7 ¥� ÂµÞî üþ�ÈðÀî ¥� Å� �Î¡ ñ�Þµ�� ,C(D;G) Àî ý�Â� �õ�
¤¢ �î �¤ C(D;G) Àî �õ Âð� .(F16 ´ó�� ßþ� ¤¢) Ýþ��µª�¢ �Ú÷ ´��� �¤ �±Ôó� �õ �î ´¨� Ýúõ °ÜÎõ ßþ�
160 ñ�Ï ý�¤�¢ ��ÞÜî) F

25
ýø¤ 1

2
 Â÷ �� RS Àî Àî ×þ �� À�µÆû üµ�� 256 üþ�û�µª¤ ,��ÞÜî ,ö�

ø Àª Àû��¡ ×þ¢Ã÷ (2:10�6 ý�Î¡ ñ�Þµ��) üþ�¤�î �� ýÂ¡� Àî ù�ðö� ,Ý��î �Æþ�Öõ (À�µÆû ´��
.(10�7 �f±þÂÖ�) À�îüõ ÛÞä Âµú� (À�µÆû ´�� 384 ñ�Ï ý�¤�¢ ��ÞÜî) F

26
ýø¤ 1

2
 Â÷ �� RS Àî ×þ

BCH Àî .Ý��î �Æþ�Öõ 1

2
 Â÷ ø 255 ñ�Ï �� üþø¢ø¢ BCH Àî ×þ �� �¤ ¢�¡ Àî Ý�÷���üõ ß���Ýû

�� ñ�÷�î ×þ ¥� ù¢�Ôµ¨� ñ�� ¤¢ �õ Âð� .¢�ªüõ ùÀ÷Â� ,Ý�µÆû ����õ üê¢�Ê� ý�û�Î¡ �� �õ �î üõ�Ú�û
¢Â�ð ´¨¢�� �¤ ´�� 46 ñ�Ï �� üûøÂð ý�û�Î¡ À÷���üõ C(D;G) Àî ù�ðö� ,Ý�ª�� 45üûøÂð ý�Î¡
¤�î ¥� Ûõ�î ¤�Ï�� BCH Àî �î üó�� ¤¢ (Àû¢üõ ¤�Âì Â���� ´½� �¤ �ÞÜîÀî ×þ éÂ� 13 Â·î�À� �î)
ñ�·õ ßþ� ,¢�Þ÷ ¶½� ,´¨� À�Ôõ �û�Æþ�Öõ ßþ� ¥� ×þ ô�Àî �î ñ��¨ ßþ� ù¤��¤¢ ö���üõ ��Âð� .Àµê�üõ
�ú�� �î À�µª�¢ ¢�Öµä� �Àª�� �î �¤ §À�úõ ßþÀ�� �î ¢�� ü±ó�Îõ �ÜÞ� ¥� (Óó�õ Í¨�� �µê¤ ¤�î��)
ýÂµÈ�� ÂÑ÷ ýÂ±� �¨À�û ¥� �ÂÎõ ý�ûÀî �� �� ¢�Þ÷ Àä�Öµõ ,ù¢�� RS ý�ûÀî �ú÷� ý�Â� À�Ôõ ý�ûÀî
,Ýþ¢Âî ÂÑ÷éÂ¬ ö� ¥� ��µî ßþ� ¤¢ �õ �î ý��ó�Æõ ,üþ�ÈðÀî ù¤��¤¢ üþ�±þ¥ ¸þ�µ÷ �� °ÜÎõ ßþ� .À÷¥�À���

.´¨� ùÀªÂ¹�õ ,¢¤�¢ ü¨�¨� üþ�û¢Â�¤�î ��®ø�� �õ�

��Ìì ¥� ù¢�Ôµ¨� � � .Àª�� 12.10.1 ñ�·õ ¥� F8 ýø¤ ßþ�î üþ� �¤�ú� � À��î ­Âê .4.10.6 ñ�·õ

�þ�ð �ÎÖ÷ 25 Â·î�À� Ûõ�ª À÷���üõ � ,1.10.6 ��Ìì ¥� ù¢�Ôµ¨� �� .´¨� 3 �� Â��Â� �÷�ð ,6.10.3
��¬� ¥� ù¢�Ôµ¨� �� ,âì�ø ¤¢) ;´¨�þ�ð �ÎÖ÷ 24 Ûõ�ª ,ÝþÀþ¢ 12.10.1 ñ�·õ ¤¢ �î ö���Ýû ø Àª��
D À��î ­Âê ø Q := (0 : 0 : 1) À��î ­Âê .(´¨� ���ú� ßþ� ]98[ 46ùÂ c̈ Í¨�� 1.10.6 ��Ìì
Àã� ý�¤�¢ C(D;G) �î Ýþ¤�¢ ,2.10.5 ��Ìì ¥� .G = 10Q ø Àª�� ÂÚþ¢ ý�þ�ð �ÎÖ÷ 23 á�Þ¹õ
À��ø ö¥���ü¨¤Â� Àî �� �¤ Àî ßþ� ñ�� .´¨� d � 23�10 = 13 �Ü¬�ê-ßþÂµÞî ø 10� g +1 = 8

À� µÆû F8 Â¬� �ä ,C(D;G) ��ÞÜîÀî ¤¢ ¢���õ ý�ûÛ±Þ¨ .À� � î ÛÊµõ Â þ¥ �¤�¬�� [4;3;2]
45bursty channel
46J.-P.Serre
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�¤ ö¥�� �ü¨¤Â � Å³¨ ø Ý � � îüõ Â �ÆÔ � F2 ýø¤ 3 ñ�Ï � � ü ÷� µ¨ ý�û¤�¢Â � ö�� �ä� � �¤ � ú ÷� � õ � î
Àî ×þ ,Û¬�� ùÀªÂ»� � Àî .´¨� üþø¢ø¢ [92;24;26] Àî ×þ C Û¬�� Àî .Ý� � îüõ �ê�®�
ý�Â� ýÀþÀ� ü÷�ú� ¢¤�î¤ �î ´¨� (1987 ñ�¨ ¤¢ ]82[ 47ï¤�� Í¨�� ùÀª�µ¡�¨) [91;24;25]

.´¨� ùÀª ù¢�¢ �ó�Öõ ö�Þû ¤¢ á�÷ ßþ� ¥� ÂÚþ¢ Àî ßþÀ�� .¢�Þ÷ ¢�¹þ� d = 25 ,n = 91 �� ý�ûÀî

.Ý�û¢üõ ö�È÷ �¤ Û±ì ñ�·õ ¤¢ ¢���õ Àî ý�Â� Àó�õ ÅþÂ��õ ×þ ´¡�¨ üÚ÷�Ú� �õ .5.10.6 ñ�·õ
À�ª�� °Îì � þ �Èþ¤ ý�¤�¢ À� ÷�� �üõ â��� � ßþ� �î üÏ�Ö÷ .ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ x=y ø z=x ,y=z â��� �

¤¢) y = 0 �ó¢�ãõ � � Í¡ ö�� .À� µÆû Q = (0 : 0 : 1) ø P2 := (0 : 1 : 0) ,P1 := (1 : 0 : 0)

Âµõ�¤�� ×þ y=z �î Ý����üõ ,Àª��üÞ÷ §�Þõ x3y + y3 + x = 0 �ó¢�ãõ �� Ý¡ Â� Q ¤¢ (ß�ê� ��Êµ¿õ

Âµõ�¤� � ×þ z=x ,� ��Èõ ¤�Ï�� .´¨� (´¨� �µ ê¤ ¤�î� � Â �¡� ý�ûñ�·õ ¤¢ �î ý�ùÀþ�) Q ¤¢ üã®�õ

ü¨¤Â � �¤ P2 ø P1 ¤¢ y=z ¤� µ ê¤ �õ .Àª� �üõ P2 ¤¢ üã®�õ Âµõ�¤� � ×þ x=y ø ´¨� P1 ¤¢ üã®�õ

:Ýþ¤�¢ P1 ¤¢ .Ý��îüõ
y

z
= (

z

x
)2

x3

x3 + y2z
;

:Ýþ¤�¢ P2 ¤¢ ,���Èõ ¤�Ï�� .´¨� P1 ¤¢ 2 ¤�ÂØ� �� �Èþ¤ ×þ Ûõ�ª y=z ,ßþ�Â����

y

z
= (

y

x
)2
y3 + z2x

y3
;

���Èõ ©ø¤ �� .(yz ) = 2P1 � 3P2 +Q ø¤ßþ� ¥� .´¨� y=z â��� ý�Â� 3 �±�Âõ °Îì ×þ P2 ,ßþ�Â����

Ý�÷���üõ ,�û��Üäô�ÆÖõ ßþ� ¥� .Ý��îüõ �±¨�½õ �¤ (xy ) = �3P1+P2+2Q ø ( zx) = P1+2P2�3Q
L(10Q) �� ÕÜãµõ ,0 � j � 2i ø 0 � 3i + 2j � 10 ý�Â� (z=x)i(y=x)i â��� � �î ÝþÂ�Ú� �¹�µ ÷

10 ø 9 ,8 ,7 ,6 ,5 ,3 ,0 °��Â��� �±�Âõ ¥� Q ¤¢ üþ�û°Îì �� L(10Q) ¤¢ ü÷¥ø â���� ,ßþ�Â���� ;À�µÆû
ßþÃðý�� �� .À�µÆû L(10Q) ¥� ý��þ�� �ú÷� ,l(10Q) = 8 ö�� ø À�µÆû ÛÖµÆõ �ú÷� ø ¤ßþ� ¥� .Ýþ¤�¢

.Ý���þüõ �¤ Àî ßþ� 23 ¤¢ 8 Àó�õ ÅþÂ��õ ,â���� ßþ� ¤¢ � ý�þ�ð ¯�Ö÷ ý�ûÉµ¿õ ö¢�Þ÷

ùÀªù¢�¢ F4 ýø¤ � Ý¡ .�2 = � + 1 = �� ö� ¤¢ �î ,F4 = f0;1; �; ��g À��î ­Âê .6.10.6 ñ�·õ
9 .´¨� 1 ý�÷�ð �� ¢ÂÔ�õ�÷ Ý¡ ×þ ,Ý¡ ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ x2y + �y2z + ��z2x = 0 �ó¢�ãõ Í¨��

47A.M.Barg
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:´¨� ùÀª ù¢�¢ Âþ¥ �¤�¬�� ö� ý�þ�ð �ÎÖ÷

P1 P2 P3 P4 P5 P6 Q1 Q2 Q3

x 1 0 0 1 1 1 � 1 1

y 0 1 0 � �� 1 1 � 1

z 0 0 1 �� � 1 1 1 �

:

,x=(x + y + ��z) â��� � Ý � � îüõ �ä¢� .G := 2Q1 + Q2 ø D := P1 + P2 + � � � + P6 À� � î ­Âê

�î À��î ���� ,°ÜÎõ ßþ� öÀþ¢ ý�Â� .À�µÆû L(G) ¥� ý��þ� � ��z=(x + y + ��z) ø y=(x + y + ��z)

Q2 ¤¢ � �� x+ y + ��z = 0 �ó¢�ãõ �� Í¡ �îßþ� ø ´Æ�÷ ÂÔ¬ �� Â��Â� Q2 ø Q1 ¤¢ �ûÂÆî ßþ� �¤�¬

ý�¤�¢ 6 ñ�Ï ¥� C(D;G) Àî ,1.10.5 ��Ìì ýÂ�ð ¤�î� � � � .´¨� §�Þõ Q1 ¤¢ � Â � ø ¢¤�¢ üì��

¤¢ ¢���õ üþ��Çª Àî ü�ãþ ,´¨� MDS Àî ×þ âì�ø ¤¢ Àî ßþ� ,�õ� .´¨� 3 Ûì�À� �Ü¬�ê-ßþÂµÞî
.4.2 Ç¿�

�õ�ª¤ø-�Â±Ü�ð ö�Âî ¢�±ú� 10.7

×þ �� ,Àª ÓþÂã � 10.5 Ç¿� ¤¢ �î ö���ö� C(D;G) ý�ûÀî .Ýþ¤�¢üõ �Ú÷ ´�� � �¤ Fq ý�±Ô ó�
,G = mQ ÝþÂ�ð .ÝþÂ�ðüõ ÂÑ÷¤¢ ,´¨� Q ,Pn ,� � � ,P2 ,P1 ý�þ�ð �ÎÖ÷ n+ 1 Ûõ�ª �î �¤ � Ý¡
49�ø¢�ø , 48ßÞÆê Í¨�� °ÜÎõ ßþ� .
(�) := g=n Ý��îüõ ÓþÂã� .2g � 2 < m < n �î ý¤�Ï��
ü¨À�û ý�ûÀî �î ý¤�Ï�� ,¢¤�¢ ¢��ø � ý�ûÝ¡ ¥� ý��ó�±÷¢ �î ´¨� ùÀª ù¢�¢ ö�È÷ ]98[ 50×�þ¥ ø
��±�� �¤ Âþ¥ ��Ìì �ú÷� .À�û¢üõ �¹�µ÷ �¤ 8.5.1 ��Ìì ¥� ý¢�±ú� �î À�µÆû üþ�ûÀî ¥� ý��ó�±÷¢ ,ÂÒ��µõ

.À÷¢�Þ÷

Fq ýø¤ �i ý�ûÝ¡ ¥� ý��ó�±÷¢ .Àª�� â�Âõ ×þ ø ñø� ¢Àä ×þ ¥� ü÷��� q À��î ­Âê .1.10.7 ��Ìì
üµìø ni !1 ö� ¤¢ �î ,´¨� gi ý�÷�ð ø �þ�ð �ÎÖ÷ ni + 1 Ûõ�ª �i �î ý¤�Ï�� ;À÷¤�¢ ¢��ø (i 2 N)

.i!1 ý�Â� 
(�i)! (q
1

2 � 1)�1 =: �
 ø i!1
 Â ÷ ý�¤�¢ �i ýø¤ Ci := C(D;G) Â Ò� � µ õ ý� ûÀ î ,Ý þÀ þ¢ 2.10.5 � � Ì ì ¤¢ � î ö� � �Ý û
5.1 Ç¿� ¤¢ ¢���õ ý¤�Áð¢�Þ÷ �� ,ßþ�Â���� ;À�µÆû di � ni �mi �Ü¬�ê ø Ri = (mi � gi + 1)=ni

:Ýþ¤�¢ 1.10.7 ��Ìì �� ���� �� ø ¤ßþ� ¥� .Ri + Æi � 1� 
(�i) Ýþ¤�¢

48Tsfasman
49Vl�adut�
50Zink



221 ýÂ±� �¨À�û ý�ûÀ�î .10 ÛÊê

.Æ + �(Æ) � 1� �
 .2.10.7 ��Ìì

Í¨�� ùÀª ÓþÂã� ,(Æ; �) �½Ô¬ ¤¢ Ý�ÖµÆõ Í¡ �þ� �î ´¨� ö���Æ� ¤¢ ü��õÀÖõ ßþÂÞ� ×þ ßþ�
Ýþ¤�¢ ,í�Âµª� ´ó�� ¤¢ .Â�¡ �þ ¢¤�¢ í�Âµª� 8.5.1 ��Ìì ¤¢ ¢���õ Ý¡ �� ,Æ + � = 1 � �
 �ó¢�ãõ

.Ýþ¤�¢ q � 49 ý�Â� �¤ �õ�ª¤ø-�Â±Ü�ð ö�Âî ¥� ý¢�±ú� ,Àª�� â�Âõ ×þ Àþ�� q ö�� ø q � 43

�û¢�ú�È�� 10.8

Í¨�� �ûùÀ þ� ß þ� .Àª ù¢�¢ ]91[ 51ßÆµ¨�� Í¨� � ý�� ó� Ö õ ¤¢ °ó�� üþ�ÈðÀî ý�û©ø¤ ß� óø�
ý��Ñ��õ Û��ì ¤�Ï�� �û©ø¤ ßþ� ,Å� ö� ¥� .À÷Àª ù¢�¢ Ý�Þã� ]96[ 53�ø¢�ø ø 52���ð��øÂØ¨�
¸þ�µ÷ ßþ� ùÀû�Èõ ý�Â� .À÷Àª ù¢�¨ ÂÚþ¢ ¢Âê ßþÀ�� ø 54Ù�ê Í¨�� ø (]84[ â�Âõ .í.¤) �µê�þ ¢�±ú�

.Ý�û¢üõ á��¤� ,]89[ â�Âõ ,���õ¥ ßþ� ¤¢ ýÀ��âÞ� ø ý¤ø�¢Âð �ó�Öõ ×þ �� �¤ ùÀ�÷��¡

¥� Ç�� ø Ýî ßc µÆ� ý¤ø¢ �� À�÷���üõ ÛÊê ßþ� ¸þ�µ÷ ¥� ý¤��Æ� ,Àª Âî£ �õÀÖõ ¤¢ �î ö���Ýû
ø ]85[ â��Âõ ¤¢ ßþÂþ�¨ ø 55Ù�ê Í¨�� �ûùÀþ� ßþ� .À÷�ª ¼þÂÈ� ,ýÂ±� �¨À�û ¤¢ Õ�Þä ý�þ�Ìì

.´ê�þ ]90[ â�Âõ ¤¢ �¤ �ú÷� ö���üõ ø À÷Àª ü��ÂÏ �÷ ¥� ]86[

�fêÂ¬ �î Ý��îüõ ¢�ú�È�� �¤ ]97[ â�Âõ �õ .¢¤�¢ ¢��ø ÛÊê ßþ� ��þ�µ½õ ù¤��¤¢ �µª�÷´¨¢ ý¢�Àã�
.¢Â�üõ ¤�î�� �¤ â���� ý�ûö�À�õ Í¨�� ýÂ±� ù�ðÀþ¢ ×þ

.¢Â�üõ ¤�î�� �¤ ý��÷�Þ�� ý�ûÝ¡ �þÂÑ÷ ,(]81[ â�Âõ .í.¤) �õ�ª¤ø-�Â±Ü�ð ö�Âî ¥� üþ�û¢�±ú�
Â�ð¤¢ ,�ø¤-ßÞþ¤ ��Ìì ¥� ÂµÈ�� üÜ�¡ ,ýÂµÈ�� ���®�þ¤ �� üóø ,´¨� üÜ¬� °ÜÎõ ×þ °ÜÎõ ßþ�
ô¥� ,�ûÝ¡ üÜ�Ü½� ø ýÂ±�«��¡ ø �ûö�À�õ ý���� �û�ÖÜ� ýø¤ ý�ûÝ¡ ü�ãþ ,�û�ÂÏ �þÂÑ÷ .´¨�

.Àþ�üõ ÂÑ÷ ��

1.10.7 ��Ìì ��±�� �� �ûÝ¡ �ó�±÷¢ ¥� ßªø¤ üÔ�¬�� ,]87[ 57���µ»�µ¨� ø 56��¨¤�ð Â�¡� ¤�î
.¢�Þ÷ ���¤� ýÂ±� �¨À�û ¥� Â�ñÀµãõ üþ�û¤�Ã�� �Ü�¨ø��

51J. Justesen
52A. N. Skorobogatov
53S. G. Vl�adut�
54G.-L.Feng
55G.-L.Feng
56Garcia
57Stichtenoth
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Û��Æõ 10.9

�÷�Ú� (1 : 0 : 0) �ÎÖ÷ ¤¢ x=z â��� ¤�µê¤ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 7.10.1 ñ�·õ ¤¢ ¢���õ Ý¡ .1.10.9

?´¨�

ù�ðö� ,p = 7 Âð� .p = 7 ù�ðö� ,Àª�� ¢ÂÔ�õ Fp ýø¤ ßþ�î üþ��¤�ú� Âð� �î À�û¢ ö�È÷ .2.10.9
.À����� ¢ÂÔ�õ �ÎÖ÷ ×þ

.g = (z3 + xyz)=x3 À� � î ­Âê .À þÂ �Ú � ÂÑ ÷¤¢ �¤ F4 ýø¤ 7.10.1 ñ� · õ ¥� � üÞú¨ .3.10.9
.À��î ß��ã� �¤ g ��Üäô�ÆÖõ

� ó¢� ã õ � Ü � ¨ø� � ùÀ ªÓ þÂ ã � F2 ýÂ ± � ¤� µ Æ � ýø¤ ýÂ þ�Ê � Ý ¡ × þ � À � � î ­Â ê .4.10.9

.À��î ß��ã� �¤ f := x=z ��Üäô�ÆÖõ .Àª�� x4y + y4z + z4x = 0

.´¨� üþ��Çª Àî �� ¥ ¤�Ýû âì�ø ¤¢ 6.10.6 ñ�·õ ¤¢ ¢���õ Àî �î À�û¢ ö�È÷ .5.10.9

?Àþ�ðüõ �� l(3Q) ù¤��¤¢ �ø¤-ßÞþ¤ ��Ìì .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 4.10.6 ñ�·õ ¤¢ ¢���õ Ý¡ .6.10.9

.l(3Q) = 2 À�û¢ ö�È÷



11 ÛÊê

��¡ ü±÷�¹õ ¤�Ï�� ýÂ±� ý�ûÀ�î

ü�µ¡�¨Â�è ù¢�¨ ñ�·õ ×þ 11.1

ÂÑ÷¤¢ 5 ÛÊê ù�ðÀþ¢ ¥� �¤ �ûÀî ßþ� Âð� .Ýþ¢Âî Ó�¬�� �¤ �ûÀî ¥� ¤�µ¡�¨ ßþÀ�� ,Û±ì ý�ûÛÊê ¤¢
Æ = 1

2
ý�¤�¢ 4.1 Ç¿� ¤¢ ¢���õ ¢¤�õ�¢�û ý�ûÀî .Àª Ý�û��¡ À�õ��÷ �ûÀî ßþ� ¢¤�õ ¤¢ ù�ðö� ,ÝþÂ�Ú�

Û�õ 1 �� R Ù��Þû ý�ûÀî ý�Â� .À�îüõ Û�õ ÂÔ¬ ´Þ¨�� ,R ,ö�÷�  Â÷ ù�ðö� ,n! 1 Âð� ø ù¢��
.Ýþ¤�¢ �Ú÷ ´��� �¤  Â÷ Âð� ,Æ ! 0 Ýþ¤�¢ Ã�÷ BCH ý�ûÀî ¢¤�õ ¤¢ .À�îüõ Û�õ ÂÔ¬ �� Æ �õ� ,À�îüõ
�î Ýþ¤�¢ �ûÀî ßþ� ¥� ¼þÂ¬ ùÀª ÓþÂã� �ó�±÷¢ ×þ ,Ýþ¢�¢ ¤�Âì ¶½� ¢¤�õ �î üþ�ûÀî ¥� �ûñ�·õ üõ�Þ� ¤¢

.R! 0 �þ Æ ! 0

ù¢�¨ ýÂ±� ÓþÂã� ×þ À÷���üõ ¢Âê �î Ý�û¢üõ ö�È÷ ×�þ� ,ýÀã� Ç¿� ý�Â� ý��õÀÖõ ö���ä ��
¤¢ �î ý��ÎÖ÷ ö�Þû ¤¢ ø ´Æ�÷ ý¤�µ¡�¨ ,ÓþÂã� ßþ� �õ� .Àþ�Þ÷ ���¤� ,Àû¢üõ �¹�µ÷ �¤ ü��¡ ý�ûÀî �î
m .¢�Þ÷ Ý�û��¡ Ó�¬�� �¤ R = 1

2
 Â÷ �� üþø¢ø¢ ý�ûÀî �õ .Ýþ�ùÀ÷�õ üì�� ,ÝþÀ�¨¤ ö� �� 1.2.2 ��Ìì

Âþ¥ ¤¢ ,¢�ªüõ ��¿µ÷� �Ìä ßþ� �î üªø¤ .À��î ��¿µ÷� �¤ �m 2 F2m �Ìä ×þ ø Àþ¤�¢ �Ú÷ ´��� �¤
:Ý��îüõ ÓþÂã� ø ù¢�Þ÷ Â�±ã� F2m ¥� ýÂ¬��ä �¤�¬�� �¤ a 2 Fm

2
ý�û¤�¢Â� �õ .Àª Àû��¡ ¼þÂÈ�

C� := f(a; �a) j a 2 Fm
2
g:

,Àª�� 2m� ¥� ÂµÞî ö¥ø � � (a; �a) ÂÔ¬�÷ �ÞÜî Ûõ�ª C� Âð� .´¨� ùÀª ù¢�¢ � = �m À��î ­Âê
�¹�µ÷ .À�îüõ ß��ã� a Â� �a Ý�ÆÖ� (F2m ¤¢) ´ÞÆì�¤�¡ ö���ä�� �¤ � �µØþ ¤�Ï�� �ÞÜî ßþ� ù�ðö�



224

�Ü¬�ê-ßþÂµÞî ý�¤�¢ �î Àª Àû��¡ C� Àî ×þ �� Â¹�õ � ý�Â� ��¿µ÷�Pi<2m�

�
2m
i

� Â·î�À� ¢�ªüõ
¢�Àã� ,5.1.4 ��Ìì ¥� ù¢�Ôµ¨� �� .� := H (1

2
� (1= logm)) ÝþÂ�ðüõ ÂÑ÷¤¢ ñ�� .´¨� 2m� ¥� ÂµÞî

� ý�û��¿µ÷� üõ�Þ� Â·î�À� ý�Â� ,ßþ�Â���� ;m ! 1 ,o(2m) �� ´¨� Â��Â� � ý�Â� \À�" ý�û��¿µ÷�
:Ýþ¤�¢

d � 2mH (1
2
� 1

logm
):

ý�û��¿µ÷� ßµêÂð ÂÑ÷¤¢ ø m ! 1 ö¢�¢ ¤�Âì � � .Àª��üõ C� �Ü¬�ê-ßþÂµÞî éÂãõ d ö� ¤¢ �î
:À�îüõ ëÀ¬ Âþ¥ �Î��¤ ¤¢ ÂÒ��µõ Æ �î ý¤�Ï�� ;Ýþ¤�¢ �¤ 1

2
 Â÷ �� ý�ûÀî ¥� ý��ó�±÷¢ ,�m ý�Â� °¨��õ

Æ = H (
1

2
) + o(1); (m!1):

���¤� �m ��¿µ÷� ¥� ü½þÂ¬ ©ø¤ Ý�÷��µ� Âð� .À��þüõ ´¨¢ 8.5.1 �Â±Ü�ð ö�Âî �� �ó�±÷¢ ßþ� ,ßþ�Â����
´ª�¢ ¢��ø ýÀ� ýÀþ¢Â� ,ü÷��Ï ü÷�õ¥ �Àõ ý�Â� .Àª Àû��¡ Û¬�� ¸�úõ ý��¹�µ÷ ù�ðö� ,Ý�û¢
¤ø¢ ÂÔ¬ ¥� d=n Ýû ø  Â÷ Ýû ö� ¤¢ �î �ûÀî ¥� ý��ó�±÷¢ ¥� ßªø¤ ýÂ±� ¤�µ¡�¨ ×þ �þ�¤� �f ¬� �þ� �î
Â��ç� ,üÜ¬� ùÀþ� .Àþ¢Âð Õê�õ ¤�î ßþ� ô�¹÷� ¤¢ 1ßÆµ¨�� ,1972 ñ�¨ ¤¢ .´¨� ÂþÁ�ö�Øõ� ,À÷�ª
� �¤�Ìõ üõ�Þ� ,� ¤�ÀÖõ (´¨� ÛØÈõ ��¿µ÷� ¤¢ �î) ö� ý���� .Àª ö��� ��� ¤¢ �î ´¨� ý¤�µ¡�¨

.Àª��üõ ��¡ � �÷�îÂþ¥ ��¿µ÷� ù¥�À÷� �� �f±þÂÖ� ,Í¨�µõ Â���� .Àû¢üõ  ¤ �ÞÜîÀî ×þ ¤¢

ßÆµ¨�� ý�ûÀî 11.2

â�Âõ ¤¢ 3ü÷Â êe Í¨� � � î À � µÆû 2üì�½ ó� ý�ûÀî ¥� üÞ �Þã � ,¢Â î Ý �û��¡ ¼þÂÈ � � î ü þ� ûÀî
C1 ��Þ Ü î Â � ± ã � ø C1 Àî ×þ ¥� áøÂª � � � Ü�Â õ ø¢ ¤¢ À î ß µ¡�¨ ,ö� ùÀ þ� .À ÷Àª üêÂ ã õ ]22[
� � �¤ °ÜÎõ ßþ� � õ .Àª� �üõ ,¢�ªüõ � µ¡�¨ C2 ö� � � � î À þÀ� ý� ± Ô ó� ×þ ý�ûÛ±Þ¨ ö�� �ä � �
�ÞÜîÀî ×þ ¥� ci ý�ûÛ±Þ¨ .Àª�� F2m ýø¤ ýÀî C2 À��î ­Âê .Ý��îüõ ¼þÂÈ� ÂµÈ�� ���þÃ�
ci = (ci1; ci2; � � � ; cim) ü�ãþ ;¢�ª �µª�÷ F2 ýø¤ üþ�ûüþ���m �¤�¬�� À÷���üõ (c0; c1; � � � ; cn�1)
×þ ý�Â� ü��ä�Ï� ý�ûÛ±Þ¨ ¥� ý��ó�±÷¢ ,üþ���m ß��� .cij 2 F2 ö� ¤¢ �î ,(i = 0;1; � � � ; n� 1)
 Â÷ ö� ¤¢ �î ,ÝþÂ�Ú� ÂÑ÷¤¢ �¤ ´ó�� ßþÂ�ù¢�¨ À�þ��� .´¨� 4üÜ¡�¢ Àî �� éøÂãõ C1 �� ÕÜãµõ �ÞÜî

.Ýþ¤�¢ üÜ¡�¢ Àî ¤¢ 2m ñ�Ï �� ý��ÞÜî ,ci = (ci1; ci2; � � � ; cim) �� ÂÒ��µõ .´¨� 1
2
Â��Â�

1 J. Justesen
2 concatenated codes
3 G. D. Forney
4 inner code
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ßµª�¢ ù¥��� ü�ãþ ;¢�� C1 üÜ¡�¢ Àî Â��ç� ,ßÆµ¨�� ùÀþ� .´¨� C2  Â÷ ÓÊ÷ ,üì�½ó� Àî  Â÷
ñ�Ï �� �ÞÜî �î À÷�ùÀª ��¿µ÷� ý¤�Ï üÜ¡�¢ ý�ûÀî ,Û±ì Ç¿� À�÷�õ .i �� �µÆ��ø C1 ��¿µ÷� ý�Â�

.ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ ßõ�ó�¨-Àþ¤ Àî ×þ �õ C2 5ü�¤�¡ Àî ý�Â� .¢¢Âð ¥�è� ci ý�ûÛ±Þ¨ �� 2m
¤�µ¡�¨ ×þ Àþ�� ,Ý�û¢ Û�õ ´þ�ú÷ü� �� �¤ m �î Ý�Üþ�õ ö�� .À�þ�üõ �õ�¢� ¤¢ ßµ¡�¨ ���þÃ�
F2m ø m = 2:3l�1 À�û¢ ¤�Âì ,ßþ�Â���� ;ÝþÂ�üõ ¤�î�� �¤ 24.1.1 ��Ìì .Ý�ª�� �µª�¢ F2m ý�Â� ù¢�¨
.g(x) = xm + xm=2 + 1 ö� ¤¢ �î ,À þÂ �Ú � ÂÑ ÷¤¢ (g(x) � ÷�Þ � � ¤¢) F2 [x] �¤�¬�� üÈþ�Þ ÷ ¤¢ �¤
×þ .(6.8 Ç¿� �� �ã��Âõ) ¢�ªüõ Â�±ã� Âþ¥ �¤�¬�� ,´¨� ü�¤�¡ Àî �î C2 ßõ�ó�¨-Àþ¤ Àî
i0+ i1x+ � � �+ im�1xm�1 2 F2m �Ìä �¤�¬�� (i0; i1; � � � ; im�1) ��ä�Ï� ý�ûÛ±Þ¨ ¥� üþ���m
ý�� Ü Þ �À � � ø À þÂ � Ú � Â Ñ ÷¤¢ �¤ aK�1 ,: : : ,a1 ,a0 ü þ� ��m ü ó�� µ õ ¤�À Ö õ K .¢� ªü õ Â � Æ Ô �
,j = 1;2; � � � ;2m�1 =: N ý�Â� .À�û¢ Û�ØÈ� �¤ a(Z) = a0+a1Z+ � � �+aK�1ZK�1 2 F2m [Z]

j(x) �¤�¬ßþ� ¤¢ ;Àª�� j üþø¢ø¢ Çþ�Þ÷ Pm�1
i=0

"i2
i Âð� ,À�û¢ ö�È÷ j(x) = Pm�1

i=0
"ix

i �� �¤ j(x)
¥� ý��ó�±÷¢ ,ßþ�Â���� ;Ý��îüõ ß�È÷�� a(Z) �� �¤ �ú�þ� �õ .À�îüõ Â��ç� F2m ÂÔ¬�÷ Â¬��ä ö��õ ¤¢
.´¨� K=N  Â÷ ý�¤�¢ �î ´¨� C2 üÎ¡ Àî ¤¢ �ÞÜîÀî ×þ ßþ� .Ýþ¤ø�üõ ´¨¢�� �¤ F2m �Ìä N
ý�¤�¢ ü�ãþ ;´¨� �Èþ¤ K � 1 Â·î�À� ý�¤�¢ ö� ,´¨� K � 1 ýø�Æõ �þ ÂµÞî ��¤¢ ý�¤�¢ a(Z) ö��
À�ó�� ¤¢ ý¤�µ¡�¨ �f õ�î ©ø¤ ×þ ßþ� .(6.8 Ç¿� �� á��¤�) D � N �K + 1 �Ü¬�ê-ßþÂµÞî
.Ý�û¢üõ �õ�¢� üÜ¡�¢ ý�ûÀî Û�ØÈ� �� �¤ ö� ���Èõ üªø¤ �� .´¨� ßõ�ó�¨-Àþ¤ ý�ûÀî ¥� ý��ó�±÷¢
ý��ÜÞ�À�� �¤�¬�� Çþ�Þ÷ ¤¢ ¥��û) Àª�� ü�¤�¡ Àî ¤¢ �ÞÜîÀî ×þ ¤¢ Û±Þ¨ ß�õ�j Çþ�Þ÷ cj Âð�
g(x) �÷�Þ�� ¤¢ �f¢À¹õ �Â® ,ö� ¤¢ �î ,Ý��îüõ ßþÃðý�� (cj ; j(x)cj) � � �¤ ö� �õ ù�ðö� ,(F2 ýø¤

.Ý��îüõ Â�ÆÔ� F2 Â¬��ä ¥� üþ���2m×þ �¤�¬�� �¤ö� �õ ô�¹÷�Â¨ .¢�ªüõ �µêÂð ÂÑ÷¤¢

;Àª Àû��¡ ��¿µ÷� Âþ¥ °¨��õ ©ø¤�� K .N = 2m � 1 ,m = 2:3l�1 À��î ­Âê .1.11.2 ÓþÂã�
ö�È÷ 'm �� ,��� �¤�¬�� ùÀª ÓþÂã� n := nm := 2mN �ÞÜî ñ�Ï �� üþø¢ø¢ Àî .D = N + 1�K

1

2
K=N �� Â��Â� ö�  Â÷ ø k := mK �� Â��Â� 'm Àã� .¢�ªüõ �µÔð 6ßÆµ¨�� Àî ,Àî ßþ� .¢�ªüõ ù¢�¢

.´¨�

×þ �î ´�ãì�ø ßþ� ü�ãþ ;ÝþÂ�üõ ¤�î�� �¤ 11.1 Ç¿� À�÷�õ üú��Èõ ùÀþ� ,'m ¥� �õ Û�Ü½� ¤¢
.À�îüõ É¿Èõ �¤ j ¤�ÀÖõ ,'m �ÞÜîÀî ×þ ¤¢ âì�ø (cj ; j(x)cj) ÂÔ¬�÷ üþ���2m

�� üã�±Ï ¢�Àä� ¥� ý��ó�±÷¢ (ML)L2N À��î ­Âê .Æ 2 (0;1) ø 
 2 (0;1) À��î ­Âê .2.11.2 Ýó
5 outer code
6 Justesen code
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¤¢ Ãþ�Þµõ �ÞÜîML ý�ûö¥ø á�Þ¹õW À��î ­Âê .Àª�� (L!1) ML:2
�LÆ = 
 + o(1) ´�¬�¡

:�¤�¬ßþ� ¤¢ ;Àª�� FL
2

W � 
L2LÆfH (Æ) + o(1)g; (L!1):

:Ý��îüõ ÓþÂã� ,ï¤Ã� üê�î ¤Àì �� L ý�Â� .��±��

� := H (Æ � 1

logL
):

:Ýþ¤�¢ 5.1.4 ��Ìì ¥� ù¢�Ôµ¨� ��

X
0�i��L

 
L

i

!
� 2L(Æ�(1= logL)):

:ßþ�Â����

W � fML �P0�i��L
�L
i

�g�L � �LfML � 2L(Æ�(1= logL))g

= �L2LÆf
 + o(1)g = 
L2LÆfH (Æ) + o(1)g; (L!1):

�

�µêÂð ÂÑ÷¤¢ ý¤�ÀÖõ ßþÂµÞî ,1.11.2 ÓþÂã� ¤¢ K ¢Àä .Ý��îüõ ��¿µ÷� �¤ ,0 < R < 1

2
,R  Â÷ ×þ

¥� Û¬�� 'm ý�ûÀî �ó�±÷¢ �î ¢¥�¨üõ ßÿÞÎõ �¤ �õ ßþ� .Rm := 1

2
K=N � R �î ý¤�Ï�� ´¨� ùÀª

�Ü¬�ê-ßþÂµÞî .Àª�� (l ! 1) Rm !1  Â÷ ý�¤�¢ 1.11.2 ÓþÂã� ¤¢ l = 1;2; � � � ßµêÂð ÂÑ÷¤¢
.´¨� N �K + 1 = D Ûì�À� ö¥ø ý�¤�¢ ü�¤�¡ Àî ¤¢ ÂÔ¬�÷ �ÞÜî ×þ ?´¨� ¤�Ï�� 'm

:ßþ�Â�ùø�ä

N �K + 1 > N �K = N(1� 2Rm)

= (2m � 1)f1� 2R+ o(1)g; (m!1):

(1)

'm ¥� c ÂÒ��µõ �ÞÜîÀî ¤¢ (cj ; j(x)cj) üþ���2m×þ ü�¤�¡ Àî ¥� �ÞÜîÀî ×þ ¤¢ ÂÔ¬�÷ Û±Þ¨ Âû
�� �µêÂð ¤�î�� �¤ 2.11.2 Ýó .(1.11.2 Âþ¥ �Ñ��õ ¥� ù¢�Ôµ¨� ��) ¢�� À�û��¡ �ø�Ôµõ üÚÞû �ú�þ� ø ´¨�
Íþ�Âª ,1 �Î��¤ ¥� ù¢�Ôµ¨� �� .ML = D ø 
 = 1�2R ,Æ = 1

2
,L = 2m ÝþÂ�ð .Ý�÷Ã� ß�Þ¿� �¤ c ö¥ø

:ßþ�Â���� ;´¨� ¤�ÂìÂ� ,Ýó

w(c) � (1� 2R):2m:2mfH (1
2
) + o(1)g; (m!1):
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:ø ¤ßþ� ¥�
dm=n � (1� 2R)fH (1

2
) + o(1)g; (m!1):

.Ýþ�ù¢Âî ´��� �¤ Âþ¥ ��Ìì ,ßþ�Â����

�ÞÜîñ�Ï ý�¤�¢ ��� ¤¢ ùÀª ÓþÂã� 'm ßÆµ¨�� ý�ûÀî .0 < R < 1

2
À��î ­Âê .3.11.2 ��Ìì

:ö� ¤¢ �î ,À�µÆû dm �Ü¬�ê-ßþÂµÞî ø Rm  Â÷ ,n = 2m(2m � 1)

;(m!1) ,Rm ! R (1

.lim infm!1 dm=n � (1� 2R)H (1
2
) (2

ý�Â� .Æ � (1� 2R)H (1
2
) Ýþ¤�¢ 1

2
¥� ÂµÞî R Âþ¢�Öõ ý�Â� ,5 ÛÊê ¤¢ ¢���õ ¢�Þ÷ ýÂ�ð¤�î�� �� ñ��

.À�îüÞ÷ Û�õ ÂÔ¬ �� Æ ,n!1 ý�Â� ,¤�� ß�óø�
À� �î ­Âê .´¨� ô¥� 1

2
¥� Â �ï¤Ã � ý�û Â÷ � � öÀ�¨¤ ý�Â � Û±ì ¤� µ¡�¨ ¤¢ ×��î Â� �ç � ×þ

(cj ; j(x)cj) üþ���2m Âû ý�Â� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 'm .(¢Âî Ý�û��¡ ��¿µ÷� �fÀã� �¤ s) 0 � s < m

R À��î ­Âê .¢�ªüõ ù¢�¢ ö�È÷ 'm;s � � Û¬�� Àî .Ý��îüõ éÁ� �¤ Â¡� Û±Þ¨ s ,c �ÞÜîÀî ¤¢
�î ,Ý��îüõ ��¿µ÷� ü½�½¬ ¢Àä ßþÂ�×��î �¤ K ,ùÀª ù¢�¢ s ø m ý�Â� .0 < R < 1 ,Àª�� ´���
.(´¨� ÂþÁ�ö�Øõ� ¤�î ßþ� ù�ðö� ,m(2m � s) � R Âð�) Rm;s := [m=(2m � s)](K=N) � R ö� ¤¢
ÂÔ¬� ÷ Ã þ�Þ µ õ üþ� ��2m � � D Ûì�À� Ûõ�ª c �ÞÜîÀî �î �¤ ´�ã ì�ø ßþ� ,3.11.2 ��Ìì ��± �� ¤¢
� î Ý þ�ù¢¤ø� ´¨¢� � �¤ ü þ� ûü þ� ��(2m� s) , 7©Â� ¥� ù¢� Ô µ¨� � � .Ý þ¢Â � ¤� î� � ,´¨� (cj ; j(x)cj)
Ûì�À� ,ßþ�Â �� � � ;¢�¢ Àû��¡  ¤ ¤� � 2s Â·î�À� ,ßØÞõ ¤�ÀÖõ Âû �õ� ,À�ª� �üÞ÷ Ã þ�Þµõ ÂÚþ¢ �f õøÃ ó
'm;s ¥� c �ÞÜîÀî ×þ ¤¢ Ãþ�Þµõ ý�ûüþ���(2m� s) Ms := 2�s(N �K) = 2�sN(1� 2m�s

m Rm;s)

.´ª�¢ À�û��¡ ¢��ø
:Âþ¥ ý�ûÂµõ�¤�� �� ¤�� ßþ� ;ÝþÂ�üõ ¤�î�� �¤ 2.11.2 Ýó �f¢À¹õ

L = 2m� s; Æ = m�s
L ; 
 = 1� 2m�s

m R; ML =Ms:

:Ýþ¤�¢ ;Àª�� 'm;s �Ü¬�ê-ßþÂµÞî dm;s À��î ­Âê

dm;s � (1� 2m� s

m
R)(2m� s)2m�sfH ( m� s

2m� s
) + o(1)g2s; (m!1)

dm;s

n
� (1� 2m� s

m
R)fH ( m� s

2m� s
) + o(1)g; (m!1) (2)

7 truncating
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ø r 2 (1
2
;1) ,Àª�� ´��� r À��î ­Âê .Àþ�Þ÷ À�ó�� �¤ �¹�µ÷ ßþÂµú� �î Ý����� �¤ s ¥� ü��¿µ÷� Àþ�� ñ��

2 �Î��¤ �� ���� �� .m=(2m� s) � R Ýþ¤�¢ ß���Ýû ù�ðö� ,r � R Âð� .s := bm(2r � 1)=rc+ 1

:Ýþ¤�¢

dm;s

n
� (1� R

r
)H (1� r) + o(1)g; (m!1) (3)

.À�î ëÀ¬ Âþ¥ �Î��¤ ¤¢ r Âð� ,´¨� ßþÂµÈ�� 3 �Î��¤ ´¨�¤ éÂÏ

R =
r2

1+ logf1�H (1� r)g : (4)

�¬�¡ �¤ ¤�µ¡�¨ ßþ� ,Âþ¥ ��Ìì .r = 1

2
ÝþÂ�ðüõ ÂÑ÷¤¢ ù�ðö� ,Àª�� 1

2
¥� ÂµÞî 4 �ó¢�ãõ ���� Âð�

.À�îüõ

À��î ­Âê .Àª�� 4 �ó¢�ãõ ���� ø 1

2
ÝÞ�Æî�õ r À��î ­Âê ø 0 < R < 1 À��î ­Âê .4.11.2 ��Ìì

�Ü¬�ê-ßþÂµÞî ø Rm;s  Â÷ ,n �ÞÜî ñ�Ï ý�¤�¢ 'm;s ßÆµ¨�� ý�ûÀî .s = bm(2r � 1)=rc + 1

:ö� ¤¢ �î ,À�µÆû dm;s

lim inf
dm;s

n
� (1� R

r
)H6 (1� r):

Â� Í�½õ ,Ý¡ ßþ� ,r > 1

2
ý�Â� .Ý��îüõ �Æþ�Öõ �Â±Ü�ð ö�Âî �� �¤ ßÆµ¨�� ý�ûÀî 11.1 ÛØª ¤¢

.À÷�ùÀª ù¢�¢ 3 �Î��¤ Í¨�� �î ´¨� üÏ�Î¡

nndd //

RR

))55..00((¬¬
HH

))11(( rrHH --¬¬

rr55..00

))11(( RRHH --¬¬

55..00
tt

11

گيلبر!گيلبر!

۲قضيه ۲,,۱۱۱۱ قضيه

۱قضيه ۱,,۱۱۱۱ قضيه

:11.1 ÛØª
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�û¢�ú�È�� 11.3

üª�� .´¨� ù¢�¢ «�Êµ¡� ¢�¡ �� �¤ üÞî ¤��Æ� ���� ö��î�� 11.1 Ç¿� ¤¢ ¢���õ ù¢�¨ �fãì�ø ùÀþ�
Â¹�õ ,Àû¢üõ �¹�µ÷ �¤ ü��¡ �fµ±Æ÷ ý�ûÀî �î � ¥� ü½þÂ¬ ý�û��¿µ÷� ÓÈî �� ´¨� ßØÞõ Â�ýÀ�
¤¢ ü¨�¨� ý�û´êÂÈ�� ¥� üØþ ßÆµ¨�� ý�ûÀî ÓÈî .(À���±� �¤ 1.11.4 �ó�Æõ ,ñ�� ßþ� ��) ¢¢Âð

.¢�� 1970 ñ�¨ ¤¢ ý¤�ÁðÀî �þÂÑ÷

Û��Æõ 11.4

¥� ý¤�ÀÖõ º�û À�û¢ ö�È÷ .Àª ù¢�¢ Çþ�Þ÷ 11.2Ç¿� ¤¢ �î Àª�� ö�Þû F
26

À��î ­Âê .1.11.4
Âþ�¨ �� �¤ö� .Àª�� 3 ¥� ÂµÈ�� �Ü¬�ê ý�¤�¢ C� �î ý¤�Ï�� ,¢¤�À÷ ¢��ø 11.1 Ç¿� ¤�µ¡�¨ ý�Â� �

.À��î �Æþ�Öõ 1

2
ýø�Æõ �þ Â�ï¤Ã�  Â÷ �� éøÂãõ [12; k] ý�ûÀî

8�÷�ðø¢ üª¢Âð [2k; k] Àî ×þ .Àª�� k ¥� ÂµÞî ��¤¢ �� ý��ÜÞ�À�� �(x) À��î ­Âê .2.11.4
(xk � 1) �÷�Þ�� ¤¢ �Â®Û¬�� ö� ¤¢ �î ,´¨� (a(x); �(x)a(x)) ÛØª �� ��ÞÜî üõ�Þ� Ûõ�ª üþø¢ø¢

.Àª��üõ �þ�� ,��ÞÜî �Þ�÷ ø¢Âû ¥� ö�õ¥Ýû ý¤ø¢ ´Ô�ª ×þ ´½� ,Àî ,´ó�� ßþ� ¤¢ .´¨� ùÀª �±¨�½õ

.Àª�� d = 4 ý�¤�¢ �î Àþ¥�Æ� á�÷ ßþ� ¥� [12;6] Àî ×þ

Ç¿� ¤¢ ¢���õ ùÀþ� �î À�û¢ ö�È÷ �� ÀþÂ� ¤�î�� �¤ 11.2Ç¿� ¤¢ ¢���õ 9ö¢�¢©Â� ©ø¤ .3.11.4
.À���þüõ ´¨¢ R  Â÷ Âû ý�Â� �Â±Ü�ð ö�Âî �� �î ¢�ªüõ üþ�ûÀî �� Â¹�õ 11.1

8 double circulant
9 truncation
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ü��Æ� ý�ûÀ�î

AN ý�ûÀî 12.1

ü��Æ� ý�ûÂðÛÞä ¼�½Ê� ø ü¨¤Â � ý�Â � �î üþ�ûÀî ù¤� �¤¢ ¤�ø�¬�¡ ý��õÀÖõ ,ÛÊê ßþ� ¤¢
ý¢�ä ��Æ� ß�÷��ì ×�þ� �ûÂðÛÞä .¢�¢ Ý�û��¡ ���¤� ,À÷��µê¤ ¤�î�� Â���³õ�î ×þ Í¨�� ùÀªù¢�Ôµ¨�
,´�ãì�õ ßþÀ�� ¤¢ �õ� .Àª��üõ Û±ì ý�ûÛÊê ¥� �ø�Ôµõ �f õ�î ,�þÂÑ÷ ßþ� ,�¹�µ÷ ×þ ö���ä�� ø À�µÆû
¤�Áð�ø ùÀ�÷��¡ �� �¤ ��±�� ���þÃ� �õ ,���� ¥� ü¡Â� ¤¢ .¢¤�¢ ¢��ø ý¤ø¢ ý�ûÀî �þÂÑ÷ �� üµû�±ª

.À���±� �¤ 12.4 Ç¿� ¤¢ ¤�îÁõ â��Âõ ,á�®�õ ßþ� ù¤��¤¢ ÂµÈ�� ��ä�Ï� ý�Â� .Ý��îüõ
Çþ�Þ÷ (r � 2 ,r 2 N) r �þ�� Â� ¢�Àä� ù�Úµ¨¢ ¤¢ �î ý¢�Àä� �� ÛÊê ßþ� ¤¢ ü��Æ� ý�ûÂðÛÞä
(r = 10) üþ��ù¢ ´ó�� ø (r = 2) üþø¢ø¢ ´ó�� ,üÜÞä é�Àû� ý�Â� .À÷�ùÀª �±¨�½õ ,À÷�ùÀª ù¢�¢
¤¢ .Àª��üõ °¨��õ �Ü¬�ê â��� ×þ ßµê�þ Ý�û¢ ô�¹÷� Àþ� � �õ �î ýÃ�� ß�óø� .À�ª��üõ ßþÂ�Ýúõ
.Àª��üÞ÷ üÜãê é�Àû� ý�Â� °¨��õ �Ü¬�ê â��� ×þ ö� �õ� ,Ýþ¢Â� ¤�î�� �¤ Ù��Þû �Ü¬�ê ,Û±ì ý�ûÛÊê
×þ �� .�Î¡ ÛÞ� Û�ó¢�� ,¢¢Âð ¾¨�� ¤¢ ý¤��Æ� ´¨¤¢�÷ ô�ì¤� ¶ä�� À÷���üõ âÞ� ×þ ¤¢ �Î¡ ×þ
��û�±µª� �� Ù��Þû �Ü¬�ê �î üªø¤ �� ���Èõ ,¢�ª Â�Ñ÷ ü��±¨�½õ ý�û�Î¡ �� Ýþ¤�¢ ¥��÷ �Ü¬�ê â���

.¢�ªüõ Â�Ñ÷ ��ÞÜî ¤¢ ¢���õ ü���

×þ �î ý¤�Ï�� ,´¨� t � 0 ßþÂ�×��î x ¼�½¬ ¢Àä ×þ ¥� w(x) 1ü��Æ� ö¥ø .1.12.1 ÓþÂã�
1 arithmetic weight
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:Çþ�Þ÷

x =
tX

i=1

air
n(i);

� Ü¬� ê .(i = 1;2; � � � ; t) n(i) � 0 , j ai j < r � î Àª� � � µ ª�¢ ¢��ø n(i) ø ai ¼�½¬ Â þ¢� Ö õ � �

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬�� ¼�½¬ ¢Àä ø¢ 2ü��Æ�

d(x; y) := w(x� y):

;´¨�þ�� ñ�Öµ÷� ´½� ü��Æ� �Ü¬�ê .´¨� Zýø¤ ×þÂµõ ×þ âì�ø ¤¢ ßþ� �î ¢�ªüõ ×� ü÷�¨���
(üþ���r Çþ�Þ÷ ��) ¼�½¬ ¢Àä ø¢ Ù��Þû �Ü¬�ê ý�Â� °ÜÎõ ßþ� .d(x; y) = d(x+ z; y + z) ü�ãþ

.´¨� Ù��Þû �Ü¬�ê �� Â��Â� Â·î�À� ü��Æ� �Ü¬�ê .Àª��üÞ÷ ´¨¤¢
:´êÂð Ý�û��¡ ÂÑ÷¤¢ �¤ Âþ¥ ÛØª�� C ý�ûÀî

C := fAN jN 2 Z;0� N < Bg;

ßþ� .À÷�ªüõ ùÀ�õ�÷ AN ý�ûÀî ,üþ�ûÀî ß��� .À�µÆû üµ��� ´±·õ ¼�½¬ ¢�Àä� B ø A ö� ¤¢ �î
×��î ø ´±·õ ø¢Âû) N2 ø N1 ¼�½¬ ¢Àä ø¢ Ý�û��¡üõ À��î ­Âê .À÷��µê¤ ¤�î�� Âþ¥ ©ø¤�� �ûÀî
¢Àä ø¢ ßþ� Å³¨ ø À÷�ªüõ Àî AN2 ø AN1 �¤�¬�� �ûÀî ßþ� .Ý� �î �ê�®� �¤ (B � � �Æþ�Öõ ¤¢
N1 +N2 ù�ðö� ,¢¢ÂÚ÷ ¢�¹þ� üþ�Î¡ º�û Âð� .Àª�� á�Þ¹õ ßþ� S À��î ­Âê .À÷�ªüõ �ê�®� ¼�½¬
AN3 �ÞÜîÀî ñ�±÷¢ �� ,À÷�ùÀª ¢�¹þ� üþ�û�Î¡ ü�ãþ ;Àª�±÷ ÂþÁ�Ç¿� A Â� S Âð� .Ýþ¤�¢ A Â� Ý�ÆÖ� �� �¤
.´¨� N3 �� Â��Â� N1 +N2 ñ�Þµ�� ßþÂµÈ�� �� ¤�ÀÖõ .´¨� ßþÂµÞî d(S;AN3) �î ý¤�Ï�� Ýþ¢Âðüõ
�î ´¨� ô¥� ø üê�î �f¢À¹õ ,�Î¡ e Â·î�À� ¥� ßØÞõ ý�û�Úó� üõ�Þ� ¼�½Ê� ý�Â� ö¢�� ¤¢�ì ¤�Ñ�õ ��
¯Âª ßþ� �� ¥ ¤�Ýû °ÜÎõ ßþ� ,Û±ì À�÷�õ .´¨� 2e+ 1 ýø�Æõ �þ Â�ï¤Ã� �Ü¬�ê-ßþÂµÞî ý�¤�¢ C Àî
�� C ´û�±ª �þ��Â� C Àî ¥� ���¬�Ê¡ ßþ� .Àª�� 2e + 1 Ûì�À� ö¥ø-ßþÂµÞî ý�¤�¢ C �î ´¨�
ý�¤�¢ H �Âþ¥ ,Àª��üÞ÷ ü��¡ ùÀþ� ¢�¡ ,Àî ö���ä�� H ßµêÂð .´¨� Z ¥� H := fAN jN 2 Zg ùøÂðÂþ¥

.(À���±� �¤ 1.12.5 �ó�Æõ) ´¨� 2 ýø�Æõ �þ ÂµÞî ö¥ø-ßþÂµÞî
.´êÂð Ý�û��¡ ÂÑ÷¤¢ �¤ AN 3ý��÷�Þ�� ý�ûÀî �� éøÂãõ ý�ûÀî ,ÛØÈõ ßþ� ¥� ���µ�� ¤�Ñ�õ��
,°ÜÎõ ßþ� .ÝþÂ�Ú� ÂÑ÷¤¢ Z=mZ ¥� üûøÂðÂþ¥ ö���ä�� �¤ C Ý�÷���üõ ñ�� .m := AB À��î ÓþÂã�
ÀþÂ�Ú� ÂÑ÷¤¢ �m é�Âð ×þ ¥� üþ�û¤�¢Â� �¤�¬�� �¤ Z=mZ Â¬��ä .¢¥�¨üõ ô¥� �¤ �õ �Ü¬�ê â��� Â��ç�
2 arithmetic distance
3 modular codes
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:Âð� �ú�� ø Âð� ,À÷�ª Û¬ø Ýû�� ñ�þ ×þ ¥� ù¢�Ôµ¨� �� (m �÷�Þ�� ¤¢) x0 ø (m �÷�Þ�� ¤¢) x À��î ­Âê ø

x� x0 � �c:rj mod m;

.j � 0 ,0 < c < r ¯Âª �� c; j ¼�½¬ Âþ¢�Öõ ü¡Â� ý�Â�

x �Ü¬�ê (Z=mZ�¤�¬�� ùÀª�µêÂð ÂÑ÷¤¢) y ø x ¼�½¬ ¢Àä ø¢ 4ý��÷�Þ�� �Ü¬�ê .2.12.1 ÓþÂã�

:�î Àþ¤�¢ ���� .´¨� dm(x;0) �� Â��Â� x ¥� wm(x)
5ý��÷�Þ�� ö¥ø .´¨� �m é�Âð ¤¢ y ø

wm(x) = minfw(y) j y 2 Z; y � x mod mg:

���� .¢¤�¢ ¢��ø ýÂÚþ¢ ÛØÈõ ,Ýþ��µê� þ ´¨¢ üÎ¡ ý�ûÀî �� ý�ì üµû�±ª �� �¹�þ�¤¢ ��Âð�
ü�ãþ ;B = 7 ,A = 5 ,r = 3 ÝþÂ�Ú� ÂÑ÷¤¢ Âð� ,ñ�·õ ý�Â� ;´¨� ��¡ m ý�Â� ü��¿µ÷� Âû �î Àþ¤�¢
üÜ�¡ �õ� .4 � 310 mod 35 �Âþ¥ ;dm(0;4) = 1 Ýþ¤�¢ 2.12.1 ÓþÂã� ¥� ù¢�Ôµ¨� �� ù�ðö� ,m = 35

310 �� ÂÒ��µõ ö�Øõ ¤¢ �¤ �û�Î¡ ,Àª�� 35 ¥� ÂµÞî ,¼�½¬ ¢�Àä� á�Þ¹õ �îü÷�õ¥ �î ´Æ�÷ üÖÎ�õ
ÝþÂ�Ú� ÂÑ÷¤¢ Âð� �î ¢�ªüõ ´��� .´¨� ¤��ö�þ¥ Ã�÷ �m ý�ûñ�þ ÓþÂã� ¤¢ j ö¢Âî ¢øÀ½õ .ÝþÂ�Ú� ÂÑ÷¤¢
ßþ� ,Ã�÷ ÛÞä ¤¢ .Ý���þ ´¨¢ ñ�±ìÛ��ì ý��þÂÑ÷ �� Ý�÷���üõ ù�ðö� ,(n � 2 ,n 2 Z)m = rn � 1

.À�û¢üõ ô�¹÷� 2n � 1 �÷�Þ�� ¤¢ �¤ ��±¨�½õ �ûÂ���³õ�î ¥� ý¤��Æ� �Âþ¥ ;´¨� ü��¡ ��¿µ÷�
:´¨� Âþ¥ �¤�¬�� üþ�µØþ Çþ�Þ÷ ý�¤�¢ x ¼�½¬ ¢Àä Âû

x �
n�1X
i=0

cir
i mod rn � 1;

,ßþ�Â���� ;À�ª��üÞ÷ ÂÔ¬ ö�õ¥Ýû ¤�Ï�� �ûci üõ�Þ� ø (0 � i < n) ci 2 f0;1; � � � ; r � 1g ö� ¤¢ �î
f0;1; � � � ; r � 1g ý�±Ôó� ýø¤ n ñ�Ï �� ÂÔ¬�÷ ��ÞÜî ¥� ý��ä�Þ¹õ �¤�¬�� À÷���üõ Z=(rn� 1)
ü��¿µ÷� �f¢À¹õ �î ;m = rn Ý�ª�� �µêÂð ÂÑ÷¤¢ Âð� ,Ý��î �¤�¡ �¤ ÂÔ¬ �î ´Æ�÷ ô¥� �µ±ó� .¢�ª Â�ÆÔ�
,m = 2n ø r = 2 �î ü÷�õ¥ �õ� .À��îüõ ¤�î 2n �÷�Þ� � ¤¢ �ûÂ��� ³õ�î ¥� ý¤��Æ� �Â þ¥ ,´¨� üÜÞä
ö� ¥� Å� ø k ×þ ý�Â� ,A = 2k Ý��î ­Âê Ýþ¤�±¹õ .Ý�ª�� �µª�¢ �¤ ü��¡ ý�ûÀî ¤�Ñµ÷� Ý�÷���üÞ÷
×þ .c0 = c1 = � � � = ck�1 = 0 ö� ¤¢ �î ,´¨� ci 2 f0;1g ,Pn�1

i=0
ci2

i ¼�½¬ Âþ¢�Öõ Ûõ�ª C Àî
üêÀû º�û ©ø¤ ßþ� .¢¢Âðüõ Àî ,ö� Çþ�Þ÷ �� ÂÔ¬ �� k ö¢Âî�ê�®� �� (B �÷�Þ�� ¤¢) x ¼�½¬ ¤�ÀÖõ
�î À�î â÷�ì �¤ ¢�¡ Àþ�� ùÀ�÷��¡ .¢¤�¢ ¢��ø ���Èõ ý�û¢�Âþ� ,r ù��¿ó¢ ¤�ÀÖõ ý�Â� .¢Âî Àû��¿÷ ñ�±÷¢ �¤
4 modular distance
5 modular weight
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�î ßþ� ø ´¨� Z=mZ ¤¢ �±¨�½õ ý�Â� üã�±Ï â��� ×þ ,ý��÷�Þ���Ü¬�ê ,AB = m = rn � 1´ó�� ¤¢
.Ýþ¤�¢ Â�¡� ý�ûÛÊê �� Â�ý�ì ´û�±ª ×þ üµ� ,âì�ø ¤¢ .À�îüõ ÛÞä üÎ¡ Àî ×þ �¤�¬�� C

ß��� .´¨� Z=(rn� 1) ¥� C ùøÂðÂþ¥ ×þ ,r �þ�� ø n ñ�Ï �� 6ý¤ø¢ AN Àî ×þ .3.12.1 ÓþÂã�

�î ý¤�Ï� � ;À ÷¤�¢ ¢��ø B ø A ¼�½¬ Â þ¢� Ö õ ü�ã þ ;´¨� �Ö Ü� ßþ� ¤¢ üÜ¬� ñ�ùÀ þ� ×þ ýÀî

ø AB = rn � 1

C = fAN jN 2 Z;0� N < Bg:

Ã�Ú÷�°¹ã� ùÀ� ÷��¡ ý�Â� °ÜÎõ ßþ� ,ñ���� � � .Ý�õ� ÷üõ C Àî 7Àó�õ �¤ A ,6.1 Ç¿� À�÷�õ
ï¤Ã� �Ü¬�ê-ßþÂµÞî ×þ ø ((1=n) logr B =) ï¤Ã�  Â÷ ×þ �� C ý�ûÀî �� �Àµ ��¤¢ �õ �î ù¢�± ÷
ù�ðö� ,x 2 C Âð� .Àª��üõ 1.6.1 ÓþÂã� �� Õ��Îõ 3.12.1 ÓþÂã� ¤¢ ¢���õ ��Î¬� .ÝþÀª À�õ�ì�ä
´Ô�ª ×þ âì�ø ¤¢ rx mod rn � 1 ø ´¨� ùøÂð ×þ C �Â þ¥ ,´¨� �ÞÜîÀî ×þ Ã�÷ rx mod rn � 1
ü¨¤Â� ý��ÜÞ�À�� �� À÷���üõ B ¼�½¬ ¢Àä .(À÷�ùÀª ù¢�¢ Çþ�Þ÷ r �þ�� ¤¢ ø¢Âû) ´¨� x ¥� ý¤ø¢

.¢�ª �Æþ�Öõ ý¤ø¢ Àî ×þ

ßµêÂð ÂÑ÷¤¢ Å³¨ ø m = rn + 1 ßµêÂð ÂÑ÷¤¢ �� ü÷�ÆØþ ©ø¤ �� À÷���üõ ý¤ø¢�÷ ý�ûÀî ùÀþ�
.À��þ ©ÂµÆð Z=mZý�ûùøÂðÂþ¥

Ý��îüõ ­Âê .m = rn � 1 = 2047 �¤�¬ßþ� ¤¢ ;n = 11 ,r = 2 À��î ­Âê .4.12.1 ñ�·õ
©ø¤ 22 .Ýþ¤ø�üõ ´¨¢�� �¤ 2047 �� 23 ¥� �ÂÌõ 89 Ûõ�ª ý¤ø¢ AN Àî .B = 89 ,A = 23

¼�½¬ ¢�Àä� �fÖ�ì¢ �ú�þ� .¢¤�¢ ¢��ø (0 � j < 11) �2j ¼�½¬ ¢�Àä� �� ÂÒ��µõ ,�Î¡ ×þ ßµ¡�¨ ý�Â�

�þ 0 ý��÷�Þ���Ü¬�ê ý�¤�¢ [1;2047] ù¥�� ¤¢ ¼�½¬ ¤�ÀÖõ Âû ,ßþ�Â���� ;À�µÆû ÂÔ¬ Ã��� 23 �÷�Þ�� ¤¢

Ù��Þû ý�ûÀî ¥� üÞ�Þã� ßþ� .´¨� 8Ûõ�î ,ý¤ø¢ AN Àî ßþ� ,ßþ�Â���� ;´¨� �ÞÜîÀî ×þ �fÖ�ì¢ �� 1

.´¨�

6 cyclic
7 generator
8 perfect
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ü��Æ� ø ý��÷�Þ�� ö¥ø 12.2

�� ¥��÷ À��îüõ ¼�½Ê� �¤ �Î¡ ×þ ¥� ÂµÈ�� �î ý¤ø¢ AN ý�ûÀî ´¡�¨ ý�Â� ö¢�� ¤¢�ì ¤�Ñ�õ ��
.Ýþ¤�¢ ¼�½¬ ¢Àä ×þ ü��Æ� �þ ý��÷�Þ�� ö¥ø �±¨�½õ ý�Â� ö�¨� üªø¤

:¢�ª �µª�÷ Âþ¥ �¤�¬�� À÷���üõ x ¼�½¬ ¢Àä Âû ,1.12.1 ÓþÂã� ¥� ù¢�Ôµ¨� ��

x =

w(x)X
i=1

air
n(i);

Àû¢üõ ö�È÷ �î üþ�ûñ�·õ ßµê�þ .(i = 1; � � � ; w(x)) n(i) � 0 , j ai j < r ,n(i) ,ai ¼�½¬ Âþ¢�Öõ ��
�µØþ �¤ Çþ�Þ÷ �î ü±þ�Â® ýø¤ ýÂµÈ�� ý�û´þø¢øÀ½õ �õ .Àª��üõ ö�¨� ,´Æ�÷ �µØþ Çþ�Þ÷ ßþ�

.¢�¢ Ý�û��¡ ¤�Âì ,¢¥�¨üõ

,¢�ªüõ ùÀ�õ�÷ 9ñ�±ìÛ��ì (b; c) �ø¥ .jcj < r ø j b j < r ,c 2 Z ,b 2 Z À��î ­Âê .1.12.2 ÓþÂã�

:Àª�� ¤�ÂìÂ� Âþ¥ Íþ�Âª ¥� üØþ Âð�

;bc = 0 (1

; j b+ cj < r ø bc > 0 (2

. j b j > jcj ø bc < 0 (3

x =
P1

i=0 ci2
i Çþ�Þ÷ ×þ ,ßþ�Â���� ;Ý�ª�� �µª�¢ �¤ (1) ñ�Þµ�� Àþ�� �õ ù�ðö� ,r = 2 Âð� �î Àþ¤�¢ ����

.À�ª��üÞ÷ ý¤ø�¹õ ÂÔ¬�÷ Ýì¤ ø¢ º�û ý�¤�¢ ,À�ª�� ñ�±ìÛ��ì (ci+1; ci) ý�û�ø¥ üõ�Þ� �î ý¤�Ï��
.Ý�û¢üõ Ý�Þã� �¤ö� ×�þ� �õ �î ¢¢Âðüõ (NAF) 10¤ø�¹õÂ�è ôÂê ô�÷ �� Â¹�õ ßþ�

:Çþ�Þ÷ .2.12.2 ÓþÂã�

x =
1X
i=0

cir
r;

,¢�ªüõ ùÀ�õ�÷ x ý�Â� NAF ×þ ,ï¤Ã� ý�ûi ô�Þ� ý�Â� ci = 0 ø �ûi üõ�Þ� ý�Â� jci j < r ,ci 2 Z ��

.Àª�� ñ�±ì Û��ì (ci+1; ci) �ø¥ ,i � 0 Âû ý�Â� Âð�

9 admissible
10nonadjacent form



235 ü��Æ� ý�ûÀ�î .12 ÛÊê

:�¤�¬ �� Çþ�Þ÷ ßþ� Âð� .´¨� NAF×þ �fÖ�ì¢ Ûõ�ª x ¼�½¬ ¢Àä Âû .3.12.2 ��Ìì

x =
1X
i=0

cir
i;

:ù�ðö� ,Àª��

w(x) = j fi j i � 0; ci 6= 0g j :

.��±��

ý¤�ÀÖõ ßþÂµÞî i À��î ­Âê .¢�ª ù¢�¢ Çþ�Þ÷ j bi j < r ,P1i=0 biri �¤�¬�� x À��î ­Âê (1

�¤�¬ß þ� Â � è¤¢) bi > 0 ´� Ü î ¥� ß µ ¨� î öøÀ � .Àª� ± ÷ ñ� ± ìÛ �� ì (bi+1; bi) �ø¥ � î Àª� �

b0i+1 := bi+1 + 1 � � �¤ bi+1 ø À � � î ß þÃ ðý�� b0i := bi � r � � �¤ bi .(À þÂ � Ú � ÂÑ ÷¤¢ �¤ �x
� þ b0i+1 = 0 Ýþ¤�¢ ù�ðö� bi+1 > 0 Âð� .(Ý�û¢üõ �õ�¢� �¤ ¤�îßþ� ù�ðö� ,bi+1 + 1 = r Âð�)

,ßþ�Â���� .´¨� ù¢�±÷ ñ�±ìÛ��ì (bi; bi+1) ö�� b0i+1 = bi+1 + 1 > r � bi = j b0i j ø b0ib0i+1 < 0

¤¢ .´¨� ñ�±ìÛ��ì (b0i+1; b0i) �î ¢Âî ü¨¤Â� ö���üõ ���Èõ üªø¤ �� ø ´Æ�÷ ñ�±ìÛ��ì (b0i+1; b0i)

.À��þüÞ÷ Çþ�Ãê� Çþ�Þ÷ ßþ� ö¥ø ,À�þ�Âê ßþ� ¤¢ ø Ýþ¥�Æ� NAF ×þ Ý�÷���üõ ©ø¤ ßþ�

x ü ¡Â � À � � î ­Â ê .´ ¨� µ Ø þ NAF � î ´ ¨� ß þ� À ÷� õü õ ü ì� � � î ü ± Ü Î õ � ú � � (2

´ � Ü î ¥� ß µ ¨� î öøÀ � .À � ª� � x =
P1

i=0 c
i
r =

P1
i=0 c

0i
r �¤� ¬� � Ç þ� Þ ÷ ø¢ ý�¤�¢ � û

� î ¢� ªü õ � ¹ � µ ÷ .c0
0
= c0 � r ,ß þ�Â �� � � .c0 > 0 ,c0 6= c0

0
Ý � � î ­Â ê ´ ¨� ß Ø Þ õ

,ß þ�Â �� � � ;c1 � 0 ù� ðö� ,c0
1
= c1 + 1 � r Â ð� .c0

1
2 fc1 + 1 � r; c1 + 1; c1 + 1 + rg

,r�c0+r�c1�1 < r ü�ãþ ,�c0
0
�c0

1
< r Ý�ª�� �µª�¢ Àþ�� c0

0
c0
1
> 0 ö�� .c0+c1 � r�1

°��Â��� ,c0
1
= c1 + 1 ý�û­Âê ���Èõ üªø¤ �� .´¨� Ëì��� �î c0 + c1 > r � 1 ,ßþ�Â����

� .´¨�µØþ NAF ,ßþ�Â���� ;¢¢Âðüõ Â¹�õËì��� �� c0
1
= c1 + 1+ r

.´¨� ùÀõ� Àã� ��Ìì ¤¢ x ¼�½¬ ¢Àä ×þ NAF ßµê�þ ý�Â� Ý�ÖµÆõ ©ø¤ ×þ

Âþ¥ �¤�¬�� x ø (r + 1)x üþ���r ý�ûÇþ�Þ÷ À��î ­Âê .x � 0 ,x 2 Z À��î ­Âê .4.12.2 ��Ìì
:Àª��

(r + 1)x =
P1

j=0 ajr
j; x =

P1
j=0 bjr

j:
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,ßþ�Â���� ;ï¤Ã� üê�î ù¥�À÷��� ý�ûj ý�Â� aj = bj = 0 ø �ûj üõ�Þ� ý�Â� aj ; bj 2 f0;1; :::; r � 1g ��
:´¨� Âþ¥ �¤�¬�� x ý�Â� NAF

x =
1X
j=0

(aj+1 � bj+1)r
j:

À � � î ­Â ê .Ý � � îü õ � ± ¨� ½ õP1j=0 bjrj+1 ø P1j=0 bjrj ö¢� Þ ÷� ê� ®� � � �¤ aj ¢�À ä� � õ .��±��

Ýþ¤�¢ ."1 := b("i�1 + bi�1 + bi)=rc ø "0 = 0 ,ßþ�Â �� � � ;Àª� � "0; "1; � � � �¤�¬�� üó�Öµ ÷� � ó� ± ÷¢
ñ�� .ci = "i�1 + bi�1 � "ir ù�ðö� ,Ý�û¢ ö�È÷ ci � � �¤ ai � bi Âð� .ai = "i�1 + bi�1 + bi � "ir

,jci+1 + ci j < r �î °ÜÎõ ßþ� .�÷ � þ ´¨� ñ�±ì Û��ì �ø¥ ×þ (ci; ci+1) � þ� �î Ý��î ü¨¤Â� Àþ� �

Ý þ¤�¢ Å� ."i = 0 ,ß þ�Â �� � � ;ci+1 < 0 ,ci > 0 À� � î ­Âê .´¨� "i ÓþÂã � ¥� üú þÀ � ý��¹� µ ÷

ü�ãþ ;´¨� "i�1 + bi�1 + bi < r � � ¥ ¤�Ýû jci+1 j > jci j ¯Âª ø ci+1 = bi � r ,ci = "i�1 + bi�1

� .´¨� ���Èõ Â¡� ´ó�� ."i = 0

.Àû¢üõ ���¤� ,´¨� ùÀª ù¢�¢ ö�È÷ Àã� ��Ìì ¤¢ �î ö���ö� x ¥� ù¢�¨ ß�Þ¿� ×þ �õ �� x �� ÂÒ��µõ NAF

ø Ý�û¢ ö�È÷ i(x) �� x ý�Â� NAF ×þ ¤¢ ci 6= 0 �î ý¤�Ï�� �¤ i ¤�ÀÖõ ßþÂµÈ�� Âð� .5.12.2 ��Ìì

:ù�ðö� ,i(0) := �1 Ý��î ÓþÂã�

i(x) � k , jx j < rk+2

r + 1
:

.Ý��îüõ ¤�Áð�ø ùÀ�÷��¡ �� �¤ ��Ìì ßþ� ü��õÀÖõ �f õ�î ��±��
ý�ûÇþ�Þ÷ ý�Â� üú��Èõ ©ø¤ �� Àþ� � �¤ �ûùÀþ� ßþ� �î ¢�� Àû��¡ ¼®�ø 12.1 Ç¿� ¥� ,ñ��

.n � 2 ,m = rn � 1 Ýþ¤�¢ ;Ý�û¢ ©ÂµÆð ý��÷�Þ��

:Çþ�Þ÷ .6.12.2 ÓþÂã�

x �
n�1X
i=0

cir
i modm;

ý�Â � (ci+1; ci) Â ð� ,¢� ªü õ ùÀ � õ� ÷ x ý�Â � (ý¤ø¢ NAF =) CNAF × þ jci j < r ,ci 2 Z � �

.cn := c0 ,ßþ�Â���� ;Àª�� ñ�±ìÛ��ì i = 0;1; � � � ; n� 1
��Ìì ßþ� ¥� À�÷���üõ ø À�ª��üõ 3.12.2 ��Ìì ¥� ´¨�¤Â¨ ý�ûâ�¨�� �ûCNAF ¥� ýÀã� ��Ìì ø¢
Àþ�±÷ ùÀ�÷��¡ �õ� ,´¨� ô¥� ��·µ¨� ¢��ø Û�ó¢ �� ´ì¢ üîÀ÷� .À�þ� ´¨¢�� 4.12.2 ��Ìì ýÂ�ð¤�î�� �þ

.Àª�� �µª�¢ üÜØÈõ �þ�Ìì ßþ� ��±�� ��
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ÂÚõ ,´¨�µØþ CNAF ßþ� ;´¨� m �÷�Þ� � ¤¢ CNAF ×þ ý�¤�¢ x ¼�½¬ ¢Àä Âû .7.12.2 ��Ìì
:�îßþ�

(r + 1)x � 0 6� x mod m;

×þ x � Pn�1
i=0

cir
i mod m Â ð� .¢¤�¢ ¢� �ø (m � ÷� Þ � � ¤¢) x ý�Â � CNAF ø¢ ,´ ó� � ß þ� ¤¢ � î

:ù�ðö� ,Àª�� x ý�Â� CNAF

wm(x) = j fi j0 � i < n; ci 6= 0g j :

ø n � 0 mod 2 � îß þ� Â Ú õ ;wm(x) = n ù� ðö� ,(r + 1)x � 0 6� x mod m Â ð� .8.12.2 ��Ìì
.wm(x) =

1

2
n´ó�� ßþ� ¤¢ �î x � �[m=(r + 1)] mod m

ý�Â� üê�®� ¯Âª ù�ðö� ,cn�1 = 0 �î ý¤�Ï�� ,Ý�ª�� �µª�¢ x ý�Â� NAF ×þ Âð� .9.12.2 ��Ìì

.À�îüõ ��¹þ� �¤ Âþ¥ ��Ìì 5.12.2 ��Ìì ,ßþ�Â���� ;´¨� ¤�ÂìÂ� ,Àª�� CNAF ×þ NAF ßþ� �îßþ�

,x � y modm �� y 2 Z×þ Âð� �ú�� ø Âð� ,´¨� cn�1 = 0 �� CNAF ×þ Ûõ�ª x ¼�½¬ ¢Àä ×þ
.Àª�� �µª�¢ ¢��ø j y j � m=(r + 1)

.¢�ªüõ Â¹�õ ¼�½¬ ¢Àä ×þ ý��÷�Þ�� ö¥ø ßµê�þ ý�Â� ýÂÚþ¢ ©ø¤ �� ��Ìì ßþ�

:Ýþ¤�¢ x 2 Zý�Â� .10.12.2 ��Ìì

wm(x) = j fj j0 � j < n;9y 2 Z; m=(r + 1) < y �m=(r + 1); y � rjx mod mg j:

ü � ã þ ;´ ¨� x ý�Â � CNAF × þ ¥� ý¤ø¢ ´ Ô � ª × þ rx ý�Â � CNAF × þ �� ®ø� � .��±��
¤¢ ;cn�1�j = 0 ø À ª� � CNAF × þ x � Pn�1

i=0
cir

i mod m À � � î ­Â ê .wm(rx) = wm(x)

ßþ� 9.12.2 ��Ìì ¥� ù¢�Ôµ¨� �� .´¨� rn�1 °þÂ® ö���ä�� ÂÔ¬ �� CNAF ×þ ý�¤�¢ rjx �¤�¬ßþ�

ö�� . j y j � m=(r + 1) ø y � rjx mod m ¯Âª �� y ×þ Àª�� �µª�¢ ¢��ø Âð� ,´¨� ��ÜÎõ ´ó��
���� ¥� üØþ ¤¢ �õ �îßþ� ÂÚõ ;¢¢Âðüõ Û¬�� �ä¢� ,´¨� ÂÔ¬�÷ °þ�Â® ¢�Àã� �� Â��Â� ý��÷�Þ�� ö¥ø
� .¢�ªüõ �¹�µ÷ 8.12.2 ��Ìì �� ���� �� �¹�µ÷ �¤�¬ßþ� ¤¢ �õ� ,Ý�ª�� 7.12.2 ��Ìì üþ��·µ¨�
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§ø¤��-ô�±óÀ�õ ý�ûÀî 12.3

ý�ûÀî ¥� üÞ�Þã� �î Ý��îüõ üêÂãõ �¤ �Î¡ À�� ùÀ��î¼�½Ê� ý¤ø¢ AN ý�ûÀî ¥� ü¨�î ñ��
¤¢ ý��÷�Þ� � ö¥ø ù¤� �¤¢ ý���Ìì �� ¥� � ÷ �Àµ �� ¤¢ .À�µÆû 12ô�± óÀ�õ ø 11§ø¤�� Í¨�� ùÀªüêÂãõ

.Ýþ¤�¢ ý¤ø¢ AN ý�ûÀî

:À��î ­Âê ø Àª�� A Àó�õ �� ý¤ø¢ AN Àî ×þ C � Z=(rn� 1) À��î ­Âê .1.12.3 ��Ìì

B := (rn � 1)=A = jcj:

:�¤�¬ßþ� ¤¢X
x2C

wm(x) = n(b rB

r + 1
c � b B

r + 1
c):

:Àª�� Âþ¥ ý�µØþ CNAF ×þ Ûõ�ª x 2 C Âû �î Ý��î ­Âê .��±��

x �
1X
i=0

ci;xr
i mod rn � 1:

.Ý��îüõ ¤�Áð�ø ùÀ�÷��¡ �� �¤ö� �õ .´¨� Â�ÛØÈõ üÞî ´¨� CNAF ø¢ �� �Ìä ×þ Ûõ�ª C �î üµó��

üþ�� ;Ý��î ß��ã� ,ÝþÂ�ðüõ ÂÑ÷¤¢ ÅþÂ��õ ×þ Â¬��ä ö���ä�� �¤ �ú÷� �î ,ci;x ÂÔ¬�÷ °þ�Â® ¢�Àã� Àþ��

ü÷�ÆØþ ¢�Àã� Ûõ�ª ÅþÂ��õ ßþ� ö�µ¨ Âû ´¨� ý¤ø¢ C ö�� .x 2 C ø 0 � i � n� 1 ö� ¤¢ �î

��Ìì ¥� ù¢�Ôµ¨� �� .´¨� n j fx 2 Cjcn�1;x 6= 0g j �� ýø�Æõ ,ùÀªß��ã� ¢�Àã� ,ßþ�Â���� ;´¨� ÂÔ¬

y � x mod rn � 1 �î ý¤�Ï�� y 2 Z×þ Àª�� �µª�¢ ¢��ø Âð� �ú�� ø Âð� ,cn�1;x 6= 0 Ýþ¤�¢ 9.12.2
,´¨� (0 � N < B) (rn � 1 �÷�Þ�� ¤¢) AN ÛØª ý�¤�¢ x ö�� .m=(r + 1) < y � mr=(r + 1) ø
� .B=(r + 1) < N � Br=(r + 1) Ý�ª�� �µª�¢ Àþ��

�¹�µ÷ �� ��Ìì ßþ� ,ßþ�Â���� ;´¨� njcj[(r � 1)=(r + 1)] �� Â��Â� �f±þÂÖ� 1.12.3 ��Ìì ¤¢ ¢���õ �¤�±ä
:ö�õÂ�¡�X

x2C
w(x) = njcj: q � 1

q
;

.¢¤�¢ ´û�±ª ,C üÎ¡ Àî ×þ ý�Â�
¥ ¤�Ýû �ûÀî ßþ� �î Àû¢üõ ö�È÷ ø À�îüõ üêÂãõ �¤ �µê�þ Ý�Þã� §ø¤��-ô�±óÀ�õ ý�ûÀî ýÀã� ��Ìì

.À�ª��üõ
11J. T. Barrows
12D. Mandelbaum
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(Z=BZ) �î ´�¬�¡ ßþ� �� ´Æ�÷ ÂþÁ�Ç¿� r Â� �î Àª�� ñø� ¢Àä ×þ B À��î ­Âê .2.12.3 ��Ìì

rn � 1 mod B ´�¬�¡ �� ´±·õ ¼�½¬ ¢Àä ×þ n À��î ­Âê .´¨� ùÀª À�ó�� �1 ø r Â¬��ä Í¨��

� � ¥ ¤�Ýû Àî ×þ A Í¨�� ùÀª À�ó� � C � Z=(rn� 1) Àî �¤�¬ßþ� ¤¢ ;A := (rn � 1)=B ø Àª��

:´¨� Âþ¥ �Ü¬�ê
n

(B � 1)(b
rB

r + 1
c � b B

r + 1
c):

.N 6� 0 mod B �î ý¤�Ï�� ,x = AN mod rn � 1 �¤�¬ßþ� ¤¢ ;x 6= 0 ,x 2 C À��î ­Âê .��±��
,ß þ�Â �� � � ;¢¤�¢ ¢� �ø ,N 6� �rj mod B � î ý¤� Ï� � j × þ � î À � îü õ �� ¹ þ� � õ ý� û­Â ê

ö¥ø ,ßþ�Â��� � ;´¨� 13�Ü¬�êÝû C �î Àû¢üõ ö�È÷ °ÜÎõ ßþ� .wm(x) = wm(�rjA) = wm(A)

� .¢�ªüõ �¹�µ÷ 1.12.3 ��Ìì ¥� ,´���

ßþ� �î Àþ¤�¢ ���� .À�µÆû 6.2 Ç¿� ¥� M�i ñ�Þ���õ ý¤ø¢ ý�ûÀî �� ÂÒ��µõ §ø¤��-ô�±óÀ�õ ý�ûÀî
,´¨� B ö�Þû �î ��ÞÜîÀî ¢�Àã� �� ´±Æ÷ ¤�ÀÖõ ßþ� �î À�µÆû 1

2
(B �1) Ûì�À� �ÞÜî ñ�Ï ý�¤�¢ �ûÀî

.À�¨¤üÞ÷ Ýúõ ÂÑ÷�� �ûÀî ßþ� ,üÜÞä é�Àû� ý�Â� ,ßþ�Â���� ;´¨� ï¤Ã�

�û¢�ú�È�� 12.4

ø 15öøÀóø ø 14ö�¨Âµ� Í¨�� ]53[ â�Âõ �� ü��Æ� ý�ûÀî ù¤��¤¢ ÂµÈ�� ���þÃ� �� À�õ�ì�ä ùÀ�÷��¡
AN ý�ûÀî .¢�ªüõ ù¢�¢ á��¤� 18���¤ Í¨�� ]58[ â�Âõ ø 17��¨¤�ð ø 16üÆõ Í¨�� ]48[ â�Âõ
]28[ â�Âõ ���õ¥ ßþ� ¤¢ .À÷��µêÂð ¤�Âì �ãó�Îõ ¢¤�õ üã�¨ø ¤�Ï�� �Î¡ ×þ ùÀ��î¼�½Ê� Ûõ�î ý¤ø¢
.Ý��îüõ üêÂãõ �¤ 21�Ø�ÆµþÂð Í¨�� ]31[ â�Âõ ø 20�¤�õ�î�ê ø ���ð Í¨�� ]29[ â�Âõ , 19���ð Í¨��

.¢¤�À÷ ¢��ø (k > 1) r = 2k �þ r = 10 �� �Î¡ ×þ ùÀ��î¼�½Ê� Ûõ�î ý¤ø¢ AN Àî ×þ
13equidistance
14W. W. Peterson
15E. J. Weldon
16J. L. Massey
17O. N. Garcia
18T. R. N. Rao
19M. Goto
20T. Fukumara
21V. M. Gritsenko
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22í¤�î Í¨�� ]15[ ø ]14[ â��Âõ �� �¤ ùÀ�÷��¡ ,CNAF ø NAF ù¤��¤¢ ÂµÈ�� ���þÃ� öÀþ¢ ý�Â�
´ê�þ ]48[â�Âõ ¤¢ À�÷���üõ üþø¢ø¢ §ø¤��-ô�±óÀ�õ ý�ûÀî ý�Â� üã���õ .Ý�û¢üõ á��¤� 23Ù÷��ó ø
�ûÀî ßþ� .´¨� BCH ý�ûÀî �� �û´û�±ª ü¡Â� Ûõ�ª �î ¢¤�¢ ¢��ø ý¤ø¢ AN ý�ûÀî ¥� ü¨�î .À÷�ª

.À÷�ª ´ê�þ , 26��ó ø 25ß�c� , 24ß�c Í¨�� ]12[ â�Âõ ¤¢ À÷���üõ
Í¨�� ö� ö���ä �î üîÂµÈõ ¤�î �� �¤ ùÀ�÷��¡ ,Ûõ�î ü��Æ� ý�ûÀî ù¤��¤¢ ÂµÈ�� ��ä�Ï� ßµê�þ ý�Â�
.Ý�û¢üõ á��¤� ,ùÀª �ÂÎõ (1977/78 , 29¢�Àä� �þÂÑ÷) 28�µþ��-�Ã��-üÚ�ó¢ ¤���Þ¨ ¤¢ 27�ÂµÆ�ó

Û��Æõ 12.5

ÓþÂã � À � ÷�Þû w Âð� ,A 2 Z Âû ý�Â � minfw(AN) jN 2 Z; N 6= 0g � 2 À� � î ´�� � .1.12.5
.Àª�� ùÀª ÓþÂã� 1.12.1

.À����� r = 3 �� ñ�·õ ×þ .À�û¢ �ã¨�� �¤ 4.12.1 ñ�·õ .2.12.5

ýÂ�ð¤�î�� �� 455 ý�Â� CNAF ×þ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 36 � 1 �÷�Þ�� ¤¢ üþ���¨ ý�ûÇþ�Þ÷ .3.12.5
.À����� 3.12.2 ��Ìì ��±�� ¤¢ ¢���õ ©ø¤

.À��î ß��ã� n = 5 ,r = 3 ,B = 11 �� §ø¤��-ô�±óÀ�õ Àî ��ÞÜî .4.12.5

22W. E. Clark
23J. J. Liang
24C. L. Chen
25R. T. Chien
26C. K. Liu
27H. W. Lenstra
28S�eminaire Delange-Pisot-Poitou
29Th�eorie des Nombres



13 ÛÊê

ßª�ó�÷�î ý�ûÀ�î

�õÀÖõ 13.1

�ø�Ôµõ ,Ýþ¢Âî �ãó�Îõ Û±ì ý�ûÛÊê ¤¢ �î üþ�ûÀî �� �f õ�î ÝþÂ�ðüõ ÂÑ÷¤¢ ÛÊê ßþ�¤¢ �î üþ�ûÀî
�û´û�±ª �ûÀî ßþ� ��Âð� .À÷¤�À÷ üµ��� ñ�Ï ,��ÞÜî �î ü�ãõ ßþ��� ,À�µÆ�÷ üî�Ü� ý�ûÀî �ú÷� .À�µÆû
ý¤�ÿ� �î ��ãõ ßþ� �� ,¢¤�¢ ¢��ø �ú÷� ß�� ï¤Ã� �ø�Ô� ×þ �õ� ,À÷¤�¢ üî�Ü� ý�ûÀî �� üþ�û¯�±�¤� ø
üµ¿¨ �� ö�÷�¢ü®�þ¤ �î ´¨� üÜþ�¢ ¥� üØþ ßþ� .´¨� �µê��÷ �ã¨�� ü��¡�� ßª�ó�÷�î ý�ûÀ�î ü®�þ¤

.À÷�ªüõ À�õ�ì�ä �ûÀî ßþ� ��

¤��Æ� ý�ûñ�·õ ¥� üØþ ö���ä�� �¤ �ûù¤��û�õ Í¨�� ��ä�Ï� ùÂ��¿õ ,¢�¡ �õÀÖõ ¤¢ �õ ,ñ�� Âû ��
���õ¥ ßþ� ¤¢ �î ý¤�Ã�� ßþÂ�Ýúõ ¥� üØþ Â®�� ñ�� ¤¢ �î Ýþ¢Âî üêÂãõ ý¤�ÁðÀî �þÂÑ÷ ¢Â�¤�î ¥� Â��õ
ÂÑ÷�� °¨��õ ,á�®�õ ßþ� ¢¤�õ ¤¢ ù���î �õÀÖõ ×þ ,ßþ�Â���� .´¨� ßª�ó�÷�î ý¤�ÁðÀî ,¢�ªüõ ù¢�Ôµ¨�
.Ý�û¢üõ á��¤� 11:4Ç¿� ]51[ â�Âõ �� �¤ ùÀ�÷��¡ ,ßª�ó�÷�î ø üÜð ý�ûÀî �Æþ�Öõ ý�Â� .À¨¤üõ
Õ�Ö½� üÜ¬� ���õ¥ .Ýþ¥�¢Â�üõ á�®�õ ßþ� ü®�þ¤ ý�û�±�� �� ÂµÈ�� üÞî ,�õÀÖõ ý�ûÇ¿� ¥� Å�
ùÀ�÷��¡ ø Ýþ¤�À÷ ý¤�î �û�±�� ßþ� �� �õ .Àª��üõ üþ�ÈðÀî üðÀ�»�� Çû�î ,�ûÀî ßþ� ù¤��¤¢ ö�ÖÖ½õ

.Ý�û¢üõ á��¤� ���õ¥ ßþ� ¤¢ ¯��Âõ ý�û�µª�÷ ´¨¢ �� �¤ À�õ�ì�ä

´¨�¤Â¨ Fq ö�À�õ � � ö� â�¨� � .À� µÆû üþø¢ø¢ � ±Ô ó� éøÂ� �î Ý� �îüõ ­Âê ,Ç¿� ßþ� ¤¢
ö¢�Þ÷ �ê�®� .¢Â�üõ ¤�î�� �¤ ü÷�ÆØþ ñ�·õ ,ßª�ó�÷�î ý¤�ÁðÀî ù¤��¤¢ �õÀÖõ Âû À¨¤üõ ÂÑ÷�� .Àª��üõ
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¢��ø ýÂÚþ¢ ñ�·õ º�û À÷ÀÖµãõ �î ö�þ�¹È÷�¢ ¥� ü¡Â� ùÀ�Öä ´¨� ßØÞõ ,´Æ�ó ßþ� �� ÂµÈ�� �÷�Þ÷
.¢Â� Ý�û��¡ ¤�î�� �¤ é¤�ãµõ ñ�·õ ßþ� �õ ,ßþ� ¢��ø �� �õ� ,Àþ�Þ÷ ´þ�Ö� �¤ ¢¤�À÷

,ÛØª ¤¢ ¢���õ â�Âõ �¨ .Ý��îüõ ¼þÂÈ� �¤ ¢�¡ ý�ûÀî ý�Â� ý¤�ÁðÀî ¤�Ã �� ,13.1 ÛØª ¤¢
�ú÷� �õ �î üó�Þµ�� ´�ã®ø ø¢ ¥� üØþ ¤¢ À�÷���üõ �î À�µÆû ( 2ý���Â®ø¢ ¤�Àõ) 1ý�ùÂ�¡£ ý�ûñ�Ü¨
À�ó�� ñ��Ú�¨ ×þ ��÷�� t0 Âû ü÷øÂ�� ´ä�¨ ×þ Í¨�� ù�Úµ¨¢ ßþ� .À�ª�� ,Ý�û¢üõ Çþ�Þ÷ 1 ø 0 �� �¤

.(Ý��îüõ ��¿µ÷� t0 = 1 �¤ ö�õ¥ À��ø ,üð¢�¨ ý�Â�) À�îüõ

00
II

00
TT

11
TT

:13.1 ÛØª

ýÀã� Â¬��ä ý�¨�� �ûö�Ø�� ´ú� ¤¢ ý���Â®ø¢ ý�û¤�Àõ ��þ�µ½õ �î ´¨� ßþ� ñ��Ú�¨ ßþ� Â��
2 �÷�Þ�� �� ý�ûÂðâÞ� � Â¬��ä .¢�ªüõ ùÀ�õ�÷ 3ö�Øõ Â��ç� ÂµÆ��¤ ��Î¬� ¤¢ ö� �î À�îüõ ´îÂ�
âÞ� ý���Â®ø¢ ý�û¤�Àõ ß�õ�¨ ø ß�óø� ��þ�µ½õ �î Ý����üõ ,´ä�¨ ��Â® Âû ý�Â� .À�û¢üõ ö�È÷ �¤
�¤�¬�� ²� ´Þ¨ ¤¢ ùÀª ©¥�¢Â� ��ä�Ï� .À�îüõ íÂ� T0 ö�þÂ� ÕþÂÏ ¥� �¤ ¤�ÁðÀî Å³¨ ø ùÀª
ý�Â� �ú�� ö� �î�Â� Àª��üõ Àþ�¥ âì�ø ¤¢ ý���Â®ø¢ ¤�Àõ ß�óø� �î À��î ´ì¢ .¢�ªüõ ¢¤�ø I0 ö�þÂ�
�ø�Ô � ,ö�ØõÂ� �ç � Â µÆ��¤ ô�¨ ø ôø¢ Â¬��ä .¢ø¤üõ ¤�î� � ´ú� �¨ �� ý¢ø¤ø ö� þÂ� ö¢Âî �À�
�� üû�Ú÷ �� �î À�µÆû ý��Ñê��-Â¬��ä ,Â¬��ä ßþ� .À�û¢üõ ö�È÷ �¤ üî�Ü� ý¤�ÁðÀî �� ý¤øÂ®
�î À�µÆû t� 2 ø t� 1 ý�ûö�õ¥ ¤¢ ý¢ø¤ø ý�ûñ��Ú�¨ �ú�þ� �î Àþ¢ ö���üõ ,t ö�õ¥ ¤¢ ¤�îÁõ ¤�¢�Þ÷
ü�øÂ¡ ý�û ö�þÂ� ,ÛÞä ¤¢ .¢¤�¢ üÚµÆ� ý¢ø¤ø Û±Þ¨ �¨ ßþ� �� ,ü�øÂ¡ .À�ª��üõ §Âµ¨¢¤¢ ¥��û
¤¢ (0;0;0) ´ó�� �� �õ Âð� ,ßþ�Â���� ;À÷�ªüõ �µ¿�õ� Ýû¤¢ ,ü�øÂ¡ ö�þÂ� ×þ À�ó�� ý�Â� ,T1 ø T0
�Àµ��¤¢ ÂµÆ��¤ �î Àþ¢ Ý�û��¡ ,Ý�ª�� �µª�¢ �ûÂÔ¬ �� ù�ÂÞû 1 Ûõ�ª ô��� ö�þÂ� ×þ ø Ý��î áøÂª ÂµÆ��¤
´ó�� �� (0;1) ü�øÂ¡ �� Å³¨ ;¢¤ø�üõ ¢��ø�� �¤ (1;1) ü�øÂ¡ ø À��þüõ Â��ç� (1;0;0) ´ó�� ��

1 storage elements
2 
ip-
ops
3 shift register
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))0011((

))1100((

))1111((

))0000((

))1111((

))1111((

))0000((

))0000((

))0011((

))0011((

))1100((

))1100((

:13.2 ÛØª

ø ��óø� ´ó�� �� Å³¨ ø (1;1) ü�øÂ¡ �� (0;0;1) ´ó�� �� �õ�¢�¤¢ ;Àû¢üõ ´ó�� Â��ç� (0;1;0)
.¢¢Âðüõ ¥�� �ûÂÔ¬ ¥� ý��µª¤

ùÀª ù¢�¢ ,13.2 ÛØª , 4´ó�� ¤�¢�Þ÷ ÕþÂÏ ¥� ¤�ÁðÀî ßþ� ¤�î ¥ÂÏ Ó�¬�� ý�Â� Â��õ ©ø¤ ×þ
´ó�� ø¢ �õ .¢�ªüõ ùÀ�õ�÷ ÂµÆ��¤ ´ó�� ,ý���Â®ø¢ ý�û¤�Àõ ß�õ�¨ ø ß�õø¢ ��þ�µ½õ �¹�þ�¤¢ .´¨�
ÂÔ¬ ý¢ø¤ø ×þ �� ýÂÚþ¢ ´Þ¨ �� üØþ ¥� ÂµÆ��¤ Âð� ,Ý��îüõ Û¬ø Ýû�� Â��� ñ�þ ×þ Í¨�� �¤
Û¡�¢ �ûñ�þ ßþ� ýø¤ .Àª��üõ 1 ý¢ø¤ø ×þ �� ÂÒ��µõ ß���ÎÖ÷ ñ�þ ×þ ,���Èõ ¤�Ï�� .À�î ´îÂ�
é�Âð ¤¢ ´Èð ×þ �� ÂÒ��µõ I0 ý¢ø¤ø ö�þÂ� ×þ .Ý�û¢üõ ö�È÷ �¤ T1 ø T0 ¤¢ ü�øÂ¡ ø¢ ,�û´î�Â�

.Àª��üõ 13.2 ÛØª

:Àª�� Âþ¥ �¤�¬�� À÷���üõ ,ý¤�ÁðÀî À÷ø ¤ ßþ� ¤¢ ü®�þ¤ Ó�¬�� ×þ

F2 ¤¢ ü±þ�Â® �� I0(x) := i0 + i1x+ i2x
2 + � � � ü÷��� ýÂ¨ Í¨�� � � � ,i2 ,i1 ,i0 ý¢ø¤ø ö�þÂ�

,T1(x) °��Â��� ,T0(x) ü÷��� ý�ûýÂ¨ Í¨�� T1 ø T0 ¤¢ �¤ �ûü�øÂ¡ ÛØª ß�Þû�� .¢�ªüõ Ó�¬��
.Àª�� ü�øÂ¡ ß�óø� �� ÂÒ��µõ ý¢ø¤ø ß�óø� �î Ý��îüõ Ù�û�Þû ý¤�Ï �¤ ö�õ¥ .Ý��îüõ Ó�¬��

:�î ´¨� ¼®�ø Å�

T0(x) = (1+ x2)I0(x);

T1(x) = (1+ x+ x2)I0(x):

4 State diagram
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:¢�ªüõ Ó�¬�� Âþ¥ �¤�¬�� T1 ø T0 ý�ûù¢�¢ ¯�±�¤� ö� ¥� Å�

T (x) = T0(x
2) + xT1(x

2):

ü�øÂ¡ �ó�±÷¢ ø ù¢�Þ÷ ¢¤�ø �¤ I0 = 1 ,ñ�·õ ßþ� ¤¢

11 01 11 00 00 � � � ;

:�¹�µ÷¤¢ �î Ýþ¤ø�üõ ´¨¢ �� �¤

G(x) := 1+ x+ x3 + x4 + x5 = (1+ (x2)2) + x(1+ (x2) + (x2)2):

:ù�ðö� ,I(x) := I0(x
2) Ý��î ÓþÂã� Âð� ,ßþ�Â����

T (x) = G(x)I(X): (1)

¤�îÁõ Àî ,ñ�Þãõ Õ��Îõ .´¨� 1
2
�� Â��Â� ßª�ó�÷�î Àî ßþ�  Â÷ Ý�þ�ðüõ ,À�µÆû ¼®�ø �î üÜþ�¢ Â����

ßþ� Àó�õ ý��ÜÞ�À�� ��ìø� üû�ð G(x) ý��ÜÞ�À�� .´¨� T (x) ßØÞõ ü�øÂ¡ ý�û�ó�±÷¢ �ä�Þ¹õ
.¢�ªüõ ùÀ�õ�÷ Àî

ý�ûÛ±Þ¨ ¥� �� Çª ,ö�ØõÂ��ç� ÂµÆ��¤ �� ¢ø¤ø �� iv ü��ä�Ï� Û±Þ¨ ,��� ¤¢ ùÀª ù¢�¢ Ó�¬�� ¤¢
¢øÀ½õ ñ�Ï ßþ� .¢�ªüõ ùÀ�õ�÷ Àî 5¢øÀ½õ ñ�Ï ,¢Àä ßþ� .Àû¢üõ ¤�Âì Â���� ´½� �¤ ùÀª ÛÖµ�õ �ó�±÷¢
ñ�Ï ý�Â� ÂÚþ¢ ÓþÂã� ø¢ Ûì�À� �î À�î ���� Àþ�� ùÀ�÷��¡ .Àª��üõ 1 ùø�ä�� G(x) ��¤¢ �� Â��Â�
ñ�Ï :´¨� �¤�¬ßþ� �� �ú�þ� ¥� üØþ) ´¨� ùÀª ù¢Â� ¤�î �� ÂÚþ¢ ö�ðÀ�Æþ�÷ Í¨�� �î ¢¤�¢ ¢��ø ¢øÀ½õ
É�Ê¿� �Ñê�� �î Ý�þ�ð ñ�·õ ßþ� ¤¢ .(´¨� 3 �� Â��Â� 13.1 ÛØª ¤¢ ñ�·õ ý�Â� �î ö�ØõÂ��ç� ÂµÆ��¤
iv �îü÷�õ¥ ,ü�øÂ¡ À�ó�� ý�Â� �¤ üÜ±ì ý¢ø¤ø ø¢ Àþ�� ¤�ÁðÀî �Âþ¥ ,´¨� 2 �� Â��Â� ßª�ó�÷�î Àî �� �µê�þ

.Àª�� �µª�¢ ¢�þ �� ,´¨� ùÀª �þ�¤�
ý�ûÀî ý�Â� .´¨� ö� �Ü¬�ê-ßþÂµÞî ,C üî�Ü� Àî �� ¯��Âõ ¢�Àä� ßþÂ�Ýúõ ¥� üØþ �î Ý�÷�¢üõ
,¢Àä ßþ� .¢¤�¢ üþ�ÈðÀî ü¨¤Â� ¤¢ ü¨�¨� ÇÖ÷ ×þ �f¢À¹õ �î ¢¤�¢ ¢��ø ���Èõ ô�úÔõ ×þ ,ßª�ó�÷�î
.´¨� ùÀª ÓþÂã� ÂÔ¬�÷ ü�øÂ¡ ý�û�ó�±÷¢ üõ�Þ� ö¥ø ßþÂµÞî �� Â��Â� ø ¢�ªüõ ùÀ�õ�÷ Àî 6¢�¥� �Ü¬�ê

.Àª��üõ ,5 ü�ãþ ,G(x) ö¥ø �� Â��Â� ¢�¥� �Ü¬�ê ßþ� ,Àª ö��� ��� ¤¢ �î üó�·õ ¤¢
¥� � ó� ± ÷¢ ×þ .Ý� � îüõ üêÂãõ �¤ 1

n  Â÷ � � ßª� ó� ÷� î ý�ûÀî ,� ��Èõ �f õ� î üªø¤ ¤¢ ,ö� �î�Ýû
¢��ø Tn�1(x) ,� � � ,T1(x) ,T0(x) �ó�±÷¢ n .Ýþ¤�¢ �¤ I0 ý�ûýÂ¨ Í¨�� ùÀªù¢�¢ ü��ä�Ï� ý�ûÛ±Þ¨
5 constraint length
6 free distance
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×þ ¤¢ I0 �Â® �� Ti(x) ùÀªÀî �ó�± ÷¢ Âû �î üó��¤¢ ,À��îüõ íÂ� �¤ ö�ØõÂ��ç� ÂµÆ��¤ �î À÷¤�¢
À�÷�õ .´¨� Pn�1

i=0
xiTi(x

n) �� Â��Â� T (x) ùÀªÛÖµ�õ �ó�±÷¢ .Àþ�üõ ´¨¢�� Gi(x) À�÷�õ ý��ÜÞ�À��
.T (x) = G(x)I(x) �¤�¬ßþ� ¤¢ ;G(x) :=Pn�1

i=0
xiGi(x

n) ø I(x) := I0(x
n) Ý��îüõ ÓþÂã� ,Û±ì

ß��ã� �¤ Àî ö¢�� À� �þ ��¡ ,i = 0;1; � � � ; n� 1 ,Gi(x) ý�ûý��ÜÞ�À�� ��¿µ÷� �î ´¨� ¼®�ø
,´¨� À� ��®ø�� �î �¤ üµ�ãì�õ À�û¢ ù¥��� ñ�� .Ý�÷�¢üõ ��ãõ�� �¤ ö� �¤�¬ Âû ¤¢ À�� Âû ,À�îüõ
ü�øÂ¡ �ó�±÷¢ �î üó��¤¢ ;Àª�� 1 üû��µõ�÷ ¢�Àã� Ûõ�ª I0(x) ý¢ø¤ø ö�þÂ� À��î ­Âê .Ý�þ�Þ÷ ¼þÂÈ�
�û1 ßþ� �î ñ�÷�î ¥� üþ�û´�ãì�õ ¤¢ ü÷�úð�÷ ¤�Ï�� Âð� .Àª�� 1 üû��µõ ¢�Àã� �ú�� Ûõ�ª T (x) ÂÒ��µõ
Àû��¡ ÂÔ¬ �fõ�Þ� ¤�¢Â� ,ùÀ÷Â�ð Í¨�� I0 = 0 ý¢ø¤ø ¥� Û¬�� ü�øÂ¡ ö�þÂ� ,Àû¢  ¤ �Î¡ ,À÷¤�¢ ¤�Âì
�¹�µ÷ �¤ üþ�ÈðÀî ý�û�Î¡ ¥� ¢øÀ½õ�÷ ¢�Àã� ×þ ,ñ�÷�î ý�û�Î¡ ¥� ¢øÀ½õ ¢�Àã� ×þ ,ßþ�Â���� ;¢��
öÀª Ã�õ��ã��ê ¥� ���µ�� ý�Â� ö�¨� üªø¤ .¢�ªüõ ùÀ�õ�÷ 7Ã�õ��ã��ê Àî ×þ ýÀî ß��� !Àû¢üõ

:Âþ¥ ¯Âª ý¤�ÂìÂ� �� ü�ãþ ;¢¤�¢ ¢��ø ,1n  Â÷ �� ßª�ó�÷�î Àî ×þ

gcd(G0(x); G1(x); :::; Gn�1(x)) = 1:

À�îüõ ��¹þ� �¤ ,i = 0; � � � ; n� 1 ,ai(x) ý�ûý��ÜÞ�À�� ¢��ø ýø�Æ� ßþ� �î ´¨� ùÀª ùÀþ¢ �f ±ì
:Ýþ¤�¢ ,°ÜÎõ ßþ� �� ���� �� .À��îüõ ëÀ¬ Pn�1

i=0
ai(x)Gi(x) = 1 ¯Âª ¤¢ �î

G(x) :=
n�1X
i=0

ai(x
n)Ti(x

n) =
n�1X
i=0

ai(x
n)Gi(x

n)I0(x
n) = I(x);

T (x) ¤¢ �Î¡ üû��µõ ¢�Àã� ö�Â�ùø�ä ø ¢�ªÉ¿Èõ ü�øÂ¡ ¥� À÷���üõ ý¢ø¤ø �î ´¨��ãõ ö�À� ßþ�
.¢¢Âð üþ�ÈðÀî ¤¢ �Î¡ üû��µõ�÷ ¢�Àã� ¢�¹þ� ¶ä�� À÷���üÞ÷

ÂµÆ��¤ �� k �õ �¹�þ� ¤¢ .¢¤�¢ ¢��ø k
n  Â÷ �� ý�ûÀî �� °ÜÎõ ßþ� Ý�Þã� Ó�¬�� ý�Â� ©ø¤ ø¢

ö�þÂ� n �ûý¢ø¤ø ßþ� �� ÂÒ��µõ .Ýþ¤�¢ Ik�1(x) ,� � � ,I1(x) ,I0(x) ý¢ø¤ø ý�ûö�þÂ� �� ö�ØõÂ��ç�
ý�ûÂ µÆ��¤ üõ�Þ � ýÂ�ð¤� î� � � � Ti(x) Âû ö� ¤¢ �î ,¢¤�¢ ¢��ø ,i = 0; :::; n � 1 ,Ti(x) ü�øÂ¡
�¹�þ� ¤¢ ,ßþ�Â���� .ÝþÂ�üõ ¤�î�� �¤ Ýþ¢Âî ù¢�Ôµ¨� ��� ¤¢ �î üªø¤ �Àµ�� ¤¢ .´¨� �µêÂð ÛØª ö�ØõÂ��ç�
�õ� .Ýþ¤�¢ ´�ãì�õ ßþ� ß��±� ý�Â� ,j = 0; :::; n � 1 ,i = 0; :::; k � 1 ,Gij ý��ÜÞ�À�� kn �� ¥��÷

:Ýþ¤�¢

Tj(x) :=
k�1X
i=0

Gij(x)Ii(x):

�Áó .¢¤�À÷ ¢��ø Àó�õ ý��ÜÞ�À�� ×þ ¥� ù¢�Ôµ¨� �� ý¤�ÁðÀî À�þ�Âê Ó�¬�� ö�Øõ� ÂÚþ¢ ,´ó�� ßþ� ¤¢
ý�ûÀî �� �¤ �ûÀî ßþ� �î Ý�û¢üõ ¼��Â� �¤ k=n  Â÷ �� ßª�ó�÷�î ý�ûÀî Ó�¬�� ý�Â� ýÂÚþ¢ ©ø¤
7 catastrophic code
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.À�îüõ ÛþÀ±� ùÀª��¿µ÷� °¨��õ ¤�Ï �� ö�À�õ ×þ ýø¤ üî�Ü�
:�¤�¬�� 8ö�¤�ó ý�ûýÂ¨ üõ�Þ� ö�À�õ ü�ãþ ;Àª�� F2 [x] üµÞÆì�¤�¡ ö�À�õ F À��î ­Âê

n�1X
i=r

aix
i; (r 2 Z; ai 2 F2):

.À÷�ªüõ �µêÂð ÂÑ÷¤¢ Fk
2
¤¢ ý¤�¢Â� ö���ä�� t ö�õ¥ ¤¢ �ø�Ôµõ ö�ØõÂ��ç� ý�ûÂµÆ��¤ �� ý¢ø¤ø ´�� k

,�û¤�¢Â� ,3 Ç¿� À�÷�õ) À÷�ªüõ Â�ÆÔ� Fk ¤¢ ý¤�¢Â� ö���ä�� ý¢ø¤ø ý�û�ó�±÷¢ �î ´¨��ãõ ö�À� ßþ�
ÂÑ÷¤¢ G Àó�õ ÅþÂ��õ ×þ ý�û�þ�¤¢ ö���ä�� �¤ Gij(x) ý��ÜÞ�À�� kn ñ�� .(À�µÆû ýÂÎ¨ ý�û¤�¢Â�
Âþ¥ ÓþÂã� �� °ÜÎõ ßþ� .À÷�ª ùÀþ¢ Fn Â¬��ä ö���ä�� À�÷���üõ ü�øÂ¡ �ó�±÷¢ n ,�µ±ó� .ÝþÂ�ðüõ

.¢�ªüõ üúµ�õ

Ûõ�ª �î ´¨� Fn ý�Ìê ¥� ýÀã�-k ý�ÌêÂþ¥ 1

n  Â÷ �� C üþø¢ø¢ ßª�ó�÷�î Àî ×þ .1.13.1 ÓþÂã�
.À�µÆû G ý�ûÂÎ¨ ,�þ�� ý�û¤�¢Â� ßþ� .Àª��üõ F[x]n �� ÕÜãµõ ¤�¢Â� k ¥� ÛØÈµõ ý��þ��

F ýÂ�ð¤�î�� �� �¤ ö� ý¤��ª¢ ,Àû¢üõ ö�È÷ üî�Ü� ý�ûÀî �� �¤ �û´û�±ª ü¡Â� ,ÓþÂã� ßþ� ��Âð�
üõ�Þ� �f Þä .´¨� �÷�Â�ð´¿¨ �f õ�î ý¤�î G Â¬��ä ýø¤ öÀª¢øÀ½õ ,ßþ�Â�ùø�ä ø Ý��îüõ üÔ¿õ
ö�À� ßþ� .¢¤�¢ ¢��ø Óì�� ¤�î ¤¢ t < 0 ´ó�� ¤¢ �î Ý��î ­Âê Ý�÷�� �üõ ø À�µÆû üû��µõ �ûô�� �
ö�À�õ ×þ ßþ� ö�� .Ý�û¢ ô�¹÷� F[x] �� Ý�÷���üõ �¤ ý¤�î Âû ø Ýþ¤�À÷ ý¥��÷ F �� �fãì�ø �õ �î ´¨��ãõ

.´ª�¢ Àû��¡ ¢��ø ¢Âîýø¤ ßþ� ¤¢ ýÂÚþ¢ ��ØÈõ ,´Æ�÷
G ¥� ý¢Àãµõ ý�û��¿µ÷� ,ùÀª ù¢�¢ Àî Âû ý�Â� �î Ýþ¢Âî ù¤�ª� ,üî�Ü� ý�ûÀî ù¤��¤¢ ´±½¬ ô�Ú�û
ý�ûÀî ¢¤�õ ¤¢ ü÷�ÆØþ ´�ã®ø .Àþ�Þ÷ Â�ö�¨� �¤ C Û�Ü½� ´¨� ßØÞõ �ú÷� ¥� ü¡Â� �î ¢¤�¢ ¢��ø
á��¤� ]23[ â�Âõ � � �¤ ùÀ� ÷��¡ ,Àó�õ ÅþÂ ��õ ¥� ý¢ÂîÛÞä ß��� ý�Â � .Àµ ê�üõ ë�Ô �� ßª� ó� ÷�î

.´¨� ßª�ó�÷�î ý�ûÀî ü®�þ¤ Û�Ü½� �� ¯��Âõ ý�ûñ�·õ íÀ÷� ¥� üØþ ßþ� .Ý�û¢üõ

ßª�ó�÷�î ý�ûÀî üþ�ÈðÀî 13.2

Ýû�� ��±ª Ç�� ø Ýî �ú÷� .´¨� �µê¤ ¤�î�� ßª�÷�î ý�ûÀî üþ�ÈðÀî ý�Â� ÛÞä ¤¢ Ýµþ¤�Úó� ßþÀ��
�ÞÜî �Æþ�Öõ ÂÑ÷ ¥� üî�Ü� ý�ûÀî üþ�ÈðÀî �� �ú÷� ,âì�ø ¤¢ .À�µÆ�÷ Õ�Þä ¢�þ¥ ü®�þ¤ ÂÑ÷¥� ø À�µÆû
üû��µõ�÷ ñ�Ï ý�¤�¢ ßª�ó�÷�î Àî ×þ ��ÞÜîÀî ö�� .À÷¤�¢ ´û�±ª ,��ÞÜîÀî üõ�Þ� �� ùÀª ´ê�þ¤¢
�ãó�Îõ ¢¤�õ �¤ üµê�þ¤¢ ô��� Û±Þ¨ l ß�óø� Àþ�� ¢Âê �î ü�ãõ ßþ� �� ,´¨� Éì�÷ �Æþ�Öõ ßþ� ,À�µÆû
8 Laurent series
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0000

0011

1100

1111

00 11 22 33==tt

SS²²IIee

:13.3 ÛØª

00 11 22 33==tt

11 11 22 33 33
0000

0011

1100

1111

22 22 22 33

333311 22 22

44 55

22 33 3322

SS²²IIee

:13.4 ÛØª

ý�Â� �¤ ©ø¤ ßþ� Å³¨ ø ù¢�Þ÷ ß��ã� �¤ ô��� ü��ä�Ï� Û±Þ¨ ß�óø� Àþ�� ¢Âê ,�Æþ�Öõ ¥� Àã� .Àû¢ ¤�Âì
ýÂ�ð¤�î�� �� ÂµÈ�� ���þÃ� �� �¤ 9ü�Âµþø Ýµþ¤�Úó� ��éøÂãõ Ýµþ¤�Úó� �õ .Àþ�Þ÷ ¤�ÂØ� ýÀã� ý�ûÛ±Þ¨

.Ý��îüõ �ÂÎõ 13.2 ø 13.1 ý�ûÛØª ¤¢ ¢���õ ñ�·õ

,13.3 ÛØª ¤�¢�Þ÷ .Àª�� 10 00 01 10 00 � � � �¤�¬�� üµê�þ¤¢ ô��� �î À��î ­Âê
ö�È÷ �¤ 13.2 ÛØª ¤¢ ¢���õ Â�Æõ �ûö�Ø�� ,Àû¢üõ ö�È÷ t = 0;1;2;3 �Ñ½ó ¤¢ ßØÞõ ý�û´ó��

.À�û¢üõ

.À÷�ùÀª éÁ� ýÀã� ÛØª ¤¢ �ûÍ¡ ßþ� ø À�µÆû ß���ÎÖ÷ 13.3 ÛØª ¤¢ �ûÍ¡ ßþ� ¥� �� ¤�ú�
ßþ� �� öÀ�¨¤ ù�¤ ×þ .´¨� 00´ó�� ¤¢ ÂµÆ��¤ ,t = 3 ¤¢ �î Ý��îüõ­Âê ,ö� ´Üä ßµÆ÷�¢ ý�Â�
ü�ãõ�� ­Âê ßþ� ,ßþ�Â���� ;´¨� 00 00 00 � � � ü�øÂ¡ �� ÂÒ��µõ �î ´¨� üÖê� Â�Æõ ,´ó��
 ¤ 01 ø 10 ÕþÂÏ ¥� 00´ó�� ,ÂÚþ¢ éÂÏ ¥� Âð� .´¨� ù¢�¢  ¤ �Î¡ ø¢ t = 3 �Ñ½ó ¤¢ �î ´¨� ö�
�î Ý�÷�¢üÞ÷ .¢¤�¢ ¢��ø �Î¡ �¨ �Ñ½ó ßþ�¤¢ ,ßþ�Â���� ;Àþ�üõ ¢��ø�� 11 01 11 ü�øÂ¡ ,Àû¢

9 Viterbi-algorithm
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ýÂ�ÛÞµ½õ Â�Æõ ,üÖê� Â�Æõ �¤�¬ßþ� ¤¢ ,Àª�� ¤�Ï ßþ� Âð� ø �÷ �þ ´¨� 00´ó�� ¤¢ ÂµÆ��¤ �þ�
13.4 ÛØª �� �¤ 13.3 ÛØª À�þ��� .´¨�Î¡ ø¢ Ûõ�ª Â�Æõ ßþ� ,ùø�ä�� .´¨� �¹÷� �� öÀ�¨¤ ý�Â�
Û��Âõ �� öÀ�¨¤ ù�¤ ¤¢ �î �¤ üþ�û�Î¡ ¢�Àã� Ã�÷ ø ¢�ªüõ Ûõ�ª �¤ t = 5 ø t = 4 ö� ¤¢ �î ,Ý�û¢ �ã¨��

.Ý�û¢üõ ö�È÷ ,¢¤�¢ ¢��ø ÓÜµ¿õ
´ó�� ×þ �� öÀ�¨¤ ý�Â� ö�ÆØþ ñ�Þµ���� ©ø¤ ø¢ ö� ¤¢ �î ÀµÔ�� ë�Ô�� üµ�ãì�õ À÷���üõ �µ±ó�
Õ��Îõ .¢¥�À��� ¤ø¢ �¤ ýÂÚþ¢ ø À�î ��¿µ÷� �¤ üØþ Àþ�� ¢Âê �¤�¬ßþ� ¤¢ �î ,Àª�� �µª�¢ ¢��øÉ¿Èõ
;Àþ�Þ÷ ý¤ø�¢Âð ,­Âê ö��� Õ��Îõ �¤ �ûü�øÂ¡ ßþÂ�ÛÞµ½õ À÷�� �üõ ¢Âê ,´ó�� Âû ø ö�õ¥ Âû � �

:¢�ªüõ üúµ�õ Âþ¥ ý�ûü�øÂ¡ ´Æ�ó �� 13.4 ÛØª ,ßþ�Â����

t = 1 t = 2 t = 3 t = 4 t = 5

´ó��

00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00

01 � 11 01 00 11 01 11 10 01 10 00 00 11 10 10

10 11 00 11 00 00 11 00 00 00 11 11 10 01 10 00

11 � 11 10 11 10 01 00 00 11 10 00 00 11 10 01

10´ó�� ¤¢ ÂµÆ��¤ �î Àû¢üõ �¹�µ÷ üþ�Þ÷´¨¤¢ ßþÂµÈ�� �� Ý�ÞÊ� ùÀä�ì ,t = 5 �Ñ½ó ¤¢ ��®ø��
À÷���üõ ÂÒ��µõ ý¢ø¤ø .´¨� ùÀª 11 10 01 10 00 �� Â��Â� ü�øÂ¡ ø ù¢�¢  ¤ �Î¡ ø¢ ,ù¢��
ö� �� ÂÒ��µõ ý¢ø¤ø Û±Þ¨ �� ñ�þ Âû ý¤�Áð´õ�ä ,©ø¤ ßþÂ�ù¢�¨ .Àþ� ´¨¢�� 13.4 ÛØª �� ���� ��
öÀþÂ� �Ü�Âõ ¥� Û±ì ö¢�¢ �õ�¢� ý�Â� ©ø¤ ßþÀ�� �� Ý��îüõ ¤�Áð�ø ùÀ�÷��¡ �� �¤ °ÜÎõ ßþ� .´¨� ñ�þ
Ý�û��¡ ����õ ý¥�¨ùÂ�¡£ ø �±¨�½õ ö�õ¥ ¥� üÜ��Æõ �� �õ �î ´¨� ¼®�ø °ÜÎõ ßþ� .Àþ�Þ÷ á�À�� ,Àî
ø ýÀã� üþ�ÈðÀî ��Þ�ÞÊ� ýø¤Â� ´¨¤¢�÷ Ý�ÞÊ� ×þ Â���� �±¨�½õ ,Â�°ó�� ü®�þ¤ ñ��¨ ×þ .Àª
ß��ã� ý�Â� .Àª��üõ üþ�ÈðÀî ´½¬ ß��ã� ¤¢ Àî ¢�¥� �Ü¬�ê ýø¤ Â� Â��õ Ûõ��ä öÀ�Þúê ß���Ýû

.Ý�û¢üõ á��¤� ]51[ â�Âõ �� �¤ ùÀ�÷��¡ ,ñ��¨ ßþ� ù¤��¤¢ ÂµÈ�� ���þÃ�

ßª�ó�÷�î ý�ûÀî ü¡Â� ý�Â� �Â±Ü�ð ö�Âî �Æþ�Öõ 13.3

ÓþÂã� Âþ¥ �¤�¬�� �î üþ�ú÷� ü�ãþ ;ÀþÂ�Ú� ÂÑ÷¤¢ �¤ k=n  Â÷ �� ßª�ó�÷�î ý�ûÀî ¥� ü¬�¡ §�î
ø �µêÂð ÂÑ÷¤¢ �¤ Ik�1(x) ,� � � ,I0(x) ý¢ø¤ø �ó�±÷¢ k .À÷�ùÀª

I(x) :=
k�1X
i=0

Ii(x
n);

Ýµ¡ ÂÔ¬ � � n � k � � ��ä�Ï� ý�û´� � ¥� üþ� ��n Âû �î ´¨� ßþ� ö� ý��ãõ .À �û¢ Û�ØÈ� �¤
.À� þ�Þ ÷ ÓþÂã � T (x) = G(x)I(x) Í¨�� �¤ ü�øÂ¡ ø �µ êÂð ÂÑ÷¤¢ �¤ G(x) Àó�õ ÅþÂ ��õ .¢�ªüõ
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ý�ûÀî ¥� ö�õÂ �¡� Ó�¬� � ¤¢ Gij(x) ý�ûý��ÜÞ�À�� ¥� ùÄ þø ��¿µ ÷� ×þ � � ÂÒ� � µ õ °ÜÎõ ßþ�
�ú�� ø ù¢�Þ÷ ÓþÂã� l + 1 = 1+ deg(G(x)) �� Â��Â� �¤ Àî ¢øÀ½õ ñ�Ï ,Û±ì À�÷�õ .´¨� k=n  Â÷ ��
�Ü¬�ê �� À�õ�ì�ä �õ .´¨� ùÀª ­Âê ´��� m ö� ¤¢ ø l + 1 � mn �î ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ üþ�ûÀî
Ý� � � �üõ ,ö�õ¥ §��Öõ ö¢�¢ ´Ô�ª � � .df � l + 1 ��®ø�� .Ý� µÆû üþ�ûÀî ß��� ý�Â � ,df ¢�¥�
Âû ý�Â� .Ý�û¢ ¤�Âì �¤ i0 = t0 = G(0) = 1 ´þ¢øÀ½õ ´¨� ßØÞõ ,ý¤�ÁðÀî ©ø¤ �ãó�Îõ ¤¢ �î
�fÖ�ì¢ ,1 = i0; i1; � � � ; imk�1 üþ���mk Âû ø ü�øÂ¡ �ó�±÷¢ ¥� 1 = t0; t1; � � � ; tmn�1 ��óø� üþ���mn
� � �� óø� ý�û�ó� ± ÷¢ ßþ� �î ý¤�Ï�� ,¢¤�¢ ¢��ø mn ýø�Æõ � þ ÂµÞî ��¤¢ ¥� G(x) ý��ÜÞ�À�� ×þ
ÂµÞî ö¥ø ý�¤�¢ �î �¤ T (x) ��óø� ý�ûÇ¿� üõ�Þ� �� Ý�û��¡üõ .À�ª�� ÂÒ��� ¤¢ T (x) = G(x)I(x)

� � ý��ÜÞ�À�� 2mk�1Pd�2
i=0

�mn�1
i

� Â·î�À� �õ �î ´¨��ãõ ö�À� ßþ� .Ý� þ�Þ÷ �¤�¡ �¤ À�µÆû d ¥�
�Ü¬�ê Ûì�À� �î ¢¤�¢ ¢��ø G(x) ¥� ��¿µ÷� ×þ ,ßþ�Â���� .Ý��îüõ �¤�¡ Àó�õ ö���ä�� �¤ G(0) = 1

:Âð� ,À�îüõ �Öó� �¤ ô¥� ¢�¥�

2
mk

dX
i=0

 
mn

i

!
< 2

mn:

:Ýþ¤�¢ Ýµþ¤�Úó ßµêÂð �� ,(1) ´ÞÆì 5.1.4 ��Ìì ¥� ,R := k=n ßµª�÷ ø d = �mn ßµêÂð ÂÑ÷¤¢ ��

1

mn
log

dX
i=0

 
mn

i

!
< H(�) < 1�R;

:Âð�
� < H (1�R):

.¢�ª �Æþ�Öõ 8.5.1 ��Ìì �� Àþ�� ö�Âî ßþ� .Àª��üõ ¢øÀ½õ ñ�Ï ø ¢�¥� �Ü¬�ê ´ÞÆì�¤�¡ � �¹�þ� ¤¢

ý¤ø¢ üî�Ü� ý�ûÀî ¥� ßª�ó�÷�î ý�ûÀî ßµ¡�¨ 13.4

,Óó�õ ßþÀ�� �î á�®�õ ßþ� ,´¨� ùÀõ� ´¨¢�� ý¢�þ¥ �f õ�î °ó�Îõ üî�Ü� ý�ûÀî ¢¤�õ ¤¢ �î �¹÷� ¥�
Ã�Ú÷� Â� °¹ã� ,À÷�ù¢Â� ¤�î�� ��ÜÎõ «��¡ �� ßª�ó�÷�î ý�ûÀî ´¡�¨ ý�Â� �¤ ��¡ üî�Ü� ý�ûÀî

.´¨� ùÀª ù¢�¢ �ã¨�� �f ±ì �î ´¡�¢Â� Ý�û��¡ �û©ø¤ ßþ� ¥� üØþ �� �õ ,Ç¿� ßþ� ¤¢ .Àª��üÞ÷
.ÝþÂ�üõ ¤�î�� �¤ 4.5 Ç¿� ý�ûý¤�Áð¢�Þ÷ �¹�þ� ¤¢

:�¤�¬ßþ� ¤¢ ;N � 0 ø n � 0 ,c 2 Fq � f0g ,p(x) 2 Fq [x] ,q = 2r À��î ­Âê .1.13.4 Ýó

w(P (x)(xn � c)N ) � w((x� c)N ):w(P (x) mod (xn � c)):
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:Ýþ¤�¢ 2.4.5 ��Ìì �� ���� �� �¤�¬ßþ� ¤¢ ;ÀþÂ�Ú� ÂÑ÷¤¢ Pn�1
i=0

xiQi(x
n) �¤�¬�� �¤ P (x) .��±��

w(P (x)(xn � c)N ) =
Pn�1

i=0
w(Qi(x)(x� c)N )

�Pn�1
i=0

w(Qi(x))w((x � c)N )

= w((x� c)N ):w(
Pn�1

i=0
Qi(c)x

i)

= w((x� c)N ):w(P (x) mod (xn � c)):

�

.´Æ�÷ ÛØÈõ Fq ù��¿ó¢ ö�À�õ Âû ý�Â� 1.13.4 Ýó ��±�� 1.13.4 ÂîÁ�

Fq ö�À�õ ýø¤ (¢Â ê) n ñ�Ï � � ý¤ø¢ Àî ×þ Àó�õ ý��ÜÞ�À�� g(x) À� � î ­Âê .2.13.4 ��Ìì
Àî �Ü¬� ê-ßþÂ µÞî dh ø ö¥�� �ü¨¤Â � ý�� ÜÞ�À�� h(x) ø Àª� � dq �Ü¬� ê-ßþÂ µÞî � � (q = 2r)

� � ø ���Èõ ö�À�õ ýø¤ 1=(2m)  Â÷ � � ßª�ó� ÷�î Àî �¤�¬ßþ� ¤¢ ;Àª�� h(x) Àó�õ ý��ÜÞ�À�� ��

.À�îüõ ëÀ¬ df � minfdg;2dhg ¯Âª ¤¢ ø ù¢�±÷ Ã�õ��ã��ê G(x) = g(x) Àó�õ ý��ÜÞ�À��

.��±��

ý� ûý�� Ü Þ �À � � � � ß ª� ó� ÷� î À î Ç þ� Þ ÷ Â ð� .G(x) = P2m�1
j=0

xj(Ĝj(x
m))2 À � Æ þ� � � (1

íÂµÈõ Ûõ�ä Âû ý�Â� �¤�¬ßþ� ¤¢ ,ÝþÂ�Ú� ÂÑ÷¤¢ �¤ 13.1Ç¿� ¥� G2m�1(x) ,� � � ,G0(x)

¢Âê ý¢Àä n �î �¹÷� ¥� ø ´¨� ÂþÁ�Ç¿� A(x) Â� G(x) ,�ûý��ÜÞ�À�� ßþ� ¥� A(x) ÂþÁ��÷Ûþ�½�
.Àª��üÞ÷ Ã�õ��ã��ê Àî ßþ� ,ßþ�Â���� ;�¤ xn�1 À�îüõ ¢�ä g(x) ø ´Æ�÷ ÂþÁ�ö�Øõ� ¤�î ßþ� ,´¨�

;T (x) = G(x)I0(x
2m) = G(x)(Î0(x

m))2 Ý þ¤�¢ .À þÂ � Ú � ÂÑ ÷¤¢ �¤ I0(x) ü�� ä�Ï� � ó� ± ÷¢ (2
:Àª��üõ Âþ¥ ÛØª �� T (x) ,ßþ�Â����

T (x) = P (x)(g(x))2i+1(h(x))2j ;

�¤ ´ó�� ø¢ .Àª��üÞ÷ ÂþÁ�Ç¿� h(x) �þ g(x) Â� P (x) ,P (x) 6= 0 ,j � 0 ,i � 0 �î ý¤�Ï��
:ÝþÂ�ðüõ ÂÑ÷¤¢
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:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;i � j À��î ­Âê (Óó�

T (x) = P (x)(g(x))2(i�j)+1(xn � 1)2j :

:Ýþ¤�¢ 1.13.4 Ýó Â���� ø

w(T (x)) � w((x� 1)2j):w(P (x)(g(x))2(i�j)+1 mod (xn � 1)) � dg:

.¢¤�¢ g(x) Í¨�� ùÀª À�ó�� ý¤ø¢ Àî ¤¢ ý��ÞÜîÀî �� üÚµÆ� ôø¢ Ûõ�ä �Âþ¥

:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;i < j À��î ­Âê (�

T (x) = P (x)(h(x))2(j�i)�1(xn � 1)2i+1:

:�Âþ¥ ;w(T (x)) � 2dh Ýþ¤�¢ 1.13.4 Ýó Â���� ø

w((x� 1)2i+1) � 2:

�

Àî ×þ .Ý��îüõ ö��� ¢�¥� �Ü¬�ê ý�Â� �¤ üþ��� ö�Âî ,¶½� ßþ� ù¤��¤¢ ÂµÈ�� ý�ûñ�·õ �� ßµ¡�¢Â� ¥� Û±ì
:À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ G(x) =Pn�1

i=0
Gi(x

n) Àó�õ ý��ÜÞ�À�� �� Fq ýø¤ 1=n  Â÷ �� ßª�ó�÷�î

L := n(1+maxfdeg(Gi(x) j0 � i � n� 1)g):

:�î ´¨� ¼®�ø .(À�õ�÷üõ ¢øÀ½õ ñ�Ï �¤ L ,ß�Ôó�õ ¥� ü¡Â�)

df � L:

¤¢ .´¨� üî�Ü� ý�ûÀî ý�Â� d � n� k + 1 ö�µÜÚ��¨ ö�Âî �� ß�ãõ ���È� ×þ ý�¤�¢ üúþÀ� ö�Âî ßþ�
ö�Âî ßþ� �� �î ü�ª�ó�÷�î ý�ûÀî ¥� ]38[â�Âõ 10ßÆµ¨�� Í¨�� �î Ý��îüõ ö��� �¤ ý¤�µ¡�¨ �õ �¹�þ�

.À�îüõ �Öó� L ýø¤ �¤ ü÷�Âî ,¯Âª ßþ� �î Ý�û¢üõ ö�È÷ �Àµ��¤¢ .Àþ¢Âð �ÂÎõ ,À���þüõ ´¨¢

.L � nq ù�ðö� ,df = L Ý�ª�� �µª�¢ Fq ýø¤ ßª�ó�÷�î Àî ×þ ý�Â� Âð� .3.13.4 Ýó

10J. Justesen
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ý¢ø¤ø �ó�±÷¢ .Àª��üõ L=n ö¥ø ý�¤�¢ Gi(x) ý�ûý��ÜÞ�À�� ¥� ×þ Âû ù�ðö� ,df = L Âð� .��±��
�ó�± ÷¢ ¥� �! Í¨�µõ ö¥ø ø ù¢�� Fq � f0g �� ÕÜãµõ � ö� ¤¢ �î ,ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ I0(x) = 1+ �x

:Ýþ¤�¢ .À�îüõ ß��ã� �¤ ÂÒ��µõ ùÀª ý¤�ÁðÀî

�! = (q � 1)�1P�2Fq�f0g
Pn�1

i=0
w(Gi(x)(1+ �x))

= (q � 1)�1nf2(q � 1) + (Ln � 1)(q � 2)g:
� .L � nq Ý�ª�� �µª�¢ Àþ�� ,�! � L ö��

�� ßª�ó�÷�î Àî ×þ ¥� ü÷�¨� ñ�·õ Ý�÷���üõ ,2.13.4 ��Ìì ¤¢ ¢���õ ©ø¤ �� ���Èõ üªø¤ ýÂ�ð¤�î�� ��
.Ý�û¢ ���¤� df = L

,g1(x) = x2 + �x + 1 À � � î ­Â ê .À ª� � F4 ¥� � � óø� � Ì ä × þ � À � � î ­Â ê .4.13.4 ñ�·õ

Ýû�� ´±Æ÷ g2(x) ø g1(x) ø (x5 � 1) = (x� 1)g1(x)g2(x) �¤�¬ßþ� ¤¢ ;g2(x) = x2 + �2x+ 1

:Àó�õ ý��ÜÞ�À�� �� F4 ýø¤ 1

2
�Â÷ �� C ßª�ó�÷�î Àî .À�ª��üõ ñø�

G(x) := g1(x
2) + xg2(x

2);

�¤� ¬� � �¤ ü �� ä� Ï� � ó� ± ÷¢ × þ .À ª� �ü Þ ÷ Ã � õ�� ã �� ê À î ß þ� .À þÂ � Ú � Â Ñ ÷¤¢ �¤

1.13.4 Ýó ¥� ù¢�Ôµ¨� �� .Àª��üõ ñ�Þ�Æî�õ N ö� ¤¢ �î ,ÀþÂ�Ú� ÂÑ÷¤¢ I0(x) = I 0
0
(x)(x5 � 1)N

:Ýþ¤�¢
w(T (x)) = w(g1(x)I0)(x)) + w(g2(x)I0)(x))

� w((x � 1)N ):w(g1(x)I 00(x) mod (x5 � 1))

+w(g2(x)I
0
0
)(x) mod (x5 � 1))g:

Âû �î Àû¢üõ ö�È÷ BCH ö�Âî ù�ðö� ,Àª�±÷ (x�1)g2(x) �þ (x�1)g1(x) ¥� ü�ÂÌõ I 00(x) Âð� ,ñ��
¥� ü�ÂÌõ I 0

0
(x) ÂÚþ¢ éÂÏ ¥� Âð� .À�µÆû 3 ýø�Æõ �þ Â�ï¤Ã� ´¨�¤ éÂÏ ¤¢ ôø¢ Ûõ�ä ¤¢ �ÜÞ� ø¢

(x� 1 Ûõ�ä ÂÏ�¡��) À�ª��üõ �ø¥ ��� Í¡ ¤¢ ´¨�¤ éÂÏ ¤¢ �ÜÞ� ø¢ Âû ù�ðö� ,Àª�� (x� 1)g1(x)
ö�Âî Í¨�� �f¢À¹õ ,´¨� 4 �� Â��Â� Ûì�À� üóø� ù�ðö� ,Àª�� 2 �� Â��Â� üõø¢ Âð� .À�µÆû ´±·õ ø¢Âû ø

.df = L Ýþ¤�¢ ,L = 6 ö�� .´¨� 6 Ûì�À� ¢�¥� �Ü¬�ê ý�¤�¢ C ,ßþ�Â���� ;BCH
,Fq ýø¤ Â � 12  Â ÷ � � ý� ûÀ î ´ ¡� ¨ ¤� Ñ � õ� � 2.13.4 � � Ì ì ¤¢ ö� ú � � ùÀ þ� Ý � Þ ã � ý�Â �

:ÛØª�� ý�ûý��ÜÞ�À��

gi(x) := (x� �m)(x� �m+1) � � � (x� �m+d�2);



253 ßª�ó�÷�î ý�ûÀ�î .13 ÛÊê

ý¤�Ï�� ,Ý��îüõ ��¿µ÷� �¤ g2(x) ø g1(x) .´¨� Fq ¥� ��óø� �Ìä ×þ � ö� ¤¢ �î ,ÝþÂ�ðüõ ÂÑ÷¤¢ �¤
�¤�¬ßþ� ¤¢ ;À�ª� �üÞ÷ üîÂµÈõ ÂÔ¬ º�û ý�¤�¢ �ú÷� �îßþ� ø À�ª� � b1

3
qc ��¤¢ ý�¤�¢ ø¢ Âû �î

ø¢ .Àª��üÞ÷ Ã�õ��ã��ê �î À�îüõ À�ó�� Fq ýø¤ C ßª�ó�÷�î Àî ×þ G(x) := g1(x
2) + xg2(x

2)

ýø�Æõ � þ Â �ï¤Ã� �Ü¬�ê-ßþÂµÞî ý�¤�¢ ø¢ Âû g2(x) ø g1(x) Àó�õ ý�ûý��ÜÞ�À�� �� ý¤ø¢ Àî
h2(x) ø h1(x) ö¥�� � ü¨¤Â � ý�ûý��ÜÞ�À�� ý�¤�¢ �ûÀî ßþ� À � � î ­Âê .À� µÆû 1 + b1

3
c := d

:�¤�¬�� C ý�Â� I0(x) ü��ä�Ï� �ó�±÷¢ ×þ .À�µÆû

I0(x) = (xq�1 � 1)r(h1(x))s(h2(x))tp(x);

À��î ­Âê �Àµ�� ¤¢ .´¨� ÂÔ¬ �� Â��Â� t �þ s ø ù¢�±÷ h2(x) �þ h1(x) ¥� ü�ÂÌõ p(x) ö� ¤¢ �î ,Àª��üõ
:Ýþ¤�¢ 1.13.4 Ýó ¥� ù¢�Ôµ¨� �� .s = t = 0

w(T (x)) = w(g1(x)I0(x)) + w(g2(x)I0(x))

�P2

i=1w((x� 1)r)w(p(x)gi(x) mod (xq�1 � 1))

� 2d:

:Ýþ¤�¢ ���Èõ üªø¤ �� ù�ðö� ,s > 0 Âð�

w(T (x)) = w((xq�1 � 1)r(h1(x))sg1(x)p(x)) + w((xq�1 � 1)r(h1(x))sg2(x)p(x))

� w((x � 1)r+1w(p(x)(h1(x))s�1 mod (xq�1 � 1))

+w((x � 1)r:w(p(x)(h1(x))sg2(x) mod (xq�1 � 1))

� 2+ (q � b1
3
qc) � 2+ 2b1

3
qc = 2d:

.df = L ,ßþ�Â���� ,L = 2(1+ b1
3
c) Ýþ¤�¢ ¤�µ¡�¨ ßþ� �� ���� ��

�� ©ø¤ ßþ� .´¨� ßª�ó�÷�î ý�ûÀî ´¡�¨ ý�Â� ��¡ ©ø¤ ×þ ßþ� �î À��îüõ ö��� �ûñ�·õ ßþ�
.Ý��îüõ á��¤ ]38[ â�Âõ �� ÂµÈ�� ���þÃ� ý�Â� .À��þüõ Ý�Þã� 1=n  Â÷

ßª�ó�÷�î ý�ûÀî ý�ûüµ¿þ¤¢�¡ 13.5

¥� ü � � ã õ ùøÂ ð ´½ � ýÀî � î ¯Âª ß þ� � î Ý þ�ùÀ þ¢ ý¤ø¢ ý� ûÀ î � � ¯� �Â õ ÛÊê À � ÷� õ Û ± ì ¥�
´Æ÷���üõ ,ý�ì ýÂ±� Àþ¢ �� ý�û©ø¤ .¢¢Âðüõ Â¹�õ ü±ó�� ý�û´êÂÈ�� �� ,Àª�� �þ�� �û´Èðý��



254

¤¢ �î ¢�� Àû��¿÷ ¤ø�°¹ã� °ÜÎõ ßþ� ,ßþ�Â���� ;À÷Àª ´ê�þ ©ø¤ ßþ� �� ��¡ Àî ßþÀ�� ø ¢¢Âð üêÂãõ
ý�ûÀî ø ù¢�Þ÷ �ÂÏ �¤ �ûùÀþ� ßþ� ¥� ü¡Â� �õ .¢�ª ýÂ�Ú�� üú��Èõ °ÜÎõ Ã�÷ ßª�ó�÷�î ý�ûÀî ¢¤�õ
ÛÞä ¥ÂÏ ßþ� �î Ýþ¤�øÀ�õ� �õ� ,ù¢�Þ�÷ ö��� �¤ ���þÃ� ¥� ý¤��Æ� �õ .Ý��îüõ ÓþÂã� �¤ ý¤ø¢ ßª�ó�÷�î
ø� �¤�¬ßþ� ¤¢ �î ,¢¢Âðüõ À�õ�ì�ä á�®�õ ßþ� �� ø� �þ� �î ¢Â�Ú� Ý�ÞÊ� �� Àª�� üê�î ùÀ�÷��¡ ý�Â�
â�Âõ .í.¤) 12§ø¤ Í¨�� ¤�î ßþ� .¢�ªüõ ù¢�¢ á��¤� (À���±� �¤ ]55[ ø ]54[â��Âõ) 11�Â�� ¤�î ��
âÎì ¤�Ï�� �ú÷� ø Àª �µêÂð ¤�î�� ��¡ �fµ±Æ÷ ý�ûÀî ü¡Â� ýø¤ Â� �ûùÀþ� ßþ� .Àª ü��ÂÏ �÷ ¥� (]59[

.¢�� À�û��¡ À�Ôõ ýÀã� ��Ö�Ö½� ¤¢
ý¤ø¢ �¤ ýÀî ß��� .ÝþÂ�ðüõ ÂÑ÷¤¢ ùÀõ� 1.13.1 ÓþÂã� ¤¢ �»÷� À�÷�Þû �¤ ßª�ó�÷�î Àî ×þ
ßþ� ¤¢ .À�î ÐÔ� �¤ ¤�îÁõ Àî ,(ai 2 Fn

2
) xi ¥� ai °þ�Â® ¥� ö�õ¥Ýû ý¤ø¢ ´Ô�ª ×þ Âð� ,Ý�õ�÷üõ

ßþ� .´¨� üî�Ü� Àî ×þ ,Àî ßþ� ¢�ªüõ ùÀþ¢ ü÷�¨��� ,âì�ø ¤¢ .Ýþ¤ø�üÞ÷ ´¨¢�� ü±ó�� Ã�� �õ ´ó��
�¤ ¤�î ßþ� �õ .Àª��üõ ÛØÈõ ý¤�î ,§�Æ½õ ©ø¤ ×þ �� �ûüµ¿þ¤¢�¡ ÓþÂã� �î Àû¢üõ ö�È÷ °ÜÎõ
�ä�Þ¹õ ü�ãþ ,KZ .Àª�� Fn

2
ýø¤ ý�û´Èðý�� ùøÂð K À��î ­Âê .Ý�û¢üõ ô�¹÷� Âþ¥ �¤�¬��

ÛþÀ±� ùøÂð ×þ �� '1'2(n) := '1(n)'2(n) ÓþÂã� �� �î ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ,' : Z! K â���� üõ�Þ�
ýø¤ �¤ ' ¥� üÜÞä �¤�¬ßþ� ¤¢ ;'n 2 K �î À��î ´ì¢ .´ª�÷ Ý�û��¡ '(n) ý���� �¤ 'n .Ýþ�ù¢Âî

:�¤�¬�� Fn Â¬��ä

'(
1X
i=r

aix
i) :=

1X
i=r

'i(ai)x
i; (2)

.Ý��îüõ ÓþÂã�

ö� ¤¢ � î ,' 2 KZ Â¬� � ä ô� Þ � �ä�Þ¹õ ù� ðö� ,Àª� � ßª� ó� ÷� î À î ×þ C Â ð� .1.13.5 ÓþÂã�
.¢�ªüõ ùÀ�õ�÷ C üµ¿þ¤¢�¡ ùøÂð ,'(C) = C

;´¨�þ� � x ¤¢ �Â®Û¬�� ´½� C Àî �î ´¨� üúþÀ� °ÜÎõ ßþ� ,ßª�ó�÷�î ý�ûÀî ÓþÂã� ¥�
ßþ� ,ßþ�Â�ùø�ä .´¨� üµ¿þ¤¢�¡ ×þ Ã�÷ 'x := x�1'x ù�ðö� ,Àª�� üµ¿þ¤¢�¡ ×þ ' Âð� ,ßþ�Â����
,Ý�õ��� 'i �¤ö� ø Àª�� ´��� ,ö�Øõ ×þ ýø¤ �î ÝþÂ�Ú� ÂÑ÷¤¢ �¤ üÜÞä �ú�� �õ Âð� �î ´¨� ¼®�ø °ÜÎõ
.´¨� ��Êµ¿õ ß�õ�i ýø¤ üµ¿þ¤¢�¡ ùøÂð Âþ�Ê� �î Ýþ¤ø�üõ ´¨¢�� Fn

2
ýø¤ üµÈðý�� ùøÂð ×þ

ü÷�ÆØþ ùøÂð ,�ûÂþ�Ê� üõ�Þ� �î Ý����üõ ,'xi (ai) = 'i+1(ai) �î ´�ãì�ø ßþ� ø ë�ê ÂîÁ� �� ���� ��
.Àþ�üõ ÂÑ÷�� üã�±Ï ,´¨� ý¤ø¢ ùøÂð ×þ Âþ�Ê� ßþ� �î üþ�ûÀî ßµê�þ ý�Â� ©�� ,ßþ�Â���� ;À�µÆû
,Ýþ¢�¢ ô�¹÷� üî�Ü� ý�ûÀî ¢¤�õ ¤¢ �»÷� À�÷�Þû ö�ÆØþ ýÂ±� °þÂÖ� ýÂ�ð¤�î�� �� �¤ °ÜÎõ ßþ� �õ
11Ph. Piret
12C. Roos
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­Âê .Ý� �îüõ üØþ (zn � 1) �÷�Þ� � ¤¢ F2 [z] � � �¤ Fn2 ø ù¢�Þ ÷ üêÂãõ �¤ z Â�ç µõ .Ý�û¢üõ ô�¹÷�
ùÀª ÓþÂã � Fn

2
üµ¿þ¤¢�¡ � À� � î ­Âê ø (�; n) = 1 �î ý¤�Ï� � ,Àª� � ü½�½¬ ¢Àä � À� � î

ö� ¤¢ �î ,À÷�ª �µª�÷ P1i=r aixi �¤�¬�� À�÷���üõ Fn Â¬��ä ñ�� .Àª�� � : f(Z)! f(z�) �¤�¬��
�Â® ø üã�±Ï ¤�Ï�� �¤ âÞ� ,Fn ¤¢ .´¨� n ¥� ÂµÞî ��¤¢ �� ý��ÜÞ�À��×þ (i 2 Z) ai = ai(z)

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬�� �¤ (� �� ùÀª ù¢�¢ ö�È÷)
X
i

aix
i �
X
j

bjx
j :=

X
i

X
j

�j(ai)bjx
i+j: (3)

3 �Î��¤ ¥� �¤�¬ßþ� ¤¢ ;i 6= 0 ý�Â� ai = 0 ,a0 = z ü�ãþ ;Àª�� z �� Â��Â� ²� ´Þ¨ Ûõ�ä À��î ­Âê
:Ýþ¤�¢

z �
X
j

bjx
j :=

X
j

(z�
j

bj)x
j : (4)

.À÷�ùÀª ù¢�¢ ´Ô�ª n �÷�Þ�� ¤¢ �j ý�ûö�Øõ ýø¤ ý¤ø¢ ¤�Ï�� xj ¥� bj °þ�Â® �î ´¨��ãõ ö�À� ßþ�
.Ý�û¢üõ ö�È÷ A(n; �) �� �¤ ö� �î ´¨� Â±� ×þ (Fn;+; �) �î ´¨� ßþ� ��� ÓþÂã� üÜ¬� �µØ÷

� î ´¨� A(n; �) Â ±� ¤¢ ²� ñ�ùÀ þ� ×þ (CCC ¢� Þ ÷) ý¤ø¢ ßª� ó� ÷� î À î ×þ .2.13.5 ÓþÂã�

.¢¤�¢ �ûý��ÜÞ�À�� Ûõ�ª ý��þ��

ßþ� .Ýþ¤�¢ Àî ý�ûüµ¿þ¤¢�¡ ¥� üûøÂð âì�ø ¤¢ ,4 �Î��¤ ¥� ù¢�Ôµ¨� �� �î À��îüõ ùÀû�Èõ �¹�þ� ¤¢
ßþ� ¤¢ üúþÀ� ö�Øõ �� ö� �ø�Ô� .´¨� ��Êµ¿õ ×þ ýø¤ Âþ�Ê� ö���ä �� ý¤ø¢ ùøÂð Ûõ�ª ùøÂð
Ý�û¢ ö�È÷ �� Ýþ¤ø�üõ üó�·õ �¹�þ� ¤¢ .Àª��üÞ÷ ö�ÆØþ ö�Øõ Âû ý�Â� ý¤ø¢ ý�û´Ô�ª �î ´¨� ´�ãì�ø
ßª�ó�÷�î Àî ×þ .Ý�µÆû ,Àª��üõ À�Þª¥¤� �ú÷� �ãó�Îõ �î üúþÀ�Â�è Ǳ��ª� ¥� ü¨�î ý�¤�¢ �õ �î

:´¨� ùÀª ù¢�¢ Âþ¥ �¤�¬�� GÅþÂ��õ Í¨�� ×þ �Ñê�� �� 4
7
 Â÷ �� üþø¢ø¢

G =

0
BBBBB@

1 1 1 1 1 1 1

1+ x 1 1 x 1 x x

0 1 1+ x 1 x 1+ x x

0 x 1 1+ x 1+ x x 1

1
CCCCCA : (5)

ßµª�÷ �� .Ý�þ�Þ÷ É¿Èõ �¤ (z7 � 1) �÷�Þ�� �� F2 [z] ¤¢ üþ�ûý��ÜÞ�À�� �� F72 Â¬��ä Ý�û��¡üõ ñ��
Âþ¥ �¤�¬�� �¤ G Ý�÷���üõ z7 � 1 = (1 + z)(1 + z + z3)(1 + z2 + z3) = m0(z)m1(z)m2(z)

:Ý�þ�Þ÷ �¬�¡

G =

0
BBBBB@

m1m3

m0m3

zm0m3

z2m0m3

1
CCCCCA+

0
BBBBB@

0

m3

0
m1

z�1m3
0
m1

z�2m3

0
m1

1
CCCCCAx: (6)
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4 �Î��¤ �� ������ ,� = �1 ö�� .´¨� A(7;�1) ¤¢ CCC×þ ý�Â� Àó�õ ÅþÂ��õ G �î Ý��îüõ �ä¢�
:Ýþ¤�¢

z �
X
i

cix
i =

X
i

(z(�1)
i

ci)x
i: (7)

,(0010)G ,(0100)G ,(1000)G ��ÞÜî ´¨� üê�î ,´¨� CCC×þ Àî ßþ� �îßþ� ö¢�¢ ö�È÷ ý�Â�
ß þ� � î Ý � û¢ ö� È ÷ ø ù¢� Þ ÷ �Â® z ¤¢ ²� éÂÏ ¥� �¤ � ú ÷� Å ³ ¨ .Ý þÂ � Ú � Â Ñ ÷¤¢ �¤ (0001)G
;´¨� ¼®�ø 7 ø 6 Í��ø ¤ �� ���� �� °ÜÎõ ßþ� ñø� ý���¨ ý�Â� .Àª��üõ Àî �� ÕÜãµõ ,�Â®Û¬��

:ñ�·õ ý�Â�
z � (0100)G = z � (m0m3 +m3

0
m1x)

= zm0m3 + z�1m3

0
m1x = (0010)G:

:ßþ�Â�ùø�ä
z � (0001)G = z � (z2m0m3 + z�2m3

0
m1x)

= z3m0m3 + z�3m3

0
m1x

= (1+ z)m0m3 + (1+ z6)m3
0
m1x

= (0110)G:

\ù¢�¨" ÛØª ×þ �� Àó�õ ÅþÂ��õ ×þ ý�¤�¢ �È�Þû CCC×þ �î ´¨� ö� �Â�� ��Ìì ¥� üÜ¬� �µØ÷
Â�Ñ÷ �ú÷� «��¡ �ãó�Îõ ø ö�¨� ´±Æ÷�� üþ�ûñ�·õ ´¡�¨ ö�Øõ� ,°ÜÎõ ßþ� .´¨� 6 �Î��¤ �� ���Èõ

.¢¥�¨üõ ßØÞõ �¤ ¢�¥� �Ü¬�ê

�û¢�ú�È�� 13.6

�fµ±Æ÷ ý�û¶½� .À÷Àª üêÂãõ (]20[ â�Âõ .í.¤) 1995 ñ�¨ ¤¢ 13§��ó� Í¨�� ßª�ó�÷�î ý�ûÀî
.Àª �ÂÎõ ,Â�¡ �þ À�µÆû üî�Ü� ý�ûÀî ¥� \Âµú� " ßª�ó�÷�î ý�ûÀî �þ� �î ñ��¨ ßþ� ¢¤�õ¤¢ ý¢�þ¥
¥� ý¤��Æ� .À÷Àª ù¢Â� ¤�î�� Õê�õ ¤�Ï�� ÛÞä ¤¢ ßª�ó�÷�î ý�ûÀî ,Õ�Þä ü®�þ¤ Àþ¢ ×þ ¢�±Þî Ýì¤��
.í.¤) �Ìê ÕÞä ¤¢ �ûù¤��û�õ ¥� üØþ ´þ¤�õ�õ ý�Â� .À÷�ùÀª ��¿µ÷� üê¢�Ê� ¤�Ï�� ü÷�¨��� �ûÀî ßþ�
.Àþ¢Âð �ÂÎõ ßª�ó�÷�î ý�ûÀî ø üî�Ü� ý�ûÀî ¥� ü±�îÂ� ö� ¤¢ �î Àª ü��ÂÏ ù¦øÂ� ×þ ,(]1[ â�Âõ
Ý�ÆÖ� ´�� 12 ñ�Ï �� üþ�ûí�Ü� �� �¤ ö� ,�µêÂð �¤ ��ä�Ï� ¥� �µª¤ ×þ �î ¢�� �¤�¬ ßþ� �� ö� ùÀþ�
13P. Elias
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×þ �� ùÀõ� ´¨¢�� �µª¤ .À�þ�Þ÷ Àî [24;12] �µê� þ©ÂµÆð üÜð Àî Í¨�� �¤ �ûí�Ü� ßþ� ø ù¢�Þ÷
9.2 Ç¿� ¥� üì�½ó� ý�ûÀî ¢¤�õ ¤¢ �î ´¨� ý�ùÀþ� ���Èõ °ÜÎõ ßþ� .¢�ªüõ ¢¤�ø ßª�ó�÷�î ùÀ��îÀî

.Àª ù¢Â� ¤�î��
¥� ý�� ó� Ö õ � � �¤ ùÀ � ÷��¡ ,ßª� ó� ÷� î ý�ûÀî ø ý¤ø¢� ±ª ý�ûÀî ö� � õ üÏ� ± �¤� ùÀû�È õ ý�Â �
À÷���üõ üÜð Àî ñ�·õ ¤�Ï�� �î À÷¢�¢ ö�È÷ �ú÷� .Ý�û¢üõ á��¤� ,]66[ â�Âõ , 15ïÂ±Ü�� ø 14ßõ�ó�¨

.¢�ª üþ�ÈðÀî ø ý¤�ÁðÀî ßª�ó�÷�î ¥� ù¢�Ôµ¨� ��
üó�¨¤� �ÞÜî �� ,�Î¡ ý�Úó� ß�Þ¿� À�þ�Âê ,üî�Ü� ý�ûÀî üþ�ÈðÀî ¤¢ �î ÝþÀþ¢ 3.2 Ç¿� ¤¢
üÜ�¡ ¤�Ï�� üú��Èõ ùÀþ� .¢�� (5.3.2 ÓþÂã� �� á��¤�) 16´ê¤Ýû üêÂãõ ý�Â� ùÀþ� ßþ� .¢¤�À÷ üÚµÆ�
�� �¤ ùÀ�÷��¡ ,ùÀþ� ßþ� ù¤� �¤¢ ÂµÈ�� ���þÃ� ùÀû�Èõ ý�Â� .´ê¤ ¤�î�� ßª�ó�÷�î ý�ûÀî ý�Â� Õê�õ
�Î¡ ñ�Þµ�� �� ¯��Âõ ¸þ�µ÷ ¥� ü¡Â� .Ý�û¢üõ á��¤� ,]60[ â�Âõ , 18´¨�� ø 17ºþ�Øó�ª ¥� ý��ó�Öõ

.´¨� ùÀõ� 9.3 Ç¿� ]51[ â�Âõ ¤¢ ßª�ó�÷�î ý�ûÀî üþ�ÈðÀî ¥� Å�
.¢�ªüõ ´ê�þ ,]79[ â�Âõ , 19�Â�� Â�¡� ��µî ¤¢ ßª�ó�÷�î ý�ûÀî ù¤��¤¢ ¶½� ßþÂ�Ûõ�î

Û��Æõ 13.7

T1 �� ÂÒ��µõ À÷øâÞ� �� �¤ ý���Â®ø¢ ¤�Àõ ß�õ�¨ ß�� ¯�±�¤� �õ ,13.1 ÛØª ¤¢ À��î ­Âê .1.13.7

.Àª��üõ Ã�õ��ã��ê Û¬�� Àî �î À�û¢ ö�È÷ .Ýþ�ù¢�Þ÷ âÎì

Ç¿� À�÷�õ .Àª�� d �Ü¬�ê-ßþÂµÞî �� ý¤ø¢ Àî ×þ Àó�õ ý��ÜÞ�À�� g(x) À��î ­Âê .2.13.7
�õ Âð� .Ý��îüõ ù¢�Ôµ¨� 1

2
 Â÷ �� ßª�ó�÷�î Àî ×þ À�ó�� ý�Â� �¤ G1(x) ø G0(x) ý��ÜÞ�À�� ø¢ ,13.1

,1 �Î��¤ �Î¨�ø �� ù�ðö� ,g(x) = G0(x
2) + xG1(x

2) �î ÝþÂ�Ú� ÂÑ÷¤¢ ý¤�Ï �¤ �ûý��ÜÞ�À�� ßþ�
.Àª�� d ¥� ÂµÞî ¢�¥� �Ü¬�ê ö� ¤¢ �î ,À�û¢ ���¤� üó�·õ .À�µÆû g(x) ¥� ü�ÂÌõ ,ùÀªÀî ý�û�ó�±÷¢ üõ�Þ�

.À��î ×� 13.1 ÛØª ¤¢ ¢���õ ùÀ��îÀî ßµ¡�¨ �� �¤ �¹�µ÷

.À��î ß��ã� �¤ 6 �Î��¤ Í¨�� ùÀªù¢�¢ CCC ¢�¥� �Ü¬�ê .3.13.7

14G. Solomon
15H. C. A. Van Tilborg
16syndrome
17J. P. M. Schalkwijk
18K. A. Post
19Ph. Piret
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.1.2.5P
0�k<N=2

�N
k

�
qkpn�k < (pq)N=2

P
0�k<N=2

�N
k

�

= 2N�1(pq)N=2 < (0:07)N :

´¨¤¢ ü��ä�Ï� Û±Þ¨ 3 �� Â¹�õ �ú�þ� ¥� �� 8 �î Ý�÷�¢üõ .¢¤�¢ ¢��ø ßØÞõ ý�Î¡ ý�Úó� 64 .2.2.5
Ãþ�Þµõ �fõøÃó üþ��-3 �� 4 �ú�� �î ¢�¢ É�¿È� Àþ�� ,üÖ��õ ü¨¤Â� ý�Â� .¢¢Âðüõ üþ�ÈðÀî ¥� Å�
ñ�Þµ�� ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ (s1; s2; s3) = (1;1;0) ñ�·õ ¤�Ï�� ,ñ�Þµ�� ×þ .¢¤�¢ ¢��ø (s1; s2; s3)
,(100101) ,(010011) ,(110000) ,(011101) ,(101011) ý�Î¡ ý�û�Úó� Í¨�� À÷�� �üõ
ßþ� �õ Ý�ÞÊ� .¢�ª ¢�¹þ� ,Àª��üõ �ú÷� ßþÂ�ÛÞµ½õ �î (001000) �µ±ó� ø (111110) ,(000110)
×þ ø p2q4+2p4q2 ñ�Þµ�� �� ´¨¤¢ ü��ä�Ï� Û±Þ¨ ø¢ �¹�þ�¤¢ ,ßþ�Â���� ;e3 = 1 Ý��î ­Âê �î ´¨�

.Ýþ¤ø�üõ ´¨¢�� �¤ 2p3q3 + p5q ñ�Þµ�� �� ´¨¤¢ ü��ä�Ï� Û±Þ¨
:Ýþ¤�¢ Âþ¥ �¤�¬ �� �¤ Û±Þ¨ ý�Î¡ ñ�Þµ�� ,���Èõ ©ø¤�� ���� Âþ�¨ ü¨¤Â� ��

1

3
(22p2q4 + 36p3q3 + 24p4q2 + 12p5q + 2p6)

= 1

3
(22p2 � 52p3 + 48p4 � 16p5):

üþ�ÈðÀî öøÀ� 0:001 ¤�ÀÖõ � � �¤ ö� ö�� �üõ �î ´¨� 0:000007 � � Â ��Â � ¤�ÀÖõ ßþ� ,� õ ñ� ·õ ¤¢
.¢�Þ÷ �Æþ�Öõ
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:ÀþÂ�Ú� ÂÑ÷¤¢ �¤ Âþ¥ �¤�¬�� �ûüþ��-8 üõ�Þ� ,�ÞÜîÀî ö���ä�� .3.2.5

( a1; a2; a3 a2 + a3; a1 + a3; a1 + a2; a1 + a2 + a3 ) :

ñø� Û±Þ¨ Çª á�Þ¹õ �î üê�®� Û±Þ¨ ×þ ö¢�Þ÷�ê�®� ø Û±ì �ó�Æõ ¥� �ÞÜî ´Èû ßµêÂð �� Àî ßþ�
ÂÚþÀØþ �� ö�Øõ �ø¥ ý¢�Àã� ¤¢ Ãþ�Þµõ �ÞÜîÀî ø¢ Âû �î ´¨� ßþ� ,ö� Â���� .´¨� ùÀª ¢�¹þ� ,´¨�

.x; y Ãþ�Þµõ �ÞÜîÀî ø¢ Âû ý�Â� d(x; y) � 4 ü�ãþ ;À÷¤�¢ �ø�Ô�

ý�Â � .À ª � µ ¡�¢Â � ö� � � 2.2 Ç¿ � ¤¢ � î ´ ¨� ý¢¤� õ � � � �� È õ � Î ¡ ý� û� Ú ó� ü ¨¤Â �
:Ýþ¤�¢ (e1; e2; � � � ; e7)

e2 + e3 + e4 = s1;

e1 + e3 + e5 = s2;

e1 + e2 + e6 = s3;

e1 + e2 + e3 + e7 = s4;

�Î¡ º�û �� �Î¡ ý�Úó� Í¨�� À�÷���üõ �ú�þ� ¥� �� ´Èû .¢¤�¢ ¢��ø ßØÞõ (s1; s2; s3; s4) ü�øÂ¡ 16
Í¨�� À�÷���üõ ö�÷� ¥� ×þ Âû �î ý¤�Ï�� ,À÷¤�¢ ¢��ø �� ´Ôû ,üÖ��õ ö��õ ¥� .À÷�ª ¼þÂÈ� �Î¡ ×þ �þ
�� ÂÒ��µõ (s1; s2; s3; s4) = (1;1;0;0) ñ�·õ ¤�Ï�� ;À÷�ª ¼þÂÈ� �Î¡ ø¢ �� �Î¡ �ø�Ôµõ ý�Úó� 3
ßþÂµÈ�� .Àª��üõ ,´¨� (0001100) �þ (1100000) ,(0010001) �¤�¬�� �î (e1; e2; � � � ; e7)
Âþ¥ �¤�¬�� ´¨¤¢ üþ�ÈðÀî ñ�Þµ�� ßþ����� .Àª��üõ �Î¡ �¨ á�ìø ,(1;1;1;0) ý�Â� ÛÞµ½õ Ó�¬��

.´¨�

q7 + 7q6p+ 7q5p2 + q4p3:

.´¨� ÂµÞî  Â÷ ý�¤�¢ ��Âð� ,´Æ�÷ üÜ±ì ¥� Âµú� üÜ�¡ Àî ßþ� ü�ãþ ;´¨� 1� 14p2 �� Â��Â� �f¢øÀ� ö�

ý¤�ÂØ � Û±Þ¨ ×þ ´¨¤¢ ´ê� þ¤¢ ñ�Þ µ�� ,� ûÛ±Þ¨ ¤�ÂØ � ¥� ù¢� Ô µ¨� � � À î ß þ� ý�Â � .4.2.5
ñ� Þ µ �� ý�¤�¢ (a1; a2; a3; a1; a2; a3) �� Þ Ü îÀ î � � 6 ñ� Ï � � À î ,ß þ�Â �� � � ;´¨� 1 � p2 � � Â ��Â �
ø¢ Âû �î ´¨� ´�¬�¡ ßþ� ý�¤�¢ 2.2.5 �ó�Æõ ¤¢ ¢���õ Àî .´¨� ´¨¤¢ ´ê�þ¤¢ (1� p2)3 = 0:97

ü¨¤Â� ,âì�ø ¤¢ .À÷�¨Â� ý¤Â® À÷���üÞ÷ ,ùÀªí�� ö�Øõ ø¢ ,ßþ�Â���� ;À÷¤�¢ ëÂê ö�Øõ �¨ ¤¢ �ÞÜîÀî
.À�÷�¨¤üÞ÷ ý¤Â® Ã�÷ �ú�þ� ¥� �� 16 �î Àû¢üõ ö�È÷ ùÀªí�� ö�Øõ �¨ �� ßØÞõ ý�Î¡ ý�û�Úó� ô�Þ�
ßþ� .¢�ªüõ Â¹�õ (1� p)3(1+ 3p+ 6p2 + 6p3) = 0:996 ¼�½¬ ´ê�þ¤¢ ñ�Þµ�� �� ,°ÜÎõ ßþ�

.À�µÆû ���Èõ ¤��Æ� Àî ø¢ �î ´¨� ´�ãì�ø ßþ� ßµêÂð ÂÑ÷¤¢ �� ý��Ñ��õ Û��ì ¢�±ú� ¤�ÀÖõ
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Â��ç� 2e1 + e2 Â·î�À� �� üÜ¡�¢ ý�û�Â®Û¬�� .À��î ¢¤�¡Â� �ûÂÔ¬ À�÷�õ ,ùÀªí�� �� .5.2.5
.À��îüõ

�î À�îüõ ��¹þ� (2) ø (1) Íþ�Âª .À��î ßþÃðý�� +1 �� �¤ 0 ×þ ø -1 �� �¤ 1 ×þ .6.2.5
,ýÀî ß��� ´¡�¨ ý�Â� .jcj � 16 ,ßþ�Â��� � ;À�ª�� R16 ¤¢ ýÀõ�ãµõ ý�û¤�¢Â� ,��ÞÜîÀî Âþø�Ê�
¢��ø éøÂãõ ¤�µ¡�¨ ×þ .Ýþ¤�¢ ¥��÷ ýÂÎ¨ Âû ¤¢ -1 �� Çª �� 16 �±�Âõ ¢¤�õ�¢�û ÅþÂ��õ ×þ ��
�¤�¬�� ��ÞÜîÀî ßµª�÷ ,ö� Ó�¬�� ©ø¤ ßþÂ�ö�¨� �î À�îüõ �Öó� �¤ üþø¢ø¢ Àî ×þ ö� .¢¤�¢
üþ�� ÂÚõ ,ö�µ¨ ø ÂÎ¨ ßþ� ¤¢ �¤ �û 1 ;Àþ¤�¢ �Ú÷ ´��� �¤ ö�µ¨ ø ÂÎ¨ ×þ .´¨� 4 ¤¢ 4 ý�ûÅþÂ��õ
ý��ø¢ Âû âì�ø ¤¢ �î Ýþ��µê�þ 6 ö¥ø �� �ÞÜî 16 �õ ,©ø¤ ßþ� ¤¢ .À��î ÂÖµÆõ ,À��î üì�� ÂÚþÀØþ �� �î

.À�µÆû 8 �Ü¬�ê ý�¤�¢ �ú÷�
.À�µÆû �ø�Ôµõ ö�Øõ ø¢ ¤¢ x �� �î ý¤�Ï�� ,À÷¤�¢ ¢��ø �ÞÜîÀî n=2 Â·î�À� ,x Âû ý�Â� .7.2.5
(n� 2)=2 Â·î�À� ù�ðö� ,Àª�� �µª�¢ �ø�Ô� ö�Øõ ×þ ¤¢ �fÖ�ì¢ x �� �î Àª�� �µª�¢ ¢��ø ý��ÞÜîÀî Âð�
Âû ý�Â� .(´¨� �ø¥ n �Â þ¥) À�µÆû �ø�Ôµõ ö�Øõ ø¢ ¤¢ x � � �î ý¤�Ï�� ,À÷¤�¢ ¢��ø ÂÚþ¢ �ÞÜîÀî
,À÷¤�¢ ¢��ø �ÞÜî �n

2

� ø ´¨� �ø�Ôµõ ö�Øõ ×þ ¤¢ x �� �î ý¤�Ï�� ,À÷¤�¢ ¢��ø �ÞÜî n �fÖ�ì¢ ,c �ÞÜîÀî
.À�µÆû �ø�Ôµõ ö�Øõ ø¢ ¤¢ �î ý¤�Ï��

:Ýþ¤�¢ ,Àþ¤�ÞÈ� ©ø¤ ø¢ �� �¤ (x; c) ý�û�ø¥

jcj:
 
n

2

!
� jcj:n:n� 2

2
+ (2n � jcj:(n+ 1)):

n

2
;

.´¨� ¤�ÂìÂ� ýø�Æ� ö� ¢¤�õ ¤¢ �î ´¨� üó�·õ 2.1 Ç¿� ¤¢ ¢���õ Àî .¢�ªüõ Û¬�� �¹�µ÷ ö� ¤¢ �î

3 ÛÊê

�ó¢�ãõ ßþ� .l ¼�½¬ Âþ¢�Öõ ü¡Â� ý�Â� P3
i=0

�n
i

�
= 2l Ýþ¤�¢ 6.3.1 ¯Âª ¥� ù¢�Ôµ¨� �� .1.3.8

Çû�î ,(n+ 1)f(n + 1)2 � 3(n+ 1) + 8g = 3:2l+1 ü�ãþ ,(n+ 1)(n2 � n+ 6) = 3:2l+1 ��
Â� �õ� ,´¨� ÂþÁ�Ç¿� 8 Â� ²� éÂÏ Ûõ�ä ß�õø¢ ù�ðö� ,Àª�� ÂþÁ�Ç¿� 16 Â� n+ 1 Âð� .À��þüõ
��Üäô�ÆÖõ ×þ n+ 1 ,ßþ�Â���� ;´¨� Ëì��� ×þ �î ´¨� 24 �þ 8 ö� ü�ãþ ;´Æ�÷ ÂþÁ�Ç¿� 16
ý�Â� .À�îüÞ÷ ëÀ¬ �ó¢�ãõ ßþ� ¤¢ n = 11 �õ� ,n = 7;11 �þ 23 �î Ý����üõ n � 7 ö�� .´¨� 24

.À���±� �¤ 4.2 Ç¿� ,n = 23 ý�Â� .´¨� �÷�Þ÷ ×þ M = f0;1g Àî ,n = 7

ü��Êµ¿õ ý�¤�¢ c �î ¢¤�¢ ¢��ø ö�Øõ k ¥� ý��ä�Þ¹õ .w(c) � n� k ,c 2 C À��î ­Âê .2.3.8
k ý�Â� .d > n� k ,ßþ�Â���� ;c = 0 Ýþ¤�¢ ,´¨� ö¤�Öµõ ö�Øõ k ßþ� ýø¤ C ö�� .´¨� ÂÔ¬ �� Â��Â�
.d � n� k+1 ü�ãþ ;À�µÆû �ûö�Øõ ßþ� ¤¢ ÂÔ¬ d�1 Ûõ�ª �î À÷¤�¢ ¢��ø ü��ÞÜîÀî ,ùÀª ù¢�¢ ö�Øõ
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�� ÂþÁ�×�ØÔ� Àî ×þ [n; k; n� k + 1] Àî ×þ ,3.1 Ç¿� ¤¢ ùÀª ù¢�¢ ÂþÁ�×�ØÔ� ÓþÂã� �� Õ��Îõ
.¢�ªüõ ùÀ�õ�÷ (MDS Àî) 1�Ü¬�ê ßþÂµÈ��

;´¨� �ø¥ w(c) ü�ãþ ,< c; c >= 0 �î ´¨� ´�¬�¡ ßþ� ý�¤�¢ c 2 C Âû ,C � C? ö�� .3.3.8
1 ö¢�Þ÷ �ê�®� �� C?nC ,ßþ�Â���� ;´¨� ¢Âê �ÞÜî ñ�Ï ö�� ,< 1;1 >= 1 �õ� .< c;1 >= 0 ,ßþ�Â����

.´¨� ùÀõ� ´¨¢�� C ��ÞÜî üõ�Þ� ��
Àî ß��� À�î ÂØê üÆî ´¨� ßØÞõ ,7jcj = 63 < 26 ö�� . jB1(x) j = 1+ 6 = 7 .4.3.8
¥� ü¡Â� ,ýÂ��±î �÷� Û¬� ¥� ù¢�Ôµ¨� �� ù�ðö� ,Àª�� �µª�¢ ¢��ø üþC ß��� Âð� ,�õ� .¢¤�¢ ¢��ø üþC
Àî ×þ �ûÛ±Þ¨ ßþ� éÁ� �� .À�µÆû Â¡� ö�Øõ ø¢ ¤¢ ü÷�ÆØþ ý�ûÛ±Þ¨ Ûõ�ª C üþ��-3 ��ÞÜî
ßþ� ¥� üØþ ,´�Üî ¥� ßµ¨�î öøÀ� .¢�ªüõ ¢�¹þ� 3 �Ü¬�ê-ßþÂµÞî ø 4 ñ�Ï�� �ÞÜî �¨ �� C 0 üþø¢ø¢
ÂµÞî �Ü¬�ê ø ¤ßþ� ¥� ø ´¨� 3 ýø�Æõ �þ ÂµÈ�� ö¥ø ý�¤�¢ ÂÚþ¢ ý��ø¢ ,ßþ�Â���� ;´¨� ÂÔ¬ �� Â��Â� ��ÞÜî

.Àª��üõ Ëì��� ×þ �î ´¨� 2 ýø�Æõ �þ
�î ý¤�Ï�� ,Ý����� C ý�Â� �þ�� ×þ ´¨� ßØÞõ i Âû ý�Â� ,ü��õÀÖõ üÎ¡Â±� ¥� ù¢�Ôµ¨� �� .5.3.8
�fÖ�ì¢ ,ßþ�Â���� ;Àª�� ö�Øõ ö� ¤¢ 1 ×þ Ûõ�ª üÖ��õ ø Àª�� i ö�Øõ ¤¢ ÂÔ¬ ×þ Ûõ�ª �þ�� ¤�¢Â� k � 1

.´¨� i ö�Øõ ¤¢ 0 ×þ Ûõ�ª �ÞÜîÀî qk�1

´¨¢�� C ö¥���ü¨¤Â� ÅþÂ��õ �� 1 ÂÎ¨ ö¢�Þ÷�ê�®� �� �ø¥ ö¥ø �� ��ÞÜî Ûõ�ª C ÀîÂþ¥ .6.3.8
.¢�ªüõ ¢Àä 1 ù¥�À÷� �� Àî Àã� Çû�î ¶ä�� ßþ� .Àþ�üõ

:Ýþ¤�¢ c 2 C Âû ý�Â� Àó�õ ÅþÂ��õ ¥� .7.3.8

c1 + c2 + c5 = c3 + c4 + c6 = c1 + c2 + c3 + c4 + c7 = 0:

:ý�ûôø¤À��¨ ,ßþ�Â����

(s1; s2; s3) = (e1 + e2 + e5; e3 + e4 + e6; e1 + e2 + e3 + e4 + e7);

×þ (1) ,ßþ�Â��� � ;À�µÆû (1;0;1) ,(0;0;1) ,(0;0;0) � � Â��Â� °��Â� �� üµê�þ¤¢ �ÞÜî �¨ ý�Â�
(3) ;´¨� 7 ö�Øõ ¤¢ �Î¡ ×þ Ûõ�ª (2) üþ�Þ÷´¨¤¢ ßþÂµÈ�� �� üþ�ÈðÀî ¥� ù¢�Ôµ¨� �� ;´¨� �ÞÜîÀî

.Ýþ¤�¢ ��¿µ÷� ×þ �õ ,ßþ�Â���� ,´¨� 2 ö�Øõ ¤¢ �Î¡ ×þ �þ 1 ö�Øõ ¤¢ �Î¡ ×þ Ûõ�ª
.8.3.8

�¤� ¬ß þ� ¤¢ ;�2 = �1 � î ý¤� Ï� � ,¢¤�¢ ¢� �ø � 2 Fp × þ ù� ðö� ,p � 1 mod 4 Â ð� (1
.´¨� ÂÑ÷¢¤�õ Àî ¥� Àó�õ ÅþÂ��õ ×þ G = ( I4; �I4 )

1 maximum distance separable code
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;À�µÆ�÷ üã�Âõ Fp Â¬��ä üõ�Þ� �î Ý��îüõ ù¢�Ôµ¨� ´�ãì�ø ßþ� ¥� ù�ðö� ,p � 3 mod 4 Âð� (2
ü�ãþ ;´Æ�÷ üã�Âõ �+ 1 ö� ¤¢ �î ,� = �2 Ý�þ�ð ,´¨� üã�Âõ �î ¢¤�¢ ¢��ø � ×þ ,ßþ�Â����

:Å� ;�2 + 
2 = �1 �Áó ,�+ 1 = �
2

G =

0
BBBB@
1 0 0 0 � 
 0 0

0 1 0 0 �
 � 0 0

0 0 1 0 0 0 � 


0 0 0 1 0 0 �
 �

1
CCCCA ;

.Àû¢üõ ô�¹÷� �¤ ¤�î ßþ�

.À���±� �¤ 3.3.3 ñ�·õ ù�ðö� ,p = 2 Âð� (3

.9.3.8

�A2k = ø �A2k�1 = 0 �¤�¬ßþ� ¤¢ ;Àª�� �C ü÷¥ø âþ¥�� ( �A0; �A1; � � � ; �An; �An+1) À��î ­Âê (1
,PA2k�1z2k�1 = 1

2
fA(z)�A(�z)g øPA2kz

2k = 1

2
fA(z)+A(�z)g ö�� .A2k�1+A2k

. �A(z) = 1

2
f(1+ z)A(z) + (1� z)A(�z)g Ýþ¤�¢

:Àª��üõ Âþ¥ �¤�¬�� n+ 1 = 2k ñ�Ï �� �µê�þ©ÂµÆð Àî ü÷¥ø ùÀ÷¤�Þª ,(2) �Î��¤ ø (1) ¥� (2

1

2

(
(1+ z)n+1 + (1� z)n+1

n+ 1

)
+

n

n+ 1
(1� z2)(n+1)=2:

1+ 2nz(n+1)=2 + zn+1 �� Â��Â� ö�ðø¢ Àî ü÷¥ø ùÀ÷¤�Þª .ÝþÂ�ðüõ ¤�î�� �¤ 2.3.5 ��Ìì ñ��
.À�µÆû 2k�1 ö¥ø ý�¤�¢ 1 ø 0 Ã��� Àî ßþ� ��ÞÜî üõ�Þ� ü�ãþ ;´¨�

ý�Ú ó� ß þ� ñ� Þ µ�� ù� ðö� ,w(c) = i Â ð� .´¨� c Â Ô¬� ÷ �Þ Ü îÀ î ×þ ,�Î¡ ý�Ú ó� ß þ� .11.3.8
� � Â ��Â � ùÀ È ÷ ù¢�¢ É � ¿ È � ý� Î ¡ × þ ñ� Þ µ �� ,ß þ�Â �� � � ;´ ¨� pi(1 � p)n�i � � Â ��Â � � Î ¡

.´¨� (1� p)nf�1+A(p=(1� p))g
À��î ÓþÂã� .Àª�� ¢¤�À÷�µ¨� ôÂê ¤¢ Ci ý�Â� Àó�õ ÅþÂ��õ ×þ (i = 1;2) Gi À��î ­Âê .12.3.8
Â��Â� �î i ÂÎ¨ Ã� ,Aij ñø� ÂÎ¨ k1 .Àþ�üõ �õ�¢� ¤¢ �î ö���ö� (1 � j � k2 ,1 � i � k) Aij 2 R
ß�õ�j ù¢�ú÷�Â� �î j ö�µ¨ Ã� ,ñø� ö�µ¨ k2 ���Èõ ¤�Ï�� ø À�µÆû ÂÔ¬ �� Â��Â� ,´¨� G1 ÂÎ¨ ß�õ�i ��
R ¤¢ Aij �Ìä ×þ �µØþ ¤�Ï�� °ÜÎõ ßþ� �î ¢�ªüõ ùÀþ¢ ü÷�¨��� .À�µÆû ÂÔ¬ �� Â��Â� ,´¨� G2 ö�µ¨
Ûõ�ª A 2 R Âð� .À��îüõ À�ó�� �¤ C Àî �î À�µÆû R üÎ¡ ÛÖµÆõ ÂÊ�ä k1k2 �ûAij .À�îüõ ß��ã� �¤
ö�µ¨ d1 Ûì�À� Ûõ�ª ü�ãþ ;´¨� d1 ýø�Æõ �þ Âµð¤Ã� ö¥ø ý�¤�¢ ÂÎ¨ ßþ� ù�ðö� ,Àª�� ÂÔ¬�÷ ÂÎ¨ ×þ
âì�ø ¤¢ .´¨� d1d2 ýø�Æõ �þ Âµð¤Ã� �Ü¬�ê-ßþÂµÞî ý�¤�¢ C ,ßþ�Â���� ;d2 ýø�Æõ �þ Âµð¤Ã� ö¥ø ��

.´¨� ¤�ÂìÂ� ýø�Æ�
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×þ ùÀ��î¼�½Ê� ø ù¢�� Ûõ�î �î ´¨� ¤�ÂØ� Àî 10 ø 9 ,1 ý�ûö�Øõ ýø¤ ÀîÂþ¥ ßþ� .13.3.8
;´¨� Ûõ�î ß���Ýû �î ´¨� [7;4] Ù��Þû Àî ,ùÀ÷�õüì� � ö�Øõ ´Ôû ýø¤ ÀîÂþ¥ ßþ� .´¨�Î¡
.Ýþ¤�¢ �ûö�Øõ ¥� �ä�Þ¹õÂþ¥ ø¢ ßþ� ¥� ×þ Âû ýø¤ �Î¡ ×þ Â·î�À� ¼�½Ê� ¤¢ üþ�µØþ ©ø¤ ,ßþ�Â����

.´¨� 2 üÈª�� á�ãª ø 3 �Ü¬�ê-ßþÂµÞî ý�¤�¢ C
.14.3.8

�Ü�Âõ 2i ¥� Å� �ÞÜî ñ�Ï i < k ý�Â� ø Ýþ¤�¢ üÎ¡ Àî ×þ ,��¿µ÷� 2k ¥� Å�" =: Ak ý�ä¢� (1
ü¡Â� ý�Â� Ak À��î ­Âê .´¨� ´¨¤¢ �ä¢� ßþ� ,k = 1 ý�Â� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ \À��þüõ Çþ�Ãê�

:´¨� Âþ¥ ��±ª ùÀª��¿µ÷� ��ÞÜî ´Æ�ó .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ c2k �ÞÜîÀî .Àª�� ´¨¤¢ k Âþ¢�Öõ

A

8>><
>>:

c0 = 0 0 � � � 0 0 � � � 0

...
c
2k�1�1 = � � � � � 1 0 � � � 0

B

8>><
>>:

c
2k�1

= � � � � � � 11 � � � 1

...
c2k�1 = � � � � � � 11 � � � 1

Â ð� .À ÷�ùÀ õ� ´ ¨¢� � A �� Þ Ü î � � c
2k�1

ö¢� Þ ÷� ê� ®� � � B ¤¢ ¢� �� õ �� Þ Ü î ö� ¤¢ � î
ù� ðö� ,´ ¨� Â µ ð¤Ã � ü þ� ± Ô ó� Â Ñ ÷ ¥� ö� ö� � ,À ª� � B �� Þ Ü î � � ö� Æ Ø þ ü ó� Ï ý�¤�¢ c2k
� õ� .´¨� ö� Ø õ ß þÂ¡� ¤¢ Â Ô¬ ¤�¢Â � Û õ� ª x ö� ¤¢ � î ,Àª� � c

2k�1
+ x ÛØª� � À þ� � c2k

x Àþ�� �õ �î Àû¢üõ ö�È÷ ,0 � i < 2k�1 ö� ¤¢ �î ,d � d(c
2k�1

+ x; c
2k�1

+ ci) = d(x; ci)

�î üõ�Ú�û ,Àî ßþ� ñ�Ï ,ßþ�Â �� � � ;´¨� Ëì�� � ×þ �î Ý�ª� � ù¢Âî ��¿µ÷� c
2k�1

ý���� �¤
ý�Â� c2k+i = c2k + ci Ýþ�ù¢�¢ ö�È÷ À��î ­Âê ñ�� .À��þüõ Çþ�Ãê� ,Ý��îüõ ��¿µ÷� �¤ c2k
,d(c2k + cj; c2k + ci) = d(ci; cj) � d Ýþ¤�¢ .(´¨� ´¨¤¢ i = 0 ý�Â� °ÜÎõ ßþ�) 0 � i < j

ci + cj = cv Ýþ¤�¢ ö¢�� üÎ¡ ­Âê ¥� ù¢�Ôµ¨� �� ö�� d(c2k + cj ; ci) = d(c2k ; ci + cj) � d

c2k+j �ÞÜîÀî ý�Â� ßØÞõ ��¿µ÷� ×þ c2k + cj �î À�îüõ ��±�� °ÜÎõ ßþ� .v ý¤�ÀÖõ ý�Â�
­Âê ,ÅØäÂ� .´¨� ��¿µ÷� ßþÂµÞî ö� �î ´¨� °ÜÎõ ßþ� ö¢�¢ ö�È÷ ,ÛØÈõ ´ÞÆì .´¨�
°��Â� ý�Â� �¤ � ¢�Þ÷) c2k + x � c2k + cj ö� ¤¢ �î ,Àª�� c2k + x �� Â��Â� ��¿µ÷� ´þ� À��î
x ,cj À�îüõ ��¹þ� ýø�Æõ�÷ ßþ� .x � cj Ýþ¤�¢ �ÂÖµ¨� ­Âê ¥� ù¢�Ôµ¨� �� .(ÝþÂ�üõ ¤�î�� üþ�±Ôó�

.À�ª�� Âþ¥ ��±ª c2k ø

cj = � � � � � 0 a1a2 � � � at 0 0 � � � 0 0

x = � � � � � 1 a1a2 � � � at 0 0 � � � 0 0

c2k = � � � � � 1 �� � � � � � � � � � � � � � � � � � � �1
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ýÂ � ð¤� î� � � � �f¢À¹ õ) À � îü õ ��¹ þ� ,´¨� ñ� ± ìÛ �� ì ��¿ µ ÷� × þ c2k + x � îß þ� ­Â ê
:�î (ö¢��üÎ¡

d(c2k + x; cj + ci) � d; 0 � i < 2k ý�Â�;

:ü�ãþ
d(c2k + x+ cj; ci) � d; 0 � i < 2k ý�Â�:

ßþ� .´¨� Ëì��� ×þ �î ´¨� ù¢�±÷ ßþÂµÞî c2k ��¿µ÷� ßþ� ü�ãþ ;c2k + x + cj � c2k �õ�
.À�îüõ Ûõ�î �ÂÖµ¨� �� ���� �� �¤ Ak ý�ä¢� ��±�� ,°ÜÎõ

Ck Âð� .Àª�� ¤�¢Â� 2k ��¿µ÷� ¥� Å� Àî ñ�Ï nk À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ d = 3´ó�� ,ñ�� (2
Âû �� 2 ýø�Æõ �þ Âµð¤Ã� �Ü¬�ê ý�¤�¢ �î ¢¤�¢ ¢��ø nk ñ�Ï�� x ¤�¢Â� ×þ ù�ðö� ,Àª�±÷ Ûõ�î
nk+1 = nk + 1 �õ �� ßþ� .´¨� c2k ý�Â� ßØÞõ ��¿µ÷� ×þ (x;1) ,ßþ�Â���� ;´¨� Ck ¥� �ÞÜî
nk+1 = nk + 2 � î ´ ¨� ¼ ®�ø ù� ðö� ,À ª� � Û õ� î Ck ,Â Ú þ¢ éÂ Ï ¥� ,Â ð� .À û¢ü õ �¤
ø k = 2a � a � 1 + i ý�Â � nk ñ� Ï " =: B� ý� ä¢� ñ� � .c2k = (1;0;0; � � � ;0;1;1) ø
×þ Âû ¤¢ .¢�ªüõ �¹�µ÷ ë�ê ùÀû�Èõ ¤¢ �ÂÖµ¨� ¥� ù¢�Ôµ¨� �� \.´¨� 2a + i �� Â��Â� 1 � i < 2a

.´¨� Ù��Þû Àî ×þ üþ�ú÷ Àî ,B� ¤¢ ¤�îÁõ ý�û�ó�±÷¢ ¥�

Â�è¤¢ �Âþ¥ ,Àª�� 5 ö¥ø �� �ÞÜî ×þ Ûõ�ª Àþ�� C ù�ðö� ,Àª�� [15;8;5] Àî ×þ C Âð� .15.3.8
�� ý�ð 28 �Âþ¥ ,Àª�� �µª�¢ ¢��ø À÷���üÞ÷ �î Ý��î Â»�� �¤ [14;8;5] Àî ×þ Ý�÷���üõ �¤�¬ßþ�
ñø� ÂÎ¨ ö���ä�� �¤ ý��ÞÜî ß��� .(À���±� �¤ 9.5.2 ��Ìì) ´¨� ý¢�þ¥ ¤��Æ� ¯�Ö÷ Ûõ�ª 2 á�ãª
Àî ×þ ÂÚþ¢ ÂÎ¨ ´Ôû ,´¨� ÂÔ¬ Ûõ�ª ÂÎ¨ ßþ� �î üþ�ûö�Øõ ýø¤ .ÀþÂ�Ú� ÂÑ÷¤¢ Àó�õ ÅþÂ��õ
ËÖ÷ �¤ üÈª��-ý�ð ¯Âª ßþ� ,�f¢À¹õ .Àª�� 3 �Ü¬�ê-ßþÂµÞî Ûõ�ª Àþ�� �î À��îüõ À�ó�� [10;7]

.(À���±� �¤ 4.4 Ç¿� ¤¢ ùÀ÷�õüì�� ý�ûÀî ´ÞÆì) .À�îüõ

4 ÛÊê

�ÞÜî 2m+1 Ûõ�ª ö� ü�ãþ ;´¨� m+ 1 Àã� ý�¤�¢ R(1;m) ,6.4.5 ÓþÂã� ¥� ù¢�Ôµ¨� �� .1.4.8
×þ AG(m;2) �½Ô¬Â�� 2(2m � 1) ¥� ×þ Âû ,9.4.5 ��Ìì ¥� ù¢�Ôµ¨� � � .´¨� n = 2m ñ�Ï��
�½Ô¬Â�� ×þ ¥� ý��Ê¿Èõ â��� �ÞÜîÀî Âû ,1 ø 0 ý�Â� Ã� ü�ãþ ;À�îüõ ��¹þ� �¤ R(1;m) �ÞÜîÀî
ßþ� ¥� ×þ Âû ¤¢ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �À±õ Â � ¤�õ �½Ô¬Â�� � � ÂÒ��µõ ��ÞÜîÀî ø ÂÔ¬ �ÞÜîÀî .´¨�
n ßþ� ,À÷¤�¢ üì�� �ÎÖ÷ 2m�1 ¤¢ �½Ô¬Â�� ø¢ ö�� .À��î ßþÃðý�� -1 �� �¤ ÂÔ¬ Û±Þ¨ ,��Êµ¿õ

.À�µÆû Àõ�ãµõ ø¢��ø¢ ¤�¢Â�
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5 ö¥ø �� �ÞÜîÀî ×þ �� 2 �Ü¬�ê ý�¤�¢ F11
3

¤¢ 3 ö¥ø �� �ÞÜî Âû ,´¨� Ûõ�î Àî ßþ� ö�� .2.4.8
­Âê .À�û¢ ö�È÷ B(x) �� �¤ x �� ÂÒ��µõ üþ��5 �ä�Þ¹õ .A5 = 23

�
11

3

�
=
�
5

2

�
= 132 ,ßþ�Â���� ;´¨�

,ßþ�Â �� � � ; jB(x) \ B(y) j > 3 �î ý¤�Ï�� ,À�ª� � 5 ö¥ø � � ý�ÞÜîÀî ,y 62 fx;2xg ,y ø x À��î
66 ø¤ßþ� ¥� .À�µÆû �ÞÜîÀî 2x+ y ø x+ y �Âþ¥ ,´¨� ßØÞõÂ�è �î w(x + y) + w(2x + y) � 8
.À�÷�ª��üõ �¤ üþ��4 ý�û�ä�Þ¹õ ô�Þ� ü�ãþ ,üþ��4 �ä�Þ¹õ 66:�5

4

�
=
�
11

4

� ¢�Àã� �� ,B(x) �ä�Þ¹õ
´Èðý�� ×þ ¥� Å� ø ´¨� 6 �Ü¬�ê ý�¤�¢ A ÂÎ¨ ø¢ Âû ,8.1.3 ��Ìì ýÂ�ð¤�î�� �� .3.4.8
�¤�¬ßþ� ¤¢ .À �ª� �üõ (111;000;111;00) ø (111;111;000;00) � � Â ��Â � � ú ÷� ,� ûÛ ±Þ¨
,xi �ÞÜî 66 .Àª�� (110;100;100;11) �þ (100;110;110;10) ¾�¨ ¥� Àþ�� A ÂÚþ¢ ÂÎ¨ Âû
üþ� ��¨ Âû ý�Â �) ë�ê ¢¤�À ÷� µ¨� ÛØª ¢Â �¤�î ø¢ ¥� ù¢�Ô µ¨� � � .À þÂ �Ú � ÂÑ÷¤¢ �¤ ,xj + xk °��Â �� �
ö�� .d(xi; xj + xk) = w(xi + xj + xk) = 4 �þ 8 ,d(xi; xi + xk) = w(xk) = 6 Ýþ¤�¢ (xi; xj; xk
3 �� �¤ �Ü¬�ê-ßþÂµÞî ,�ä�Þ¹õ �� �ÞÜî 66 ý�û�Ôó�õ ö¢�Þ÷�ê�®� d(x;1 + y) = 11� d(x; y)

.Àû¢üõ Û�ÜÖ�

.ÀþÂ�ð ¤�î�� 17 �±�Âõ üó�� ÅþÂ��õ ý�Â� �¤ 4.1 Ç¿� ¤¢ ¢���õ ¤�µ¡�¨ .4.4.8

.5.4.8

.´¨� (1; !;1; !;1; !) Í¨�� ùÀªÀ�ó�� üþ��6 Àî ÀîÂþ¥ �� ÂÒ��µõ ÀîÂþ¥ ßþ� À�û¢ ö�È÷ (1

.´¨� 4 Àã� ý�¤�¢ ÀîÂþ¥ ßþ� �î À�û¢ ö�È÷ ,G24 ý�Â� ��±�� À�÷�õ (2

.d = 4 À�û¢ ö�È÷ (3

Àî ×þ C 0 ÀþÀ� Àî .À��î Â»�� �¤ C .Àª�� �ø¥ d ø (n;M; d) Àî ×þ C À��î ­Âê .6.4.8
,´¨� (n;M; d) Àî ×þ �C 0 Àî .(Ý��î Â»�� °¨��õ ©ø¤ ×þ �� �¤ ö� �õ Âð�) ´¨� (n� 1;M; d� 1)

.À�µÆû �ø¥ ö¥ø ý�¤�¢ �C 0 ��ÞÜî üõ�Þ� �Âþ¥

:À�Æþ��� ù�ðö� ,À�ª�� 3 ¤¢ 3 ý�ûÅþÂ��õ S ø R Âð� .7.4.8
0
BBBB@
R S S S

S R S S

S S R S

S S S R

1
CCCCA := M(R;S):

Ý þ¤�¢ b ,a � Þ Ü î ø¢ ý�Â � .À � µ Æ û 9 ø 8 ,6 ,5 ý� ûö¥ø ý�¤�¢ ° � �Â �� � D ø C ,B ,A ý�ûÂÎ¨
�Â® ¥� ù¢�Ôµ¨� �� .´¨� ùÀª �±¨�½õ Z ¤¢ < a; b > ö� ¤¢ �î ,d(a; b) = w(a) + w(b) � 2 < a; b >
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:Ýþ¤�¢ üî�Ü�

AAT =M(4I + J;2J); BBT =M(3I + 3J;3J � I);

ABT =M(5J;3J)� 2BT ; 1 �þ 3 ý�û�þ�¤¢ �� ÅþÂ��õ ×þ:

ÂÎ¨ ×þ ø A ¥� ÂÎ¨ ×þ �îßþ� ø À�µÆû 8 �þ 6 �Ü¬�ê ý�¤�¢ ,B °��Â��� ,A ÂÎ¨ ø¢ �î ¢�ªüõ �¹�µ÷
5 �� Â��Â� Ûì�À� ùÀ÷�õüì�� ý�û�Ü¬�ê �î ´�ãì�ø ßþ� ,���Èõ ©ø¤�� .À�ª��üõ 9 �þ 5 �Ü¬�ê ý�¤�¢ B ¥�

:¢�ªüõ �¹�µ÷ Âþ¥ Í��ø ¤ ¥� À�µÆû

CAT = (4J � 2I;4J � 2I;4J � 2I;4J � 2I);

CBT = (4J;4J;4J;4J);

DAT = 3J +D; DBT = 3J + 2D;

CCT = 4J + 4I; DDT = 3I + 6J;DCT = 6J:

.(Àª ���¤� ]43[ â�Âõ 2´��óöø Í¨�� ¤�µ¡�¨ ßþ�)
ÂÎ¨ ø¢ Âû F3 ýø¤ �î Àþ�üõ Â� ß��� .AAT = 11I ø AT = �A Ýþ¤�¢ 8.1.3 ��Ìì ¥� .8.4.8
,ßþ�Â �� � � ;À � îüõ À� ó� � [24;12] ö�ðø¢¢�¡ Àî ×þ G ü�ã þ ;À � µÆû ÂÔ¬ üÜ¡�¢ �Â® ý�¤�¢ G
ö¥ø-ßþÂµÞî � � ��ÞÜî ñ�± ÷¢ �� �î ü÷�õ¥ ,ßþ�Â �� � � .´¨� C ý�Â� Àó�õ ÅþÂ��õ ×þ Ã� ÷ (A I )

ö�� .À��îüõ ´îÂª ö¥ø Ûî ¥� üÞ�÷ ¤¢ Â·î�À� ,ñø� ´�ãì�õ 21 �î Ý��î ­Âê ´¨� ßØÞõ ,Ýþ¢Âðüõ
ø ´¨� 1+ 11 = 12 ö¥ø ý�¤�¢ G ÂÎ¨ Âû .À�µÆû ÂþÁ�Ç¿� 3 Â� �ûö¥ø ô�Þ� ,´¨� ö�ðø¢¢�¡ C

;(¢�ªüõ �¹�µ÷ AAT = 11I ¥� °ÜÎõ ßþ�) ´¨� 2+ 7 = 9 ö¥ø ý�¤�¢ ÂÎ¨ ø¢ ¥� üÎ¡ °�îÂ� ×þ
Ýî ´¨¢ ø¤ßþ� ¥� ø ´¨� 3+ (11� 7) Ûì�À� ö¥ø ý�¤�¢ ÂÎ¨ �¨ ßþ� ¥� üÎ¡ °�îÂ� ×þ ,ßþ�Â����

.´¨� 9 ö¥ø-ßþÂµÞî ý�¤�¢ C �î Àû¢üõ ö�È÷ °ÜÎõ ßþ� .Àª��üõ 9 �� Â��Â�

4ÅÜ� Í¨�� �ûÀî ßþ� .À�µÆû 3ö¤�Öµõ ý�ûÀî ¥� üþ�û�÷�Þ÷ üÜð üþ���¨ Àî ø Àî ßþ� .1.14.0 ÂîÁ�
¢���õ (t = 5 �� üµ�) �û�ÂÏ�t ,°Üè� üþ�ûÀî ß��� ¤¢ ´��� ö¥ø �� ��ÞÜî .À÷Àª üêÂãõ (1972)

.Ý�û¢üõ á��¤� ]11[ â�Âõ �� �¤ ���õ¥ ßþ� ¤¢ À�õ�ì�Üä ùÀ�÷��¡ .À��îüõ �Öó� �¤ 2.4.8 �ó�Æõ ¤¢

(1) ´ÞÆì 3.4.5 ¥� Å� .À�ª�� R(1;m) ¥� �þ�� ý�û¤�¢Â� vm�1 ,... ,v0 ,1 À��î ­Âê 9.4.8
ý�û¤�¢Â� wm = (0;1) ,wm�1 = (vm�1; vm�1) ,...,w0 = (v0; v0) ,1 = (1;1) �î Ý����üõ (2) ø
2 J. H. van Lint
3 symmetry codes
4 V. Pless
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ÛØª �� R(r +1;m +1) �þ� � ¤�¢Â � ×þ ,ßþ�Â �� � � ;À�µÆû R(1;m + 1) ¥� (2m+1 ñ�Ï ��) �þ� �
�Â®Û¬�� ßþ� ¤¢ wm Âð� , ´¨� R(r + 1;m) ¥� �þ�� ¤�¢Â� ×þ ö���ä�� u �� (u; u) á�÷ ¥� wi1 � � �wis

�Â®Û¬�� ¤¢ wm Âð� ,Àª�� R(r;m) ¥� �þ�� ¤�¢Â� ×þ v ö� ¤¢ �î ,´¨� (0; v) á�÷ ¥� ö� ø ÀûÀ÷  ¤
� î Ý � ÷�¢ü õ ¤� µ ¡� ¨�(u; u + v) ¥� ù� ðö� À ª� � R(r;m) � Ü ¬� ê-ß þÂ µ Þ î d(r;m) Â ð� .À û¢  ¤

.¢�ªüõ �¹�µ÷ �ÂÖµ¨� �� 7.4.5 ��Ìì Å³¨ ø d(r + 1;m+ 1) = minf2d(r + 1;m); d(r;m)g
.10.4.8

� î ´ ¨� ¼ ®�ø .Ý þÂ � ðü õ Â Ñ ÷¤¢ Rn ¤¢ ü þ� û¤�¢Â � ö�� � ä� � �¤ c� = �ai ø x� ý� û¤�¢Â � (1
� î À ÷�ùÀ ª �� ¿ µ ÷� ý¤� Ï � ûai � î Ý � � î ­Â ê ´¨� ß Ø Þ õ .< x�; c� >= n � 2d(x; c)
,ßþ�Â���� ;À�µÆû pn ñ�Ï ý�¤�¢ �ûai üõ�Þ� ø x� ý�û¤�¢Â� .(1 � i � n) ´¨� ´±·õ < x�; ai >

,¢¤�¢ ¢��ø i ×þ �î ¢�ªüõ �¹�µ÷ .À�µÆû Àõ�ãµõ ø¢��ø¢ �ûai �Âþ¥ ,Pn
i=1 < x�; ai >2= n2

.´¨� pn �� Â��Â� Ûì�À� < x�; ai > �î ý¤�Ï��

â �� � × þ Â þ¢� Ö õ ´Æ � ó c ÓþÂ ã � ¥� ù¢� ç µ ¨� � � .c 2 R(1;m) ø m = 2k À � � î ­Â ê ñ� � (2
á�Þ¹õ ö� ¤¢ � î ,´¨� Fm

2
� � Õ Ü ã µ õ ¯� Ö ÷ ¢�À ã � d(x; c) ,ß þ�Â �� � � ø ´¨� Fm

2
ýø¤ üÎ¡

:�î À�ª�� �µª�¢ ���� .À÷Â�ðüõ �¤ 1 ¤�ÀÖõ üÎ¡ â��� ßþ� ø x1x2 + x3x4 + � � �+ x2k�1x2k

x1x2 + x3x4 + � � �+ x2k�1x2k + x1

x1�x2 + x3x4 + � � �+ x2k�1x2k;

ßþ� (Fm
2
ý�Â�) �xi := xi + 1 ��Êµ¿õ ��þÀ±� ¥� ý��ó�±÷¢ ,ßþ�Â���� ;�x2 := x2 + 1 ö� ¤¢ �î

â��� ßþ� ¤¢ 1 �ÜÞ� Âð¤) ö� ÛÞØõ �þ x1x2 + � � � + x2k�1x2k �� ¥ ¤�Ýû ü�¤�±ä �� �¤ á�Þ¹õ
.x1x2 + � � � + x2k�1x2k = 1 ö� ¤¢ �î ,Ýþ¤�Þªüõ �¤ üþx ¯�Ö÷ .Àû¢üõ Â��ç� (Àû¢  ¤ üÎ¡
Ý þ¤�¢ ö� ¥� � î ,nk = 3nk�1 + (22k�2 � nk) �� ®ø� � .À � û¢ ö� È ÷ nk � � �¤ ¢�À ã � ß þ�
(x1; x2; � � � ; x2k�1) ¤�¢Â � ßµêÂðÂÑ÷¤¢ � � À÷�� �üõ ß���Ýû ¤�ÀÖõßþ� .nk = 22k�1 � 2k�1

.´¨� ÂþÁ�ö�Øõ� (x2; x4; � � � ; x2k) ý�Â� ��¿µ÷� 2k�1 ù�ðö� ,Àª�±÷ ÂÔ¬ ßþ� Âð� .¢¢Âð �±¨�½õ
.nk = (2k � 1)2k�1 ø¤ ßþ� ¥�

;´¨� ö�ðø¢¢�¡ C �î ¢�ªüõ �¹�µ÷ Àª��üõ ö�ðø¢¢�¡ üþ���¨ Ù��Þû Àî �î �¹÷� ¥� .11.4.8
6 � þ 3 � þ C �Ü¬�ê-ßþÂµÞî ,ßþ�Â �� � � ;(´¨� 6 Àã� ý�¤�¢ C ø¤ßþ�¥� ø ´¨� 4 �± �¤ ý�¤�¢ J + I)
ÂÚþ¢ ý�¨ ¥� .´¨� 4 ¥� ÂµÈ�� ö¥ø ý�¤�¢ G ÂÎ¨ ¤�ú� ß�óø� ¥� üÎ¡ °�îÂ� ×þ ´¨� üúþÀ� .Àª��üõ
ü±�îÂ� ,´¨� 4 �±�¤ ý�¤�¢ J + I ö�� Ýû ¥�� .´¨� 6 ö¥ø ý�¤�¢ G Â¡� ÂÎ¨ ø¢ ¥� üÎ¡ °�îÂ� ×þ
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.Àª�� 3 ö¥ø ý�¤�¢ À÷���üÞ÷ á�÷ ø¢ Âû ý�ûÂÎ¨ Ûõ�ª

5 ÛÊê

�ûö�µ¨ üó��µõ Ç��� ¥� ù¢�Ôµ¨� � � C ù��¿ó¢ Àî ý�Â� °¨��õ ö¥���ü¨¤Â� ÅþÂ��õ ×þ 1.5.5
üã¨ ù�ðö� ,À�ª�� ùÀª ��¿µ÷� ö�µ¨ m Âð� .Àª�� �õ ��¿µ÷� ß�óø� À÷���üõ ÂÔ¬�÷ ö�µ¨ Âû .Ýþ¥�¨üõ
©ø¤ ßþ� .Ý����� ,´Æ�÷ ,i � d� 2 Âû ý�Â� ,üÜ±ì ö�µ¨ i ¥� üÎ¡ °�îÂ� �î �¤ ýÀã� ö�µ¨ �� Ý��îüõ
ßþ� ü�ãþ ;À�ª�±÷ üÎ¡�µÆ��ø ö¥���ü¨¤Â� ÅþÂ��õ ý�ûö�µ¨ ¥� üþ���(d� 1) º�û �î À�îüõ ß�ÞÌ�
d� 2 Â·î�À� üÎ¡ ��±�îÂ� ¢�Àã� Âð� ,À�îüõ ¤�î ©ø¤ ßþ� .´¨� d Ûì�À� �Ü¬�ê-ßþÂµÞî ý�¤�¢ Àî
�¤�¬�� üê�î ¯Âª ×þ Å� .Àª�� (m � n� 1 Âû ý�Â�) qn�k ¥� ÂµÞî ùÀª��¿µ÷� ö�µ¨ m ¥� ö�µ¨

:´¨� Âþ¥
d�2X
i=0

 
n� 1
i

!
(q � 1)i < qn�k:

´Þ¨ ,´¨� ï¤Ã� Â��Â� n(q � 1)=(d � 1) Ûì�À� ,6.5.1 ��Ìì ¤¢ ¢���õ ýø�Æõ�÷ ²� ´Þ¨
.´¨� ýÂ�ý�ì �¹�µ÷ üÜî ´ó�� ¤¢ 1.5.5 �ó�Æõ ü�ãþ ,´¨� ï¤Ã� Â��Â� q �ú�� ë�ê �óÀãõ ´¨�¤

��Ìì ¥� ù¢�Ôµ¨� �� ö�Âî ßþÂµú� .A(10;5) = A(11;6) Ýþ¤�¢ 3.5.1 ÓþÂã� ¥� ù¢�Ôµ¨� �� .2.5.5
20 �Î��¤ ¥� .A(11;6) � 12 Ýþ¤�¢ .(À���±�� ¤ 6.5.3 ��Ìì ¥� Å� ñ�·õ Ã�÷) Àþ�üõ ´¨¢�� 4.5.2

.A(10;5) = 12 ,ßþ�Â���� ;Ýþ¤�¢ (11;12;6) Àî ×þ (À���±� �¤ 3.4.8 �ó�Æõ ���� ß���Ýû)
¤¢ �µê¤ ¤�î�� ý�ûýø�Æõ�÷ ý�Â� �î Àª�� ¤�ÂìÂ� À÷���üõ ü÷�õ¥ �ú�� 4.5.2 ��Ìì ¤¢ ýø�Æ� .3.5.5
,ßþ�Â���� ;Àª�� ¼�½¬ ¢Àä ×þ 1

2
M2 �î ´¨� ßØÞõ ü÷�õ¥ �ú�� Ã�÷ ßþ� ø Àª�� ¤�ÂìÂ� Ã�÷ ��±�� ßþ�

.´¨� ßØÞõÂ�è M = l

� � 5.2 Ç¿� ¥� ß � Þ¿ � ß þÂ µ ú � .A(17;8) � 36 Ý þ¤�¢ 4.4.8 � ó�Æ õ ¥� ù¢� Ô µ ¨� � � .4.5.5
� ¹ � µ ÷ × þ .A(17;8) � 4A(15;8) � 64 Ý þ¤�¢ .À þ�ü õ ´¨¢� � ß � Ø �� � ö�Â î ýÂ � ð¤� î� �
�¹ � µ ÷ ß þ� � î À � î ü¨¤¤Â � À ÷�� �ü õ ùÀ � ÷�� ¡ .À þ�üõ ´¨¢� � 4.5.3 � �Ì ì ýÂ � ð¤� î� � � � Â µ ú �
�¤�¬�� 4.5.3 ��Ìì ©ø¤ ¼�½Ê� �� ùÀõ� ´¨¢�� ö�Âî ßþÂµú� .´¨� A(17;8) � 50 �¤�¬��

.´¨� (]6[ â�Âõ .í.¤) A(17;8) � 37
�� á��¤�) Ý�÷�¢üõ .´¨� PG(4;2) ¥� (x1; x2; x3; x4; x5) ¯�Ö÷ ,Àó�õ ÅþÂ��õ ý�ûö�µ¨ .5.5.5
ý��¹�µ÷ ýÂ�ð¤�î�� �� .À�µÆû 16 ö¥ø ý�¤�¢ [31;5] Àî ÂÔ¬�÷ ��ÞÜîÀî üõ�Þ� �î (10.3.8 �ó�Æõ
´¨� 4 �� Â��Â� ÂÔ¬�÷ ý�ûö¥ø üõ�Þ� Ûõ�ª 7 ñ�Ï �� ýÀîÂþ¥ ,x1 = x2 = 0 �� ÂÒ��µõ ý�ûö�Øõ ,���Èõ
.´¨� 2 �� Â��Â� ÂÔ¬�÷ ý�ûö¥ø üõ�Þ� Ûõ�ª 3 ñ�Ï �� ýÀîÂþ¥ ,x3 = x4 = x5 = 0 �î üþ�ûö�Øõ ø
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¥� .d = 16�4�2 = 10 Ýþ¤�¢ ùÀ÷�õüì�� [21;5] Àî ¤¢ ù�ðö� ,Ý��î Â»�� ö�Øõ ù¢ ßþ� ¤¢ �¤ Àî �õ Âð�
.À��þüõ ´¨¢ ÂÞÆþÂð ö�Âî �� ùÀªÂ»�� Àî ü�ãþ ;n � 10+ 5+ 3+ 2+ 1 = 21 Ýþ¤�¢ 7.5.2 ��Ìì
�� Â��Â� �ú÷� ¥� �ø¥ ×þ á�ìø ß�Ú÷��õ ¤�ÀÖõ) ´¨� 18.5.2 Ýó ��±�� ¥� üÞ�ÖµÆõ �¹�µ÷ ßþ� .6.5.5

.(Àû¢  ¤ ¢�Àã� ßþ� ¥� ÂµÈ�� À÷���üÞ÷ ü�ø¥ º�û ø ´¨� jcj:�w
2

�
=
�n
2

�
= A(n� 2;2k;w � 2)

¥� .A(n;3;3) � 1

6
n(n � 2) Ýþ¤�¢ 18.5.2 Ýó ¥� ù¢�Ôµ¨� � � .n = 2k � 2 À��î ­Âê .7.5.5

:À�îüõ ��¹þ� 19.5.2 ��Ìì ø¤ßþ�

A(n;3) � 2n
,(

1+ n+

  
n

2

!
� 3n(n� 2)

6

!,
(
n

2
)

)
= 2

n�k:

.´¨� ���ú� [n; n� k;3] ùÀªù���î Ù��Þû Àî ,ßþ�Â����
,c0j = ck = 0 ,cj = c0k = 1 Ý�þ�ð ,À�ª� � 2 �Ü¬�ê ý�¤�¢ w ö¥ø � � c0 ø c �ÞÜî ø¢ Âð� .8.5.5
(0 � l � n�1) Cl ý�ûÀî ¥� ×þ Âû �î ¢�ªüõ �¹�µ÷ .Pn�1

i=0
ici�Pn�1

i=0
ic0i � j�k mod n ù�ðö�

¥� ù¢�Ôµ¨� �� .Pn�1
l=0
jcl j =

�n
w

� ö�� ,A(n;4; w) � 1=n�nw� ,ßþ�Â���� ;´¨� 4 �Ü¬�ê-ßþÂµÞî ý�¤�¢
Û¬�� �¹�µ÷ ,�ûýø�Æõ�÷ ßþ� ö¢�Þ÷ °�îÂ� � � .A(n;4; w) � �nw�=(n � w + 1) Ýþ¤�¢ 18.5.2 Ýó

.(À�þ�Þ÷ á��¤ ]30[ â�Âõ �� °ÜÎõ ßþ� Ý�Þã� ùÀû�Èõ ý�Â�) ¢¢Âðüõ
:À��î ÓþÂã� ;Àª�� üþø¢ø¢ (n;M;2k) Àî ×þ C À��î ­Âê .9.5.5

S := f(c; x)jc 2 C; x 2 Fn
2
; d(x; c) = wg:

�î ý¤�Ï�� ,À÷¤�¢ ¢��ø C ¤¢ c �ÞÜî A(n;2k;w) Â·î�À� ,´��� x×þ ý�Â� . jS j = �n
w

�
M ��®ø��

.�nw�M � 2nA(n;2k;w) ,ßþ�Â���� ;d(x; c) = w

.10.5.5

�ÞÜî mi Ûõ�ª ´��� ö¥ø �� Àî ×þ Âð� .´¨� 13.5.2 Ýó ��±�� �� ���Èõ �fõøÃó ýø�Æõ�÷ ßþ� ��±�� (1
:Ýþ¤�¢ ¢�¡ ñ�Þãõ ý¤�Áð¢�Þ÷ �� ù�ðö� ,Àª�� i ö�Øõ ¤¢ 1 ×þ ��

2k

 
M

2

!
�

nX
i=1

mi(M �mi) �M2w � n

�
Mw

n

�2
:

,A(n;2k;w) Å� .n!1 üµìø w=n! ! À��î ­Âê .n!1 üµìø 2k=n! Æ À��î ­Âê (2
¯Â ª .�(Æ) � 1 � H2(!) À � îü õ �� ¹ þ� 9.5.5 � ó� Æ õ ø ´ ¨� ¤�À ÷�Â î ,n ! 1 ü µ ìø
Âð� ,¢�ªüõ Û¬�� �¹�µ÷ ßþÂµú� ,ßþ�Â���� ;Àª�� ¤�ÂìÂ� Àþ�� ¥��û 1� (w=k)(1 � (w=n)) > 0

.´¨� 16.5.2 ��Ìì �î ! = 1

2
� 1

2

p
1� 2Æ ü�ãþ ,1� (2!=Æ)(1� !) = 0
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¥� Â µ Þ î ,d � i � n � d ý�Â � ¤�À Ö õ ß þ� ø K2(i) = 2i2 � 2ni + �n
2

� Ý þ¤�¢ .11.5.5
i Âþ¢�Öõ Âþ�¨ ý�Â� Ai = 0 ø (´�Üî ¥� ßµ¨�î öøÀ�) A0 = An = 1 ö�� .´¨� 2d2 � 2nd+ �n

2

�
:Ýþ¤�¢ 3.5.3 Ýó �� ���� �� ,[d; n� d] ¥� �¤�¡

2

 
n

2

!
+ (2d2 � 2nd+

 
n

2

!
)
n�dX
i=d

Ai � 0:

.À�îüõ ��¹þ� �¤ ¥��÷¢¤�õ ýø�Æõ�÷ ,°ÜÎõ ßþ�
A6 ,A4 ý�Â� ýø�Æõ�÷ ¤�ú� �õ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 4.5.3 ��Ìì �� A(9;4) ß��ã� �ó�Æõ .12.5.5
�f µ±Æ÷ �±¨�½õ ×þ .Ý��î �ê�®� ù�Úµ¨¢ ßþ� �� A8 � 1 üúþÀ� ýø�Æõ�÷ ´¨� ßØÞõ .Ý�µê� þ A8 ø
Àî ×þ ñ�Þµ�� Àþ�� �õ ,ßþ�Â���� ;À�îüõ ��¹þ�� ¤ A4 + A6 + A8 � 201

3
���ú� ���� ,ùÀ��îÛÆî

:Àû¢üõ �¹�µ÷ �¤ Âþ¥ ýø�Æõ�÷ 3.5.3 Ýó ��±�� ¤¢ ! = �1 ßµêÂð ÂÑ÷¤¢ .Ý��î �±¨�½õ �¤ (9;21;4)

21

9X
i=0

AiKk(i) �
 
9

k

!
;

:¥� ù¢�Ôµ¨� �� ü�ãþ

Kk(0) =

 
9

k

!
;

:Ýþ¤�¢

20

21
Kk(0) +

9X
i=1

AiKk(i) � 0:

;A8 � 20

21
ü�ãþ ;À÷¤�¢ ¢��ø 8 �Ü¬�ê �� �ÞÜîÀî �ø¥ 10 Â·î�À� ,´¨� �ÞÜî 21 ý�¤�¢ Àî ßþ� ö��

ßþ� .À�î ëÀ¬ ,Ýþ¢Âî Û� áøÂª ý�Â� �¤ ö� �õ �î üú��Èõ ýø�Æõ�÷ ¤¢ Àþ�� 21
20
Ai Âþ¢�Öõ ,ßþ�Â����

.´¨� Ëì��� ×þ �î A4 +A6 +A8 � 20

21
:61
3
< 20 À�îüõ ��¹þ� °ÜÎõ

6 ÛÊê

x4 + 1 = Ý þ¤�¢ F3 ýø¤ .Ý � û¢ü õ ©Â µ Æ ð �¤ 6.2 ø 6.1 ý� ûÇ ¿ � � õ .1.6.13
À ó� õ ÅþÂ �� õ � � [4;2] ý¤ø¢� ÷ Àî ×þ À ó� õ x2 + x + 2 ,ß þ�Â �� � � ;(x2 + x + 2)(x2 + 2x + 2)

.´¨� [4;2] Ù��Þû Àî ×þ ßþ� 1.3.3 ÓþÂã� ¥� ù¢�Ôµ¨� �� .´¨�
�
2 1 1 0

0 2 1 1

�
ÂÑ÷¤¢ [15;11] Ù��Þû Àî Àó�õ ö���ä�� �¤ ö� Ý�÷���üõ ,´¨� ��óø� x4 + x+ 1 ö�� .2.6.13
¢�ªüõ ´��� �î À��î ýøÂ�� a(x)(x4 + x + 1) ßµê�þ ý�Â� �¤ 1.6.4 ��Ìì ��±�� À÷ø ¤ ñ�� .ÝþÂ�Ú�
� � ÂÒ��µõ ö�� �¢�¡ �¨ ¥� üä�Þ¹õ ,1 + (x + x2 + x4 + x8) + (x3 + x6 + x9 + x12) � � Â ��Â � ö�
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×þ ,�¹÷� ¤¢ ùÀªù¢�¢ ñ�·õ � 4.6.4 ��Ìì ¥� Å� ùÀª Ó�¬�� ©ø¤ .´¨� ,ý¤ø¢ ý�û�ä�Þ¹õÝû
.À�îüõ ��ú� ôø¢ ����

.À��î éÁ� �¤ ö� ö�µ¨ ß�óø� ø ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 4.5 Ç¿� ¤¢ ùÀªüêÂãõ E ÅþÂ��õ .3.6.13
ü÷�µ¨ ý�û¤�¢Â� �¤�¬�� �î Ýþ¤�¢ AG(m;2) ¤¢ (0;0; � � � ;0) � � Óó�¿õ ¯�Ö÷ ¥� ´Æ�ó ×þ ñ��
ùøÂð ×þ ßþ� .Ý þÂ �Ú � ÂÑ ÷¤¢ F�

2m
Â¬� �ä ¥� üµÆ� ó �¤�¬�� �¤ ßþ� Ý � ÷�� �üõ Ã � ÷ .À ÷�ùÀª �µª� ÷

�¤�¬�� ùÀª ÓþÂã� A : F2m ! F2m ´ª�Ú÷ .´¨� F2m ¥� � ��óø� �Ìä ×þ Í¨�� ùÀªÀ�ó�� ý¤ø¢
¥� üµÈðý�� ö���ä�� ø ´¨� ©¢�¡ �� AG(m;2) ¥� ¢ÂÔ�õ�÷ üÎ¡ ÛþÀ±� ×þ ��®ø�� A(x) := �x

Âþ�Ê� ¼ÎÆõ ü���÷ �� �¤ ¼ÎÆõ ü���÷ ,A ´ª�Ú÷ .´¨� 2m � 1 �±�Âõ ý�¤�¢ AG(m;2)nf0g ¯�Ö÷
´Èðý�� �î ¢�ªüõ �¹�µ ÷ 9.4.5 ��Ìì ø 6.4.5 ÓþÂã� ,(1) ´ÞÆì 5.4.5 Ýó ¥� ñ�� .À�îüõ

.À�îüõ ��¹þ� ùÀªù���î Àî ¥� ý¤ø¢ Çþ�Þ÷ ×þ A �� ÂÒ��µõ ��Êµ¿õ ý�ûö�Øõ
x3+2x+1 ù�ðö� ,Àª�� ��óø� �Ìä ×þ � Âð� .ÀþÂ� ¤�î�� F3

3
À�ó�� ý�Â� �¤ x3+2x+1 .4.6.13

�¤ �2 ñ�Þ� � �õ ý��ÜÞ�À�� ,ö� ÂÒ�� µõ ö�À�õ ñøÀ� ¥� ù¢�Ô µ¨� � � .´¨� ö� ñ�Þ� � �õ ý��ÜÞ�À��
�4 ñ�Þ���õ ý��ÜÞ�À�� ø ´¨� (x� �2)(x� �6)(x� �18) = x3+ x2+ x+2 �¤�¬�� �î Ý���þüõ
,ßþ�Â���� ;´¨� �4 ø �3 ,�2 ,� ý�û�Èþ¤ Ûõ�ª â���� ßþ� �Â®Û¬�� .´¨� (x3 + x2 + 2) �¤�¬��

:´¨� Âþ¥ �¤�¬�� Àó�õ ý��ÜÞ�À�� .À�îüõ ¢�¹þ� �¤ ��ÜÎõ Àî ßþ�

1+ x+ 2x2 + 2x3 + 2x4 + x5 + x6 + x7 + 2x8 + x9:

.´¨� 17 �� Â��Â� Àî Àã�
ý�Â � E(�i) = R(�i) Ý þ¤�¢ ý¤�Á ðý� � � � .À þ¥� Æ � F

25
¥� ü óøÀ � ,�À µ ��¤¢ .5.6.13

¥� �¤ �(z) = 1 + �1z + �2z
2 Àþ� � � õ .À � µÆû �19 ø 1 ,�25 ,�28 °��Â �� � �ú � þ� .i = 1;2;3;4

;�2 = �10 ø �1 = �28 Ýþ¤�¢ .Ý����� �19 + �1 + �2�
25 = 0 ø 1+ �1�

25 + �2�
28 = 0 ��¢�ãõ

:ü�ãþ

�(z) = (1� �14z)(1� �27z):

:�� ´¨� Â��Â� �ÞÜîÀî ßþ� ,ßþ�Â����

(1001011011110010110101010110111):

:ü�ãþ ;´¨� (1+ x2 + x5)(1+ x2 + x3 + x4 + x5) �� Â��Â� Àî ßþ� Àó�õ

g(x) = 1+ x3 + x5 + x6 + x8 + x9 + x10:
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:´¨� Âþ¥ �¤�¬�� ¤�îÁõ �ÞÜîÀî

g(x)(1+ x11 + x20):

� �) 12.6.6 ñ� · õ ¥� ,´¨� f�j j j = �2;�1;1;2g Ûõ�ª C ÓþÂã � �ä�Þ¹õ ö�� .6.6.13
.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ �ø¥ ��ÞÜî Ûõ�ª C ¥� C 0 ÀîÂþ¥ .d � 4 �î ¢�ªüõ �¹�µ÷ ( jB j = 2 ø dA = 3

C 0 ,BCH ö�Âî ¥� ù¢�Ôµ¨� �� ,ßþ�Â���� ;À�µÆû �2 ,�1 ,�0 ,��1 ,��2 ý�û�Èþ¤ ý�¤�¢ Àî ßþ� ��ÞÜî
.d � 5 ¢�ªüõ �¹�µ÷ .´¨� 6 Ûì�À� �Ü¬�ê-ßþÂµÞî ý�¤�¢

ö¤�Öµõ ü÷�Øõ ø¢ Âû ýø¤ Àî ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ ,´¨� [q + 1;2; q] Àî ×þ �î �¤ C 0 Àî .7.6.13
:�î À�îüõ ��¹þ� °ÜÎõ ßþ� ü÷¥ø ùÀ÷¤�Þª °þ�Â® ý�Â� .(2.3.8 �ó�Æõ �� á��¤�) ´¨�

(q + 1)Aq+1 + aAq = (q + 1)(q2 � q):

�ÞÜîÀî .´¨� q ö¥ø ý�¤�¢ ÂÔ¬�÷ �ÞÜîÀî Âû ü�ãþ ;Aq+1 = 0 Ýþ¤�¢ Aq+1 + Aq = q2 � 1 ö��
c ý�ûÉµ¿õ ¥� üØþ �fÖ�ì¢ ö�� .¢¤�¢ ¢��ø c0 = c(q+1)=2 = 1 �î ý¤�Ï c = (c0; c1; � � � ; cq) ý�µØþ
C 0 ,ßþ�Â���� ;À�îüÞ÷ �Öó� �¤ c ���Èõ �ÞÜî ,ö�Øõ 1

2
(q + 1) ýø¤ c ¥� ý¤ø¢ ´Ô�ª ×þ ,´¨� ÂÔ¬ Â��Â�

.Àª��üÞ÷ ý¤ø¢
:Ýþ¤�¢ F3 ýø¤ .8.6.13

x11 � 1 = (x� 1)(x5 � x3 + x2 � x� 1)(x5 + x4 � x3 + x2 � 1);

,1.6.9 Ó þÂ ã � � � � �� È õ ,ß þ�Â �� � � ;À � µ Æ û Â þÁ �� ÷Û þ� ½ � Û õ�� ä ß þ� ö� ¤¢ � î
ö�Âî Ýû .ÝþÂ�ðüõ ÂÑ÷¤¢ C üþ���¨ [11;6] QR Àî Àó�õ ö���ä�� �¤ g0(x) = x5 � x3 + x2 � x� 1
Àî .¢¤�¢ ¢��ø c(1) 6= 0 ´þ¢øÀ½õ ,Â¡� ´ó�� ¤¢ ;d � 4 À�û¢üõ �¹�µ÷ 2.6.9 ��Ìì Ýû ø BCH
×þ ö¢�Þ÷�ê�®� ¥� Û¬�� �C Àî ñ�� .(6.2 Ç¿� �� á��¤�) ´¨� (x � 1)g0(x) Àó�õ ý�¤�¢ C?

ù�ðö� ,Àª�� C? ý�Â� Àó�õ ÅþÂ��õ ×þ G Âð� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ ñ�Þãõ ©ø¤ �� ýÂ¨�Â¨ ö¥���ü¨¤Â�
�¤�¬�� �C ý�Â� Àó�õ ÅþÂ��õ ×þ ø Àþ�üõ ´¨¢�� 1 ÂÎ¨ ö¢�Þ÷�ê�®� �� C ý�Â� Àó�õ ÅþÂ��õ ×þ

:¢�ªüõ ù¢�¢ Âþ¥0
BBBBBBBB@

G

0

0

...
0

1 1 � � � 1 1

1
CCCCCCCCA
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¢�Àã� �� Â��Â� (R ýø¤) ©¢�¡ �� �ÞÜîÀî ×þ üÜ¡�¢ �Â®Û¬�� .´¨� ö�ðø¢¢�¡ �C �î Ý����üõ
´��� °ÜÎõ ßþ� .´¨� 3 Â� ÂþÁ�Ç¿� ü÷¥ø ý�¤�¢ C ¤¢ �ÞÜîÀî Âû ,ßþ�Â���� .´¨� ÂÔ¬�÷ ��Êµ¿õ
�¹�µ÷ 1+

�
11

1

�
:2+

�
11

2

�
:22 = 35 �Î��¤ ýÂ�ð¤�î�� ø ÓþÂã� ¥� ´¨� Ûõ�î C �îßþ� .d � 5 À�îüõ

.¢�ªüõ
(3) ø (2) ´ÞÆì 2.6.9 ��Ìì ¥� ù¢�Ôµ¨� �� .´¨� ¢Âê d Ýþ¤�¢ 5.6.9 �¹�µ÷ ¥� ù¢�Ôµ¨� �� .9.6.13
Ù��Þû ö�Âî ¥� ù¢�Ôµ¨� �� .d � 11 ,ßþ�Â���� ;d � 3 mod 4 ø (d � 8 ü�ãþ) d2 � d+ 1 � 47 Ýþ¤�¢

:Ýþ¤�¢ d = 2e+ 1 ý�Â� (9.5.2 ��Ìì)
eX

i=0

 
47

i

!
� 247=jcj:

.d = 11 ¢�ªüõ �¹�µ÷ .e � 5 Ýþ¤�¢ ,´¨� 24 Àã� ý�¤�¢ C ö��
ø [7;4]Ù��Þû Àî �î ÝþÀþ¢ Û±ì ¥� 8.6.13 �ó�Æõ ¤¢ ø 6.9 Ç¿� ¤¢ ùÀªö��� ñ�·õ ¤¢ .10.6.13
ý�Â� �îßþ� .¢¤�¢ ¢��ø Ã�÷ ÂÚþ¢ Ûõ�î QR Àî ×þ .À÷¢�� Ûõ�î QR ý�ûÀî ¥� üþ�û�÷�Þ÷ ,üÜð Àî ø¢
ñ�Ï�� QR Àî ×þ C À��î ­Âê .´¨� 7 ÛÊê �¹�µ÷ ¥� üÞ�ÖµÆõ �¹�µ÷ ,¢¤�À÷ ¢��ø ýÂÚþ¢ Àî e > 1

:Ýþ¤�¢ 6.3.1 ¥� ù¢�Ôµ¨� �� �¤�¬ßþ� ¤¢ ;Àª�� d = 3 �� Ûõ�î Àî ×þ C ø ù¢�� Fq ýø¤ n

1+ n(q � 1) = q(n�1)=2; (q(n+1)=2 �þ)

:Ýþ¤�¢ ,üóø� ¤¢ .À�µÆû ���Èõ ´ó�� ø¢

n = 1+ q + q2 + � � � + q(n�3)=2:

:�� ´¨� Â��Â� Ûì�À� ´¨�¤ éÂÏ ù�ðö� ,n > 5 Âð�

1+ 2+
n� 5
2

:4 = 2n� 7;

;´¨� n = 5 ø n = 3 ö�½µõ� À÷�õüõ üì�� �»÷� .´¨� [7;4] Ù��Þû Àî C ø q = 2 ø n = 7 ü�ãþ
:Ýþ¤�¢

1+ 3(q � 1) = q; 1+ 5(q � 1) = q2 °��Â��� :

.´¨� q = 4 ,n = 5 �� Â��Â� ���� �ú�� ,ßþ�Â����
,Rv := f�i 2 Fn j i � v mod eg À��î ÓþÂã� .Àª�� Fn ¥� ��óø� �Èþ¤ ×þ � À��î ­Âê .11.6.13

:Ý��îüõ ÓþÂã� .Àª�� Fq ö�À�õ â�¨�� ×þ ¤¢ À��ø ��óø� ô�n �Èþ¤ ×þ � À��î ­Âê .0 � v < e

gv(x) :=
Y
r2Rv

(x� �r); 0 � v < e:
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��¤¢ ý�¤�¢ �ûý��ÜÞ�À�� ßþ� ,ßþ�Â�ùø�ä .´¨� Fq ¤¢ ü±þ�Â® ý�¤�¢ �ûgv ¥� ×þ Âû ,q 2 R0 ö��
ø ´¨� (n� 1)=e

xn � 1 = (x� 1)g0(x)g1(x) � � � ge�1(x):

��±�� .À�µÆû ¥¤�Ýû üÚÞû gv(x) Àó�õ �� ý�ûÀî .Àª�� g0(x) Àó.ô ý�¤�¢ C ùÀ÷�õüì�� Àî ö��� ß�õ�e
q = 2 ,e = 3 ,n = 31 Âð� .de > n ÝþÂ�Ú� �¹�µ÷ �� ¢�ª ¤�ÂØ� À÷���üõ (1) ´ÞÆì 2.6.9 ��Ìì
Ù��Þû ö�Âî Í¨�� ßþ�Â�ùø�ä .F31 ¤¢ 53 � �1 ö�� .d � 4 ,ßþ�Â���� ;d3 > 31 À�îüõ ��¹þ�
À÷���üÞ÷ ¢Âê ö¥ø �� C ¥� �ÞÜî 220 Ûõ�ª Àî �î Àû¢üõ ö�È÷ Ù��Þû ö�Âî üµ� ,âì�ø ¤¢ .d < 7 Ýþ¤�¢

.d = 5 ø¤ßþ� ¥� .Àª�� d = 7 ý�¤�¢
.12.6.13

.´¨� 12.6.6 ñ�·õ ¥� üÞ�ÖµÆõ �¹�µ÷ d � 4 ,À�µÆû ��ÞÜîÀî ý�û�Èþ¤ �5 ,�4 ,�2 ,� ö�� (1

¤¢ 1 ý� ûÉµ¿ õ � � ý�� Þ Ü îÀ î ù� ðö� ,d = 3 Â ð� .d � 3 Ý þ¤�¢ BCH ö�Â î ¥� ù¢� Ô µ ¨� � � (2
,1+ �+ � = 0�¤�¬ßþ� ¤¢ ;� = �j ,� = �i À��î ­Âê .´ª�¢ Àû��¡ ¢��ø j ,i ,0 ý�ûö�Øõ
.�3 + �3 = 0 ü�ãþ ;1 = (� + �)5 = (�5 + �5) + ��(�3 + �3) Ýþ¤�¢ Å� .1+ �2 + �5 = 0

x = 1 ý�µØþ ���� ý�¤�¢ x3 = 1 ,ßþ�Â���� ,2m � 1 6� 0 mod 3 �Âþ¥ ,´¨� Ëì��� ×þ ßþ�
.� 6= � �îüó��¤¢ ,´¨�

�î ¢¤�¢ ¢��ø 4 ö¥ø �� ý��ÞÜî ,ý¤ø¢ ´Ô�ª ×þ �� ù�ðö� ,Àª�� ¢���õ 4 ö¥ø �� ý��ÞÜî Âð� (3
Â¬��ä ßþ� Ý¹�� ý�ûö��� á�Þ¹õ .´¨� �+1 ø � ,� +1 ,� ý�ûö�Øõ ¤¢ ö� ÂÔ¬�÷ ý�ûÉµ¿õ
.´¨� Ëì��� ×þ �î � + � = 1 ü�ãþ ,(� + �)3 = 1 À�îüõ ��¹þ� °ÜÎõ ßþ� .´¨� ÂÔ¬ Â��Â�

;Àª�� F
35

¥� ��óø� �Ìä ×þ � À��î ­Âê .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ 8.6.13 �ó�Æõ Çþ�Þ÷ .13.6.13
,ß þ�Â �� � � ;g1(x) � þ g0(x) ¥� �È þ¤ ×þ ü�ã þ ;´¨� À��ø � � óø� ô� 11 �È þ¤ ×þ �22 �¤�¬ßþ� ¤¢
C ö¥���ü¨¤Â� ÅþÂ��õ ×þ ¥� üþ�ûö�µ¨ ,(F3)5 Â¬��ä ö���ä�� �220 ,� � � ,�44 ,�22 ,1 ý�ûÇþ�Þ÷
Âþ¢�Öõ �� �µª�¢ �Ú÷ �¤ �ú÷� ø À��î �Â® �1 = �121 ¤¢ �¤ i > 5 ý�Â� �22i �� ÂÒ��µõ ý�ûö�µ¨ .À�µÆû
üþ�µØþ �î ´¨� C �� ¥ ¤�Ýû Àî ßþ� .Àþ� ´¨¢�� x11 + 1 �Èþ¤ ×þ �� ÂÒ��µõ �110 ,� � � ,�22 ,�11 ,1

.´¨� ý¤ø¢�÷ Çþ�Þ÷ ßþ� ø ´¨� ùÀª�µ¡��ª ö�
:´¨� Âþ¥ �¤�¬�� Àî ßþ� ÓþÂã� �ä�Þ¹õ .14.6.13

R = f�i j i = 1;2;4;5;7;8;9;10;14;16;18;19;20;25;28g:
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,B = f�j j j = 0;1;3g ø A = f�i j i = 8;9;10g ö� ¤¢ �î ,´¨� AB Ûõ�ª R �ä�Þ¹õ À�û¢ ö�È÷
À þÂ � Ú � Â Ñ ÷ ¤¢ ,�ø¥ ý� ûö¥ø Û õ� ª À îÂ þ¥ ý�Â � .d � 6 À � îü õ ��¹ þ� ° Ü Î õ ß þ� .� = �10

¤�î�� j I j = 6 ý�Â� �¤ 11.6.6 ��Ìì .� = �8 ,B = f�j j j = 0;3;4g ,A = f�i j i = 4;7;8;9g
.ÀþÂ�Ú�

7 ÛÊê

e = 1 ý�Â� n+ 1 = 2m � 1 ñ�Ï �� Ù��Þû Àî ö�� .Àª�� ¤�îÁõ Àî C À��î ­Âê .1.7.7
ßþÃðý�� 3 �Î��¤ ¤¢ �¤ e = 1 ,jcj = 2n�m ,n = 2m�2 .´¨� 2 üÈª�� á�ãª ý�¤�¢ C ,´¨� Ûõ�î

.´¨� Ûõ�î �f±þÂÖ� C �î ¢�ªüõ �¹�µ÷ .Ý���þüõ ´¨¢ ýø�Æ� �� �õ .À��î
ö�� .´¨� 2 ö¥ø ý�¤�¢ e ø c 2 C ö� ¤¢ �î ,u = c + e ü�ãþ ,�(u;C) = 2 À��î ­Âê .2.7.7
�¨ Ý�÷��µ� �î üÔÜµ¿õ ý�û©ø¤ �õ .j ø i Âþ¢�Öõ ü¡Â� ý�Â� e(x) = xi + xj ø c(�) = c(�3) = 0

;Ý���þüõ �ÞÜîÀî ×þ �÷�ð ßþÀ� ø ù¢�Þ÷ �±¨�½õ ,x3 ,x2 ,x1 �� ùÀª ý¤�Áð°Æ�Â� ,ù¢�¢ Â��ç� �¤ ö�Øõ
:Ý��îüõ �±¨�½õ �¤ Âþ¥ ù�Úµ¨¢ ý�û���� ¢�Àã� �õ ,ßþ�Â����

x1 + x2 + x3 + �i + �j = 0;

x3
1
+ x3

2
+ x3

3
+ �3i + �3j = 0:

:Ýþ¤�¢ ;Ý��îüõ ßþÃðý�� �¤ yi := xi + e(�)

y1 + y2 + y3 = 0;

y3
1
+ y3

2
+ y3

3
= s := �i+j(�i + �j);

.yk 62 f�i; �jg ø s 6= 0 ö� ¤¢ �î
:�� ´¨� Â��Â� �¹�µ÷ .Ý��îüõ ßþÃðý�� ôø¢ �ó¢�ãõ ¤¢ �¤ ö� �õ �î y3 = y1 + y2 Ýþ¤�¢ ñø� �ó¢�ãõ ¥�

y1y2(y1 + y2) = s:

.¢�ªüõ ù¢�¨ Âþ¥ �¤�¬�� �ó¢�ãõ ßþ� .y := y1=y2 À��î ÓþÂã� .y2 6= 0 Ýþ¤�¢ s 6= 0 ö��

y(1+ y) = s=y3
2
:

ßþ� ,y = 1 ,y = 0 Ã��� ,y ¤�ÀÖõ Âû ý�Â� �î ¢�ªüõ �¹�µ÷ (3; n) = (3;22m+1 � 1) = 1 ö��
y3 Å³¨ ø �µê�þ �¤ fy1; y2g ���� n� 1 ,ßþ�Â���� ;´¨� (F

22m+1
¤¢) y2 ý�µØþ ���� ý�¤�¢ �ó¢�ãõ

y2 = �j ,y1 = �i ���� Àþ�� �õ ,ßþ�Â�ùø�ä .¢�ªüõ ´ê�þ ¤��Çª ,üþ���¨ Âû ,��®ø�� .¢�ªüõ �¹�µ÷
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,ßþ�Â �� � � ;À�ª� �üõ (´Èðý�� Âû � þ) x3 = 0 ,x2 = �i ,x1 = �j � � ÂÒ��µõ �ú� þ� �Â þ¥ ,Ý��î ¢¤ �¤
,���Èõ ©ø¤ �� .À�µÆû u �� 3 �Ü¬�ê ý�¤�¢ �ÞÜîÀî 1

6
(n� 1) � 1 �î Àû¢üõ �¹�µ÷ �(u;C) = 2

.¢�Þ÷ ü¨¤Â� �¤ �(u;C) > 2´ó�� ö���üõ
Àî �� .Ý��î ù¢�Ôµ¨� ´�ãì�ø ßþ� ¥� Ýþ¤�À÷ ¥��÷ �õ ,�õ� .´¨� 15 ñ�Ï�� ���¤��Â� Àî ,C Àî .3.7.7
.Àþ¤ø� ´¨¢�� �¤ C (15;256;5) Àî �� À��î Â»�� �¤ ö� ø À��î áøÂª �C (16;256;6) ôøÂµ¨�-¢Â÷

.À��îüõ ëÀ¬ 3 �Î��¤ ¤¢ �ûÂµõ�¤�� ßþ�
C ù�ðö� ,¢�� ß��� Âð� .¢�ªüõ ùÀþ¢ ü÷�¨��� ,´Æ�÷ ¥ ¤�Ýû üÎ¡ Àî ×þ �� C �îßþ� .4.7.7
°ÜÎõ ßþ� .Àª��üõ C ¤¢ �f¢À¹õ C ¥� �ÞÜî ø¢ á�Þ¹õ Å� .0 2 C �Âþ¥ ,¢��üõ üÎ¡ Àî ×þ âì�ø ¤¢
ø a = (x; x+ c;

P
xi+ f(c)) �ÞÜîÀî ø¢ Àþ�� ,´¨� Ûõ�î C �îßþ� öÀþ¢ ý�Â� .Àª��üÞ÷ ´¨¤¢ �¤�Øª�

.d(a; b) � 3 �î ´¨� ¼®�ø ù�ðö� ,x 6= y ø c = c0 Âð� .ÝþÂ�Ú� ÂÑ÷¤¢ �¤ b = (y; y + c0;
P
yi + f(c0))

ø jcj = 211 ö�� .d(a; b) � w(x � y) + w(x + c � y � c0) � w(c � c0) � 3 ù� ðö� ,c 6= c0 Â ð�
.´¨� Ûõ�î C ü�ãþ ;Ýþ¤�¢ 6.3.1 ¯Âª ¤¢ �¤ ýø�Æ� ,d = 3

:Ýþ¤�¢ 24 ø 20 Í��ø ¤ ¥� ,	2 �Èþ¤ ø¢ ý�Â� .5.7.7

x1 + x2 = n+ 1 ø x1x2 = 2l�1:

ö� ¤¢ �î) n2 + n+ 2 = 2c Ýþ¤�¢ 6.3.1 ¯Âª �� ���� � � .(a < b) x2 = 2b ,x1 = 2a ,ßþ�Â��� �
.(n � 2 ö�� c � 3

(2a + 2
b)(2a + 2

b � 1) + 2 = 2
c;

,ß þ�Â �� � � ;´Æ� ÷ Â þÁ �Ç¿� 4 Â � ÂÚ þ¢ � ÜÞ� ,Ý þ¤�¢ 2 �ÜÞ� ×þ ,ë�ê � ó¢� ã õ ²� éÂÏ ¤¢ ö��
Àî �� ÂÒ��µõ n = 2 ø b = 1 ü�ãþ ;2b(2b + 1) + 2 = 2c Ýþ¤�¢ ù�ðö� ,a = 0 Âð� .a = 1 �þ a = 0

n = 5 ø¤ßþ� ¥� ø b = 2 ü�ãþ ;22b + 3:2b + 4 = 2c Ýþ¤�¢ ù�ðö� ,a = 1 Âð� .´¨� C = f(00)g
.´¨� C = f(00000); (11111)g ¤�ÂØ� Àî �� ÂÒ��µõ

:Ýþ¤�¢ �¤ Âþ¥ �ó¢�ãõ .ÀþÂ� ¤�î�� �¤ 11 �Î��¤ ø 4.7.3 ��Ìì �Àµ��¤¢ .6.7.7

4x2 � 4(n+ 1)x+ (n2 + n+ 12) = 0;

.x1;2 = 1

2
(n+ 1�pn� 11) ý�û�Èþ¤ ��

:Ýþ¤�¢ 19 �Î��¤ ¥� .m ¼�½¬ Âþ¢�Öõ ü¡Â� ý�Â� n� 11 = m2 �¹�µ÷¤¢

12:2n = jcj:(n2 + n+ 12) = jcj(n+ 1+m)(n+ 1�m):
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.a = b = 1 À�û¢ ¤�Âì �Àµ��¤¢ .ab = 1 �þ 3 �� n+ 1�m = b:2�+1 ,n+ 1+m = a:2�+1 ,ßþ�Â����
:ø ¤ßþ� ¥� ;(� > �) m = 2� � 2� ,n+ 1 = 2� + 2� Ýþ¤�¢

2
� + 2

� � 12 = 2
2� � 2�+�+1 + 2

2�;

:ü�ãþ
�12 = 2

�(2� � 2�+1 � 1) + 2
�(2� � 1);

.´¨� ¤�Øª� Ëì��� ×þ
:ø ¤ßþ� ¥� ;m = a:2� � 3:2� ,n+ 1 = a:2� + 3:2� �¹�µ÷ ¤¢ .b = 3 À�û¢ ¤�Âì Å³¨

3:2�(3:2� � 2�+1 � 1) + 2
�(2� � 1) + 12 = 0:

Â¡� ´ó�� ø Àû¢üÞ÷ ���� � � 2 ö�� .� = 4 �¹�µ÷¤¢ ø � = 2 À�ª�� �µª�¢ Àþ�� ù�ðö� ,� > 2 Âð�
.n = 27 ü�ãþ ;n+ 1 = 24 + 3:22 �î Ýþ�ù¢Âî ´��� ,À�îüÞ÷ ��¹þ� �¤ ýÃ�� Ã�÷ a = 3

¤�î�� ôÂê .´¨� (2.7.4) ùÀªÂ»�� RM Àî ×þ ù¤��¤¢ ¢���õ °ÜÎõ �� ���Èõ ýÀî ß��� ¤�µ¡�¨
.´¨� ���Èõ ��±�� üÖ��õ .À��î ßþÃðý�� x1x2 + x3x4 + x5x6 + x5 + x6 = 0 �� �¤ 2.7.4 ¤¢ �µê¤

.ÝþÂ�ðüõ ¤�î�� �¤ 5.7.3 ��Ìì Å³¨ ø �µê�þ 16 ø 12 ý�ûö¥ø �� 27 ñ�Ï �� ü÷¥øø¢ Àî ×þ �õ
.7.7.7

ß�óø� � � .d(x; c) = 2 ,c 2 C ,x 2 F14
3

�î ý¤�Ï ,Àª�� (x; c) ý�û�ø¥ ¢�Àã� N À��î ­Âê (1
ßØÞõ �ÞÜîÀî ´Ôû Â·î�À� ,d(x; c) = 2 ¯Âª �� x Âû ý�Â� .N = jcj:�14

2

�
:22 Ýþ¤�¢ c ��¿µ÷�

:ø ¤ßþ� ¥� ;d(x; c) = 2 �î ¢¤�¢ ¢��ø

N � (314 � jcj(1+ 2:14)):

�Ü¬�ê ý�¤�¢ x 2 F14
3

Âû .Àª�� ¤�ÂìÂ� ýø�Æ� Àþ�� ,üõø¢ ¤¢ �î Ý����üõ ,¸þ�µ÷ ßþ� �Æþ�Öõ ��
.´¨� �ÞÜîÀî ´Ôû �fÖ�ì¢ �� 2 �Ü¬�ê �þ C �� 1 Â·î�À�

ý�¤�¢ ø ¤ßþ� ¥� ø ´¨� 0 �� 2 �Ü¬�ê ý�¤�¢ ×þÂû .¢¤�¢ ¢��ø F14
3

¤¢ 2 ö¥ø �� �ÞÜî �14
2

�
:22 (2

Çª �� 2 �Ü¬�ê ý�¤�¢ 4 ö¥ø �� �ÞÜîÀî Âû ö�� .Àª��üõ 4 ö¥ø �� �ÞÜîÀî Çª �� 2 �Ü¬�ê
.A4 = 364 Ýþ¤�¢ ,´¨� 2 ö¥ø �� �ÞÜî

ý�û�ø¥ .À�µÆû C �� 1 �Ü¬�ê ý�¤�¢ 3 ö¥ø �� �ÞÜî 4A4 = 1456 �î Ý����üõ (2) �� ���� �� (3�
14

3

�
:23 � 1456 �¤�Øª� .Ý þ¤� Þªüõ ,d(x; c) = 2 ø c 2 C ,w(x) = 3 ö� ¤¢ �î ,�¤ (x; c)
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Âð� .¢¤�¢ ¢��ø x ý�Â� ��¿µ÷� 12 ,4 ö¥ø �� c �ÞÜîÀî ¥� áøÂª �� .À÷¤�¢ ¢��ø x ý�Â� ��¿µ÷�
:Ýþ¤�¢ ,ßþ�Â���� ;¢¤�¢ ¢��ø x ý�Â� ��¿µ÷� 10 ù�ðö� ,w(c) = 5

12A4 + 10A5 = 7:1456;

!¢¤�À÷ ¢��ø C .´¨� ü�ãõü� �î A5 = 582
2

5
ü�ãþ

�� ÕÜãµõ ��ÞÜî .V1 = 1+ 2n = m2 �� ´¨� Â��Â� 1 á�ãª �� ý�ð Ý¹� ,üó ×þÂµõ ¤¢ .8.7.7
ÅþÂ��õ ×þ ¥� ü÷�µ¨ ö���ä�� �¤ üØþ ø ù¢�Þ÷ ×�ØÔ� (x;�x) ý�û�ø¥ �� �¤ Z2mnf(0;0)g �ä�Þ¹õ
Âþ¥ �¤�¬�� �¤ C üÎ¡ Àî ,Ù��Þû ý�ûÀî �þÂÑ÷ Ý�Þã� �� .ÀþÂ�Ú� ÂÑ÷¤¢ ,n ¤¢ 2 ,H ö¥���ü¨¤Â�

:À��î ÓþÂã�

c 2 C , cHT = 0:

.jcj:V1 = mn �Âþ¥ ,´¨� Ûõ�î C ø ´¨�Î¡ 1 ùÀ��î¼�½Ê� Àî ×þ C ��®ø��

8 ÛÊê

��Êµ¿õ ý�¤�¢ ��ÞÜî ,6 ñ�Ï�� ö�ðø¢¢�¡ üþ��¤�ú� Àî ×þ ¤¢ �î Àþ¤�¢ ���� �Àµ�� ¤¢ .1.8.5
¤¢ Àó�õ ÅþÂ��õ ,Àª�� �ÞÜî 43 Ûõ�ª Àþ�� Àî ßþ� ö�� .À�µÆû ü����ßþ� ��Êµ¿õ �� ¤�ú� Ûõ�ª ¢Âê

.´¨� ßØÞõÂ�è k1 = 3 ,��®ø�� .´¨� 2k1 + k2 = 6 ý�¤�¢ 1 ôÂê
ÛÖµÆõ ���� ø¢ ¥� üØþ (x2 + y2)6 ö� üó ü÷¥ø ùÀ÷¤�Þª .Ýþ¤�¢ �¤ F6

2
üúþÀ� ñ�·õ k1 = 0 ý�Â�

´¨� x2y2(x4 � y4)2 �� Â��Â� ýÂÚþ¢ .´¨� üÚ÷�ðø¢¢�¡ ´ó�� ¤¢ 4.3.6 ��Ìì ¤¢ ¢���õ �ó¢�ãõ ý�Â�
��±�îÂ� üõ�Þ� .(À÷�ªüõ ´ê�þ ,À�µÆû �ø¥ �ûö¥ø üõ�Þ� �î ´�ãì�ø ßþ� ¥� ù¢�Ôµ¨� �� ü÷�¨��� �ú�þ�)

.´¨� (2;2;2;2;2;2) Ûõ�ª Àî ßþ� ,ßþ�Â���� ,À�µÆû y12 �ÜÞ� Ûõ�ª Ã�÷ x12 �ÜÞ� �� üÎ¡
.À�ª�� �µª�¢ ¢Âê �þ�¤¢ �¨ Àþ�� ×þÂû (A B ) ý�ûÂÎ¨ .Ý��îüõ ö�½µõ� �¤ k1 = k2 = 2 ñ��

:�÷�Þ÷ ¤�Ï�� ,´ê�þ üó�·õ ö���üõ ü÷�¨���

A =

 
1 1

1 1

!
; B =

 
1 0

2 1

!
; C =

 
1 1

1 1

!
:

ü�ã þ ;Àª� ± ÷ x10y2 � Ü Þ� Ûõ�ª � î ´¨� 4.3.6 � �Ìì ¤¢ ¢��� õ � ó¢� ã õ ���� ,ü ÷¥ø ùÀ ÷¤� Þª
�Âþ¥ ,À��î ¢�¹þ� üÎ¡Â�è ý��Î��¤ À�÷���üõ A ÂÎ¨ ø¢ .x12 + 15x8y4 + 32x6y6 +15x4y8 + y12

ø¢ ¥� üþø¢ø¢ Âþø�Ê� �î Àþ¤�¢ ���� .À�îüõ ö�Â±� �¤ ö� (002200) �ÞÜîÀî .�(1) + �(1) 6= �(2)

.À�ª��üÞ÷ Àõ�ãµõ ,ñø� �þ�� ¤�¢Â�
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,B = (1) ,A = (1100) À � û¢ ¤�Â ì .´ ê� þ ü ��� � ö�� �ü õ ü ÷� ¨�� � ,k2 = 4 ,k1 = 1 ý�Â �
.´¨� ö�ðø¢¢�¡ ø üÎ¡ ,üþø¢ø¢ Âþ�Ê� .C = (1100)T

�î ´¨� ¼®�ø �f¤�ê ,2 ø 1 Í��ø ¤ �� ���� �� .´¨� ßØÞõÂ�è k = 3 �î Àþ¢Âî ùÀû�Èõ ��� ¤¢ .����
À�÷�õ) À�ª��üõ ü÷�ÆØþ ü÷¥ø ùÀ÷¤�Þª ý�¤�¢ ö� ö�ðø¢ ø ( I3 2J3 � I3 ) Àó�õ �� üþ��¤�ú� ý�ûÀî
Àî ×þ ö� üþø¢ø¢ Âþ�Ê� �î ´¨� °ó�� .´Æ�÷ ö�ðø¢¢�¡ �µ±ó� Àî ßþ� .(4 ö¥ø �� �ÞÜî 15 �� ë�ê

.´¨� ( I6 J6 � I6 ) Àó�õ �� Àî �� �� ¥ ¤�Ýû ö� .´¨� ö�ðø¢¢�¡
��ÞÜîÀî .À�ª�� R(1;m� 1) �þ�� ý�û¤�¢Â� (0 � i � m� 2) vi ý�û¤�¢Â� À��î ­Âê .2.8.5
("1; "2) ø (

P

ijvivj;

P

ijvivj) ,(0;P �ivi) ,(P�ivi;0) á�÷ ¥� ��ÞÜî üÎ¡ ��±�îÂ � R(2;m)

."i = 0 �þ 1 ö� ¤¢ �î ,À�µÆû
�þ� �î Ý��î ü¨¤Â� Àþ�� �ú�� ,(´¨� üÎ¡ R(2;m) �î ´�ãì�ø ßþ� ø) 6.8.2 ��Ìì ¥� ù¢�Ôµ¨� ��
ßþ� ��®ø�� ø ´¨� Àî ßþ� �� ÕÜãµõ (P Æivi + ";

P
Æivi + ") á�÷ ¥� ��ÞÜî ¤�ø��Êµ¿õ �Â®Û¬��

.´¨� ¤�ÂìÂ� °ÜÎõ
.b = n� 2i+ j ,a = n� i ¢�ªüõ ùÀþ¢ ü÷�¨��� .À��î Çþ�õ¥� �¤ �a + 2�b .3.8.5
:´¨� Âþ¥ ü÷¥ø ùÀ÷¤�Þª ý�¤�¢ ßÆ����¤-ôøÂµ¨�¢Â÷ Àî ,2.4.6 Ýó ýÂ�ð¤�î�� �� .4.8.5

1+ 112z6 + 30z8 + 112z10 + z12:

.´¨� Â�ö�¨� ßÚÞû ôÂê �� ö¢Âî �±¨�½õ ,�¹�þ�¤¢ .ÀþÂ�Ú� ¤�î�� �¤ 2.3.5 ��Ìì
�� .´¨� 10A5 �� Â��Â� ,d(x; c) = 3 ø w(x) = 2 ,c 2 P ö� ¤¢ �î ,(x; c) ý�û�ø¥ ¢�Àã� .5.8.5

:ø¤ßþ� ¥� ;´¨� �n
2

�
(r � 1) = �n

2

�n�3
3

�� Â��Â� ß���Ýû ö� 1.7.3 ¥� ù¢�Ôµ¨�

A5 =
n(n� 1)(n� 3)

6
:

�ÞÜî n�6
3

�� 3 �Ü¬�ê ø ¤ßþ� ¥� ø Àî ßþ� �� 2 �Ü¬�ê ý�¤�¢ 10A5 ,�µ±ó� .¢¤�¢ ¢��ø 3 ö¥ø �� �ÞÜî �n
3

�
ö�� .´¨� 6 ö¥ø �� �ÞÜî r�1 = n�3

3
�� 3 �Ü¬�ê ý�¤�¢ 3 ö¥ø �� �ÞÜî �n

3

��10A5 .´¨� 6 ö¥ø ��
:À�îüõ ��¹þ� ¢À¹õ ©¤�Þª ,´¨� 3 ö¥ø �� �ÞÜî 20 �� 3 �Ü¬�ê ý�¤�¢ 6 ö¥ø �� �ÞÜî ×þ

A6 =
n(n� 1)(n� 3)(n� 5)

18
:

;´¨�þ�� �Ü¬�ê ´½� ßÆ����¤-ôøÂµ¨�¢Â÷ Àî �î Ý�÷�¢üõ .A6 = 70 ,A5 = 40 Ýþ¤�¢ n = 15 ý�Â�
ø ¤ß þ� ¥� ø A6 = A10 = 112 Ý � ÷�¢üõ .´¨� Ai = A16�i ý�¤�¢ ¤� îÁ õ ü ÷¥ø ùÀ ÷¤� Þª ,ß þ�Â �� � �

.A8 = 30

.¢�ªüõ �¹�µ÷ 1.8.4 ñ�·õ ¥� ßþ� .6.8.5
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Àî ¤¢ ñ�ÞÈõ �µê� þâ�¨�� ý���¤� �Â� Àî üÎ¡ Çª�� �î ¢�ªüõ �¹�µ÷ 7.7.4 ��Ìì ¥� .7.8.5
.´¨� 4 �Ü¬�ê ý�¤�¢ ,ßþ�Â���� ;´¨� �µê�þâ�¨�� Ù��Þû

,ß þ�Â �� � � ;¢�ª � µª� ÷ �i + 2�j �¤�¬� � À ÷�� �üõ 1 + � Ý� ÷�¢üõ .À þÂ �Ú � ÂÑ ÷¤¢ �¤ GR(4m)
� � .´¨� �j ,�i ,� ,1 ,0 �� ÂÒ��µõ ý�ûö�Øõ ¤¢ 2 ,3 ,1 ,1 ,1 ý�ûÉµ¿õ �� a �ÞÜîÀî Ûõ�ª Cm

¤¢ ¢Â ê ý�ûÉµ¿õ Â þ�¨ ø 0 ö�Øõ ¤¢ 1 ×þ � � Ý � �� þüõ b � ��Èõ �ÞÜîÀî ×þ ,ý¤ø¢ ´Ô�ª ×þ
�ÞÜî Ûõ�ª C 0m üÎ¡Çª�� .´¨� ¢Âê ��Êµ¿õ ý�¤�¢ a �î üþ�ûö�Øõ ö� � � �ø�Ôµõ üþ�ûö�Øõ

.´¨� 2 ö¥ø ý�¤�¢ �î ´¨� �(a) + �(b) + �(a+ b)

.À�îüÞ÷ ¤�î m = 3 ý�Â� ñ�Àµ¨� ßþ� �î Àþ¤�¢ ����

9 ÛÊê

ù�ðö� ,Ý��î ßþÃðý�� ĝ(z) := z + 1 �� �¤ g(z) �õ Âð� �î Àª ù¢�¢ ö�È÷ ,1.9.3 ��Ìì ¤¢ .1.9.8
.´¨� d � 3 �Ü¬�ê-ßþÂµÞî ø 4 Ûì�À� Àã� ý�¤�¢ �(L; g) ,ßþ�Â���� ;Ýþ¤ø�üõ ´¨¢�� üú��Èõ Àî
ÅþÂ �� õ .Àª� � Â µ ð¤Ã � ´¨� ßØÞõ d ,´¨� ùÀª ù¢�¢ ö�È ÷ 9.3 Ç¿� ñø� ´ÞÆì ¤¢ �î ö� ��ö�
¯Âª � � (�j + 1)�1 Â þ¢� Ö õ � ä� Þ¹õ � � Õ Ü ã µ õ hi � î �¤ H = ( h0 h1 � � � h7 ) ö¥�� �ü¨¤Â �
�(L; g) ü�ãþ ;´¨� Â¡� ö�Øõ ¤¢ 1 ×þ �� ü÷�µ¨ ý�û¤�¢Â� üõ�Þ� Ûõ�ª H Ý�÷�¢üõ .´¨� (j;15) = 1

.´¨� [8;4;4] �µê�þ©ÂµÆð Ù��Þû Àî
ý�� Ü Þ�À �� ,2 �Î ��¤ ¥� ù¢� Ô µ ¨� � � .Àª� � C ¤¢ �ø¥ ö¥ø � � � Þ Ü î ×þ a À � � î ­Âê .2.9.8
,Xn�1 Æ A(X) ý��ÜÞ�À�� ,1.9.6 ��Ìì ¥� ù¢�Ôµ¨� �� .´¨� ÂþÁ�Ç¿� X Â� A(X) ßõ�ó�¨-ö�Æ��õ
Â� X�1A(X) �î Ý�Þúêüõ 2 �Î��¤ ¥� ,´¨� ý¤ø¢ C ö�� .´¨� ÂþÁ�Ç¿� g(X) Â� ,X�1A(X) ü�ãþ
×þ ¤¢ ÂÔ¬ �� �ø�Ôµõ �Èþ¤ ×þ ý�¤�¢ g(X) Âð� .´¨� ÂþÁ�Ç¿� Ã�÷ ,0 < i � n� 1 ý�Â� ,g(�iX)

�Âþ¥ ,´¨� Ëì��� ×þ �î Ýþ¤�¢ X�1A(X) ¥� Ãþ�Þµõ �Èþ¤ n� 1 ù�ðö� ,Àª�� F2 ¥� �µê�þ©ÂµÆð ö�À�õ
BCH Àî ×þ C ø t Âþ¢�Öõ ü¡Â� ý�Â� g(z) = zt ,ßþ�Â���� ;´¨� n� 1 ¥� ÂµÞî ��¤¢ ý�¤�¢ X�1A(X)

.(À���±� �¤ 2.9.2 ñ�·õ) ´¨�
�ÞÜîÀî Âû ý�Â� .Ýþ¢�¢ ö�È÷ 9.3 Ç¿� ñø� ´ÞÆì ¤¢ �î ´¨� ýÃ�� ö�Þû �fÖ�ì¢ ßþ� .3.9.8
�Ìä ×þ �) 
i = �i ö� ¤¢ �î ,0 � r � d1 � 2 ý�Â � Pn�1

i=0
bi


r
i = 0 Ý þ¤�¢ (b0; b1; � � � ; bn�1)

.´¨� (d2�1) + (d1�2) +2 = d1+ d2�1 ýø�Æõ �þ Âµð¤Ã� �Ü¬�ê-ßþÂµÞî ,ßþ�Â���� ;(´¨� ��óø�
GBCH Àî ÓþÂã� .Àª�� (T;+; Æ) �ÖÜ� ¤¢ G(X) §�Øãõ éÂãõ G�1(X) À��î ­Âê .4.9.8

:¢�ª ùÀ÷��¡ Âþ¥ �¤�¬�� À÷���üõ

P (X):(�a)(X) = Q(X)G(X) +R(X)(Xn � 1);
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:´¨� Âþ¥ �� ¥ ¤�Ýû ßþ� .´¨� n� t ¥� ÂµÞî ��¤¢ ý�¤�¢ Q(X) ö� ¤¢ �î

(G�1(X) Æ P (X))(�a)(X) = Q(X) +R�(X)(Xn � 1);

,Àþ�üõ ´¨¢�� degQ(X) < n� t �î ¯Âª ßþ� Ûõ�ª ,���Èõ ¯Âª .R�(X) °¨��õ ¤�ÀÖõ ×þ ý�Â�
:ö� ¤¢ �î ,ÝþÂ�Ú� ÂÑ÷¤¢ �¤ (P̂ (X);Xt) �ø¥ Âð�

P̂ (X) = xt ÆG�1(X) Æ P (X):

� î Ý � � � �ü õ ö� ý�Â � ,Ý � µ Æ û ü ú �� È õ À î ý�¤�¢ � õ � îß þ� ¥� ö� � � Þ Ï� ¤� Ñ � õ� � :ôø¢ ��� �
¤¢ � î ,hi = pig

�1
i Ý þ¤�¢ .Ý þ¤ø�üõ ´¨¢� � 9.6 Ç¿� � � � �� È õ ü ÷�ÆØ þ ö¥�� �ü¨¤Â � ÅþÂ �� õ

� î Ý � �� � � ý¤�Ï �¤ p̂i À þ� � � õ .g(x) = P
gix

i = (��1G)(x) ø p(x) = P
pix

i = (��1P )(x) ö�
.P (X) = �p̂Å�. Ý�÷�¢üõ Ã�÷ �¤ p̂(x) ,ùÀª �µÆ÷�¢ P ĝix

i = (��1Xt)(x) ö�� .p̂iĝ�1i = pig
�1
i

� � BCH À î × þ C � î Ý � Þ ú êü õ .Æ = 2 ø l = 5 À � û¢ ¤�Â ì 1.6.6 Ó þÂ ã � ¤¢ .5.9.8
ÓþÂã� ¤¢ Âð� .d = 2 Ýþ¤�¢ ,(x+ 1)(x2 + x+ 1) = x3 + 1 2 C ö�� .´¨� d � 2 �Ü¬�ê-ßþÂµÞî
�(L; g) ý���ð Àî 3.9.2 ��Ìì ¥� ù¢�Ôµ¨� �� ù�ðö� ,ÝþÂ�Ú� ÂÑ÷¤¢ 1 ¥� ÂµÈ�� ��¤¢ �� �¤ g(x) ,1.9.2
��¹þ� �¤ ü÷�ÆØþ �¹�µ÷ 1.9.3 ��Ìì ù�ðö� ,Àª�� 1 ��¤¢ ¥� g(z) Âð� .Àª��üõ 3 Ûì�À� �Ü¬�ê ý�¤�¢

.´Æ�÷ ���ð Àî ×þ C ,ßþ�Â���� ;À�îüõ

10 ÛÊê

�ó¢�ãõ .ÝþÂ�ðüõ ÂÑ÷¤¢ ß�ê� ý�ûÉµ¿õ �¤�¬�� �¤ (y; z) ,(1 : 0 : 0) ¤¢ X ü¨¤Â� ý�Â� .1.10.9
¤¢ ,ßþ�Â���� ;(´Æ�÷ z ø) ´¨� üã®�õ Âµõ�¤�� ×þ y �î Ý����üõ ,ßþ�Â���� .¢�ªüõ z = y2 �¤�¬��
×þ �î Ý����üõ ,x=z = (x=y)2 ö�� .ÝþÂ�ðüõ ÂÑ÷¤¢ üã®�õ Âµõ�¤�� �¤�¬�� �¤ y=x ,(1 : 0 : 0)

.¢¤�¢ ¢��ø (1 : 0 : 0) ¤¢ 2 �±�Âõ °Îì
� ó¢� ã õ � ¨ ø xyz 6= 0 ù� ðö� ,À � ª� � Â Ô¬ (x : y : z) ¤¢ ü þÃ � Õ µ È õ � ¨ ø f Â ð� .2.10.9
´¨� ßØÞõ .p = 7Å� ,À�û¢üõ �¤ 8(xyz)3 = (xyz)3 �õ �� �¨ ßþ� .Ý���þüõ �¤ ùÂ�è ø 2x3 = y2z

¥� .À�û¢üõ �¤ z = 4 ø y = 2 ���� y = 2z3 ø y2z = 2 ��ãõ �¤�¬ßþ� ¤¢ ;x = 1 Ý��î ­Âê
.¢¤�¢ ¢��ø ¢ÂÔ�õ �ÎÖ÷ ×þ ø¤ßþ�

Ri = (�i : �2i : 1) ø Q = (1 : 0 : 0) ,P = (0 : 0 : 1) :´¨� �ÎÖ÷ ¸�� ý�¤�¢ X .3.10.9
Âµõ�¤� � ×þ �¤�¬�� �¤ y=x ,Q ¤¢ .´¨� 1 ¤ÂØ� �� �Èþ¤ ×þ Ri �ÎÖ÷ Âû ,��®ø�� .(0 � i � 2)

ø Ýþ¤�¢ üã®�õ

g = (
y

x
)3
x3 + y3

x3
;
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ø ´¨� y=x ,üã®�õ Âµõ�¤�� ×þ ,P ¤¢ .´¨� 3 ¤ÂØ� �� �Èþ¤ ×þ Q ø¤ßþ� ¥�

g = (
z

y
)3
z3 + y3

z3
;

.(g) = �6P + 3Q+R1 +R2 +R3 ø¤ßþ� ¥� .´¨� 6 �±�Âõ °Îì ×þ P ,ßþ�Â����
,À�µÆû ÂÔ¬ ��Êµ¿õ ø¢ ö� ¤¢ �î ,Ýþ¥�À��� �ÎÖ÷ �¨ ßþ� �� üû�Ú÷ Ýþ¤�±¹õ �ú�� �õ .4.10.9
×þ z=x ö� ¤¢ �î ,´¨� Q ö�Þû ßþÂ�ö�¨� .R = (0 : 1 : 0) ø Q = (1 : 0 : 0) ,P = (0 : 0 : 1)

ø y=z üã®�õ Âµõ�¤�� ,P ¤¢ .´¨� 1 �±�Âõ °Îì ×þ Q ø¤ßþ� ¥� .´¨� üã®�õ Âµõ�¤��

x

z
= (

y

z
)4

z4

x3y + z4
;

Âµõ�¤�� ×þ ,R ¤¢ .´¨� 4 ¤ÂØ� �� �Èþ¤ ×þ P ,ßþ�Â���� ;´¨� �Øþ ×þ Ûõ�ä ß�õø¢ ö� ¤¢ �î ,Ýþ¤�¢ �¤
¥� .´¨� x=y ,üã®�õ

x

z
= (

y

x
)3
y4 + z3x

y4
;

:Ýþ¤�¢ ;´¨� 3 �±�Âõ °Îì ×þ R �î Ý����üõ

(f) = 4P �Q� 3R:

�î ´¨� ùÀª ù¢�¢ ö�È÷ .À��î ßþÃðý�� �þ�� â��� �¨ ¤¢ �¤ P6 �� P1 ¯�Ö÷ ��Êµ¿õ �ú�� .5.10.9
�� ÕÜãµõ Àó�õ ÅþÂ��õ ø¢ ,´Èðý�� ×þ ø °¨��õ ´���Âþ¢�Öõ ¤¢ ß�ãõ ý�ûö�µ¨ ø �ûÂÎ¨ �Â® ��

.À�µÆû ¥¤�Ýû ý�ûÀî
�î ¢�ªüõ �¹�µ÷ 3.10.4 �¹�µ÷ ¥� .l(3Q) � 1 Ýþ¤�¢ 1.10.4 ��Ìì ¥� ,g = 3 ö�� .6.10.9
.À�ª��üõ �þ�� ×þ �ú÷� Ã�÷ ø À�µÆû L(3Q) ¤¢ z=x ø 1 â���� �î Ý����üõ 5.10.6 ñ�·õ ¥� .l(5Q) = 3

11 ÛÊê

üþ�ûý��ÜÞ�À�� �(x) ø a(x) ö� ¤¢ �î ,À�µÆû (a(x); �(x)a(x)) ÛØª ý�¤�¢ C� ��ÞÜî .1.11.4
°�îÂ� ×þ ö� ¤¢ �î �¤ üþ�û �(x) ö� Àþ�� ,d > 3 �� öÀ�¨¤ ý�Â� .À�ª��üõ x6 + x3 + 1 �÷�Þ�� ¤¢
ö�� .Ý��î �¤�¡ ,´¨� ÛÞµ½õ �û �(x) ßþ� ý�û§�Øãõ ß���Ýû ø �(x)a(x) = xj + xk ,a(x) = xi

F
26

ÂÔ¬�÷ �Ìä Âû �î ¢�ªüõ ùÀþ¢ ü÷�¨��� ,(1 + x)8 = 1+ x8 = x�1(x + x9) = x�1(x + 1)

:ö� ¤¢ �î ;´¨� xi(1+ x)j ý�µØþ Çþ�Þ÷ ×þ ý�¤�¢

i 2 f0;�1;�2;�3;�4g; j 2 f0;�1;�2� 4g:
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�¤ a(x) ¥� ùÀ÷�õüì�� ¤�ÀÖõ 54 ,d > 3 ¯Âª ø À�îüõ �¤�¡ �¤ �(x) ¤�ÀÖõ �÷ ,d > 2 ¯Âª ,ßþ�Â����
ù¢�Ôµ¨� �� !´Æ�÷ ��¡ üÜ�¡ ¤�µ¡�¨ ßþ� ,×��î n ý�Â� �î Àû¢üõ ö�È÷ °ÜÎõ ßþ� .Àþ�Þ÷üõ �¤�¡
Ýó ¤¢ .¢¤�¢ ¢��ø d = 4 �� üþ�±Ôó� °��Â� ßþÂµÞî �� �µê�þ©ÂµÆð [12;7] Àî ×þ ,14.3.8 �ó�Æõ ¥�

.¢¤�¢ ¢��ø ÂµÈ�� ��ÞÜî ¢�Àã� �� üµ� d = 4 ,n = 12 �� üÎ¡Â�è Àî ×þ �î ÝþÀþ¢ 1.4.6
,(a(x); �(x)a(x)) ¤¢ �¤�¬ßþ� ¤¢ ;Àª�� 3 ö¥ø �� ý��ÜÞ�À�� ×þ �(x) À��î ­Âê .2.11.4
��¿µ ÷� ×þ Âð� ,´¨� ßØÞõ d < 4 �ú � � ø ¤ßþ� ¥� .Àª� �üõ ö�ÆØþ ö¥�� � ý�¤�¢ �Þ � ÷ ø¢ ý�ûö¥ø
�(x) Âð� ,´¨� ¤�ÂìÂ� ßþ� .�(x)a(x) � 0 mod x6 � 1 �î ý¤�Ï Àª�� �µª�¢ ¢��ø a(x) = xi + xj

.d = 4 Ýþ¤�¢ ÂÚþ¢ ý�û��¿µ÷� üõ�Þ� ý�Â� .x+ x3 + x5 �þ 1+ x2 + x4 ü�ãþ ;Àª�� �ø��µõ
­Â ê .À � î ëÀ ¬ (l 2 N) l=(l + 1) < R � 1=l � Î ��¤ ¤¢ R  Â ÷ À � � î ­Â ê .3.11.4
ü þ� ��l �� ¿ µ ÷� � � �¤ C À î .m=[(l + 1)m � s] � R � î À ª� � ¼ � ½¬ ¤�À Ö õ ß þÂ µ Þ î s À � � î
s éÁ� ô�¹÷�Â¨ ø a 2 Fm

2
üõ�Þ� ý�Â� (a; �1a; � � � ; �la) Û�ØÈ� Å³¨ ø (�1; �2; � � � ; �l) 2 (F2m )

l

.´¨� n = (l + 1)m� s Â��Â� Àî �ÞÜî ñ�Ï .Ýþ¥�¨üõ Â¡� Û±Þ¨
�îßþ� ¥� ö���ÞÏ� ý�Â� .´¨� (�1; � � � ; �l) üþ���l ßØÞõ ¤�ÀÖõ 2s �� ÂÒ��µõ c 2 C ÂÔ¬�÷ �ÞÜî ×þ
.Ý��î �¤�¡ �¤ (�1; � � � ; �l) ¤�ÀÖõ 2s

P
i<�n

�n
i

� Â·î�À� Àþ�� ,´¨� �n ýø�Æõ �þ Âµð¤Ã� �Ü¬�ê-ßþÂµÞî
:Âð� ü�ãþ ;ÀûÀ� (�1; � � � ; �l) ý�Â� ��¿µ÷� ×þ �õ �� �Î��¤ ßþ� Âð� ,Àª Ý�û��¡ ñ�½ª�¡

2
s
X
i<�n

 
n

i

!
< 2

ml:

:Ýþ¤�¢ 5.1.4 ��Ìì ¥� ù�Ú÷�

s+ nH(�) < ml;

:ü�ãþ

H(�) <
ml � s

n
= 1� m

n
= 1�R+ o(1); (m!1):

12 ÛÊê

A �÷�Þ�� ¤¢ �î ¢¤�¢ ¢��ø �ó�±÷¢ ßþ� ¤¢ �Ìä ø¢ .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ � � � ,r3 ,r2 ,r �ó�±÷¢ .1.12.5
.(n > m) rn � rm � 0 mod A Ý�þ�ð ,À�ª��üõ ´Èú÷Ýû

­Âê .Àª��üõ r2 ¥� Âµð¤Ã� ñø� ¢Àä ×þ A ö� ¤¢ �î ,m = rn � 1 = AB À��î ­Âê .2.12.5
ö���ä�� f�cjc = 1;2; � � � ; r � 1g Ûõ�ª �î À�îüõ À�ó�� �¤ jH j = n � � F�A ¥� H ùøÂðÂþ¥ r À��î
.ÀþÂ�Ú� ÂÑ÷¤¢ �¤ r �þ�� ø n ñ�Ï �� C ý¤ø¢ AN Àî .´¨� ý��ä�Þ¹õÝû ý�ûéÂãõ ¥� üÜõ�î �ä�Þ¹õ
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;´¨� �ÞÜîÀî ×þ �fÖ�ì¢ �� 1 �þ 0 ý��÷�Þ�� �Ü¬�ê ý�¤�¢ [1;m] ù¥�� ¤¢ ¼�½¬ ¤�ÀÖõ Âû ,��®ø��
ý�Â� üúþÀ� ñ�·õ ×þ .(A > r2 Ý�ª�� �µª�¢ Àþ�� wm(A) � 3 ö��) ´¨� Ûõ�î Àî ×þ C ,ßþ�Â����

.A = 13 ø m = 33 � 1 Ýþ�ù¢Âî ­Âê �¹�þ� ¤¢ .´¨� f13;26g ý¤ø¢ Àî r = 3

ø �1 �� Â��Â� ý��ä�Þ¹õÝû ý�ûéÂãõ ø ´¨� 4É¡�ª ý�¤�¢ F�
13

¤¢ 3 Í¨�� ùÀªÀ�ó�� ùøÂðÂþ¥
.À�µÆû �2

Ý µ þ¤� Ú ó� .(b0; b1; � � � ; b5) = (2;1;2;1;2;1) ö� ¤¢ � î ,455 =
P
5

i=0 bi3
i Ý þ¤�¢ .3.12.5

�ó�±÷¢ ,©ø¤ ßþ� ¤¢ .À�îüõ ßþÃðý�� 2 ,-1 �� �¤ 1 ,2 ��óø� Âþ¢�Öõ 3.10.1 ÓþÂã� ¤¢ ùÀª Ó�¬��
:Ýþ¤�¢ �¤ �ûéÂãõ ¥� Âþ¥

(2;1;2;1;2;1)! (�1;2;2;1;2;1)! (�1;�1;0;2;2;1)

! (�1;�1;0;�1;0;2)! (0;�1;0;�1;0;�1):

:´¨� Âþ¥ �¤�¬�� CNAF ¤¢ Çþ�Þ÷ ßþ� ,ßþ�Â����

455 � �273 = �3� 33 � 35:

,3 � Ì ä ,F�
11

¤¢ .Ý � � îü õ ü ¨¤Â � �¤ 2.10.2 � � Ì ì ¤¢ ¢� �� õ Í þ�Â ª .4.12.5
.À � îü õ �� ¹ þ� �¤ Â Ú þ¢ � Ì ä ¸ � � ,-1 ¤¢ �Â ® ;À � îü õ À � ó� � �¤ f1;3;9;5;4g ùøÂ ðÂ þ¥
.A = 1+1�3+2�32 üþ���¨ Çþ�Þ÷ ¤¢ ,A = 22 Ýþ¤�¢ ö�� .rn = 35 = 243 = 1+11�22
Àî ßþ� .´¨� (242 �÷�Þ�� ¤¢) 1� 2� 3+ 0� 32 + 1� 33 + 0� 34 �� Â��Â� 22 ý�Â� CNAF
�ûö¥ø ô�Þ� .(�1;2;0;�1;0)°��Â��� ,(1;�2;0;1;0) ý¤ø¢ ý�û´Ô�ª ü�ãþ ;´¨� �ÞÜî ù¢ Ûõ�ª

.À�µÆû 3

13 ÛÊê

:Ýþ¤�¢ 11.1 Ç¿� ¤¢ ¢���õ ¢�Þ÷ ýÂ�ð¤�î�� �� .1.13.7

G(x) = (1+ (x2)2) + x(1+ x2) = 1+ x+ x3 + x4:

:ø ¤ßþ� ¥� ;I0(x) = (1+ x)�1 Àû¢üõ 1 1 1 1 1 � � � ü��ä�Ï� �µª¤

T (x) = (1+ x2)�1G(x) = 1+ x+ x2;

.À�îüõ ´ê�þ¤¢ �¤ 1 1 1 0 0 0 0 � � � ùÀ÷Â�ð ü�ãþ
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üþ�ÈðÀî ¤¢ �Î¡ ´þ�ú÷ü� ¢�Àã� �� Â¹�õ ø À�îüõ À�ó�� �¤ ÂÔ¬ ñ��Ú�¨ ,��óø� ý�ûö�Øõ ¤¢ �Î¡ �¨
.¢¢Âðüõ

­Â ê .À þ� ¢� �ø� � À ÷�� �ü õ ´ � ã ì� õ ß þ� � ÷� Ú� Àª ù¢�¢ ö�È ÷ 2.13.4 � �Ì ì ¤¢ .2.13.7
�� ÂþÁ�� ÷Ûþ�½� ý¤ø¢ Àî ×þ g(x) �î Ý�÷�¢üõ .g(x)h(x) = x15 � 1 ø h(x) = x4 + x + 1 À��î
ÂÑ÷¤¢ �¤ 1 1 0 0 1 0 0 0 0 � � � ü��ä�Ï� �ó�±÷¢ .À�îüõ ¢�¹þ� 8 �Ü¬�ê-ßþÂµÞî

:Ýþ¤�¢ �¤�¬ßþ� ¤¢ ;I0(x) = h(x) ü�ãþ ;ÀþÂ�Ú�

T (x) = h(x2)g(x) = (x15 � 1)h(x);

ß þ� ¤¢ .´ ¨� ¢�¥� � Ü ¬� ê ö� Þ û ß þ� ,2.13.4 � � Ì ì ¥� ù¢� Ô µ ¨� � � .´ ¨� 6 ö¥ø ý�¤�¢ � î
,G0(x) = 1 + x + x4 ,ß þ�Â �� � � ;g(x) = x11 + x8 + x7 + x5 + x3 + x2 + x + 1 Ý þ¤�¢ ,ñ� · õ

:´¨� Âþ¥ ÛØª�� ¤�ÁðÀî .G1(x) = 1+ x+ x2 + x3 + x5

++

++

00
TT

11
TT

00
II

:14.1 ÛØª

ø

I0 = 1 1 0 0 1 0 0 0 � � � À�îüõ ¢�¹þ� ü�øÂ¡ ×þ

T = 11 00 10 00 00 00 00 01 10 01 00 00 � � �

(a0 + a1x+ � � � + alx
l)G ÛØª �� �ó�±÷¢ ßþ� .ÀþÂ�Ú� ÂÑ÷¤¢ üû��µõ ü�øÂ¡ �ó�±÷¢ ×þ .3.13.7

G1 + xG2 �¤�¬�� �¤ G ,6 �Î��¤ À� ÷� õ .À� µÆû F4
2
¤¢ ýÂÎ¨ ý�û¤�¢Â � �ûai ö� ¤¢ �î ,Àª� �üõ

m3 Í¨�� ùÀªÀ�ó�� Àî ¤¢ ÂÔ¬�÷ �ÞÜîÀî ×þ ,ü�øÂ¡ ¤¢ ��óø� ÂÔ¬�÷ üþ��´Ôû ��®ø�� .Ý�Æþ�÷üõ
,Àª�� üþ�ú÷ ÂÔ¬�÷ üþ��´Ôû ß���Ýû ßþ� Âð� .´¨� 3 ýø�Æõ �þ Âµð¤Ã� ü÷¥ø ý�¤�¢ ö� ,ßþ�Â���� ;´¨�
ù�ðö� ,Àª�� alG ,üþ�ú÷ ÂÔ¬�÷ üþ��´Ôû Âð� .Àª��üõ 7 ö� ö¥ø ø ´¨� (11 � � �1) �� Â��Â� ö� ù�ðö�
,�õ� .Àª��üõ 4 Ûì�À� ö¥ø ý�¤�¢ ø ¤ßþ� ¥� ø ´¨� m0m1 Í¨�� ùÀªÀ�ó�� Àî ¤¢ ýÂÔ¬�÷ �ÞÜîÀî ö�
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Í¨�� ùÀªÀ�ó�� Àî ¤¢ ýÂÔ¬�÷ �ÞÜîÀî ,üþ�ú÷ ÂÔ¬�÷ üþ��´Ôû ø alG = 0 ù�ðö� ,al = (1000) Âð�
°ÜÎõ ßþ� .´¨� 6 �� Â��Â� ¢�¥� �Ü¬�ê ,ßþ�Â���� ;Àª��üõ 3 ýø�Æõ �þ Âµð¤Ã� ü÷¥ø ý�¤�¢ ö� ø ´¨� m1

.¢�ªüõ ù¢�¢ É�¿È� (1100) � (1000)x ý¢ø¤ø �� ���� ��
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weight

- distribution : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ü÷¥ø âþ¥��

- enumerator : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ü÷¥ø ùÀ÷¤�Þª

word length : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : �ÞÜî ñ�Ï

Zariski topology : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : üØÆþ¤�¥ ý¦�ó����

zero divisor : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ÂÔ¬ ��Üäô�ÆÖõ

zero of a cyclic code : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤ø¢ Àî ×þ �Èþ¤
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